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A DISCRETE OF THE BEECKMAN-QUARLES
THEOREM FOR TVVO-DIMENSIONAL

STRICTLY CONVEX NORMED SPACES ,

APOLONIUSZ TYSZKA s ~.

ABSTRACT. Let p > 0 be a fixed real number. Let X be a real normed vector
space, dim X 2 2. We prove that if a:,y E X and --— is a rational
number then there exists a finite set <{:r,y} Q Sm, X with the following

- property: for each strictly convex Y'Of dimension 2 each map f : rSa,y -—-> Y
preserving the distance p satisfies f(Ysc)- = —-j_q||. It implies that-
each map from X to Y that preserves the distance p isan afline isometry._

' ¢

, Let Q denote the field of rational numbers. All vector spaces mentioned in
this articlfi fireuaissumed to be real. A normed vector space E is called strictly
convex ([6]), if for each pair 0., b of nonzero elements in E such that Ila + b|| =
Hall + l|b||, it follows thata. = 'yb for some 7 > 0. It is known ([17]) that two»-
dimensional strictly convex normed spaces satisfy the following condition

(>:<) for any 0. gé b on line L and any c, d on the same side of L, if |la~ cl] 1
Ha -—~ dil and -— c]| E {lb -=~d||, then c 1-1 d. 0  

Conversely ([17]), for any two-dimensional normed space the condition
implies that the space is strictly convex.  i "

The classical Beckman-Quarles theorem states that any map from R" to
R” (2 § n < oo) preserving unit distance is an isometry, see [2], [3] and
Various unanswered questions and counterexarnples concerning the Beckman-
Quarles theorem and isometries are discussed by Ciesielski and Rassias
For more open problems and new results on isometric mappings the reader
is referred to [8]-[14]. TheTheorem below may be viewed as a discrete form
of the Beckman-L-Quarles theorem for tWo-dimensional strictly convex normed
spaces. E
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Theorem. Let p > 0 be a fired real number. Let X be a normed vector space,
dim X Z 2.
1. If any € X and ~- is a rational number then there exists a finite
set {say} §S$y Q XX with _tlt"€<follo'wing~property: for each strictly convex:
Y of dimension 2 eaxchy map f : SW -—> Y preserving the distance p satisfies
|lf(1v) - f(@/)|l I llw --it 0    2 is
2. If any G X ands > 0 then there eztists a finite set {ai,y} Q T,,;y(e) Q X
with the following property: for each strictly corwear Y of dimension 2 each
map f : Tm, (5) —-> Y preserving the distance p satisfies X

l|lf($) - f(?J)|l " ll-<11 -- :1/Ill 3 @-

Proof. The proof is divided into three parts.
Part 1. We prove items 1 and 2 for injective maps. Let D denote the set of
all non-negative numbersd with the following property (<>):

(o) if a;,y E X and -- y]| =1 d then there exists a finite set {@111} Q
Smy Q X such that each injective f : Sm, —~+ Y preserving the distance
P satisfies |lf(w) — f(s)ll = llw -- Ull-

Obviously 0, p G D; We first prove that if d G D, then 2 - d € D. Assume that
d E D, d > 0, sc,y E X; -- 2 2- d. Using the notation of Figure 1

 
3: Z 2 U

Figure 1

llrr -- yll = 2 - d
a:+yz.~_- 2

U12 d $1

llw - ZN i= llw -— sill E ll/'1 - i/1ll="~ d
@1'1=*'£/1"l"(Z"f1Y)

we show that
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satisfies the condition (<>).i Let an injective f : SW -—> Y preserves the dis-
tance p. By the injectivity off: f($) 75 and f(y1). According
to <*>= f(y1)-- f($1) 3 re) -s re) and mi) ~ r<a> 3 rs) — re» Hence
f(<1>') H f(Z) == f(Z) M f(y)- Thsrefore l|f(~Y/') - f(i1/)ll = l|2(f($) -W f(Z))I| ===
2" |lf($) -~ f(Z)l| 3 2 - llw M ZN #2 ' d $11111 -" sil-

Frorn Figure 2, the previous step and the property that defines strictly
convex normed spaces it is clear that if d G D, then all distances it - d (ls a
positive integer) belong to D.“ F

s es
w E we U71 we ‘we F we-1 we K 9-

Figure 2

I111?"-yl|:7<1'd
Smy 3 U{sa,, = at E {w@,'w1,...,wk}, [Ia W b[| K av ||o - an I 2 - a}

From Figure 3, the previous step and the property that defines strictly
convex normed spaces it is clear that if d G D, then all distances d/is (ls a
positive integer) belong to D. Hence D/pi := {d/p 5 d G D} Q Pl [0,oo).
This completes the proof of item 1 for injective maps. -

an '

~ es-1)~¢z

[C--1)"d  
it Figure 3

 llfv -~ yll == d/k
av:1;'::a:+(k-~1)(:1:--2)

§=e2/+(k-1)(y--Z)
I3‘~"?}:$~"y+(7<*1)(($"Z)"(y~"Z))$7<1(~=Y1~"'y)

Sm), 2 S5;§US53;USg;3US;§zUS;§y'U S3,; USW

From Figure 4 follows" item 2 forinjective maps. 1
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3:  Figure 4 1 r y

is -~ Zl"/P» I2-r 1/I//> E Q F1l0,<><>)> lz "12/I é 6/2
-- . Z Sscz U S231-

Note. From Figure 1 follows that instead of injectivity in Part 1 we may
assume that ‘

 Vwv e dom<f><|ru~ in/p E o n cw») =» um) - muss nu - fun/2»
Part 2. Let X : R” (2 g n < oo) be equipped with euclidean norm. We
prove that the assumption of injectivity is unnecessary to prove items 1 and 2.
In proofs of items 1 and 2 we used injectivity only in the first step for distances
2-d, d E D. Let D is defined Without the assumption of injectivity. Let d E D,
d > 0. We need to prove that 2 - d E D. Let us see at configuration from
Figure 5, all segments have the length d.

U1 $1
;‘~' _,,"‘*%_7__‘:11 ' _.

» 1 .

7\1 s  W1

ii: 1?
Figure 5

llw ~ 2/ll = 2 - d
M :r:+yz.-_-—-----2

S$ZU 3 Ulsflb : 0’: b € {$:ja$1:551'aya‘§a*y1a?J1azvzcva Z19}: lla M K
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Assurne that if : Sm, .4-> Y preserves the distance p. It is isufiici-ent to prove
that 75 and similarly f(y) 75 f(y1). Suppose, on the contrary, -that
f mi f(:r1), the proof of cf(y) at ft(y1) is similar. Hence four points: ref
f (zy), fr(g,71l)., f havethe distance d from each other. We prove that it
is impossible initwo-dimensional strictly convex normed spaces. Suppose, on
the contrary, that 0.1, (Lg, a3, a4 € Y and Hal -~ ogfl K Hal --» u.3|| w Ho; -- a4|| I
Hag --» 0.31] m Hag —- a.4|| 1 HCL3 —— o.4|| =1 d >10. Let us consider the segment 0.90.3.
According to (>f<) o1 and a4 lie on the oppositesides of the line L(og, 0.3) and
ag -~ 0.1 m 0.4 ~+-- 0.31. Let us consider the segment a.1a.3. According to (>:<) (1.2 and
(1.4 lie on the Opposite sides of the line L(o1, a.;>,) and all--5 (1.2 i or -.—~ a3. Hence
a4 - a3 m 0, a contradiction. This completes the proof. S L .
Part 3. We prove that for each normed space X the assumption of injectivity
is unnecessary to prove items 1 and 2. Analogously as in Part 2 it sufiices to
prove that for each av, y 6 X , :1: # y there exist points forming the configuration
from Figure 5 where all segments have the length -- y|| /2. Let us consider
;r,y E X, :1: ¢ y. We choose tvvo—dimensional subspace X Q X containing as
and y. 1 o

First case: the norm induced on X is strictly convex. Obviously X is
isomorphic to R2 as a. linear space. Let us consider R2 with a strictly convex
norm It suffices to prove that for each a,b G R2 satisfying = H
[Ia » b[| = a > 0 there exist as} e as satisfying ||a|| E |;z'3|1 = He - 5|; =
||(a + Z») - (£1 + b)|| 2 a We fix a E (away) and b = (b,,z>,). Let s =3 {£13 e
R2 : m d}. According to for each u x (u,,,,'u.,,) E S there exists a
unique h('u.) K (h(ur)x, h(u).y) E S such that - m d and

(3 ' G .dti um uyldt[a”a”]>0
h(u):r h'('u')y, bill by

Obviously h(a;) m b. The mapping h : S —-> S is continuous. For each u € S
h(-vi) = -h('u) =1Hd|lv~+h(’v»)l| ==*~ ll2v»- (u-~h(u))ll 2 IIIZHII — llw-h('M)l|l = 4»
The following function

S 9 zr —9—> [|a:+ h(:r) - a -- h(a)]| 6 [O,oo)

is continuous. We have:
.<1(@)=0.

9(~@) = ll - Q + h(-0») — Q -~ h(@)|l e 2 - Ila + h(@)|| 2 2 ~ d.
Since g is continuous there exists ti. € S such that _g(&) I d. From this ii. and
b := h(ii.) satisfy [|é.|| = s-= ||Ei.—b|| m |f(Ei+b) — (o+bi)i|| I dd. This completes
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the proof of the Theorem in the case Where the norm induced on If is strictly
convex».

Second case: we assume only that is a norm on}? . The graph I‘ from
Figure 5 (11 vertices,\19 edges) has the following matrix representation:

l i . p 1 , 3lvolviivzlva v4%'v5 'U6'U?'vs'v9'v10
~' r _ _ " __ —_ ___ ———— 7 ...~_ '____ __ __,_r -W "::;L___ __ _ ll _ _r W Wiii :iiiii:i;‘ flfiwlm i _ if 7*’ J g fir i “iii _ i:_fl:iWit::i_i::ii% L

vtm: 00F11l0 two 1@0“ two
1 7 i iflflwfii fir 7 . 1 ' , ~ .

777 ' *Wp”"" ' — —~i :'*"' I 72"» _::—_7--————~ — — __ ———— —~ --7 V ~ V >74” WV _______7_______ __ _ _ , _ _" ' ‘T W 'l7777"7"""' WW ' ‘ A. “FF-\

‘, iq:==y »() 0 l1 ,ia ;1 ll@{>1 (), 0; Q!“ 0 l.
‘ ‘ ‘ t M .1.m______ . _» - __l_ _ _ _ _,

UgI‘JZ:£-3-1]-1ii1i0lI)i1cl‘i01 ()%~_[]\ ()
.,,___,_,_,W,_w_ , \ l

' ' ” ""'7"””W W i ' ' 71:? ""7 " "7 ' i — :7 —~~—"'f11f7T7~' '77::rrrr7' '""*"*—7_' —1T_—::———:J;—_———:;"::— ——r .
I ' v.\ ' ,.~ r 1 ~ ll \ iv.¢».==:i':1001300 0i0»1@.~:~l1l:_ ml

11453371l03.1a1l’ll1Oll:*1O1110 1

- ‘S1‘S

is C3..CD L .<3CD4.; <:::>cc.-..s.4CD 1-*6on _ I.1: *-"1-‘i--*CDO CDCD...L <:;+-~asQif <2:ca<3» CD..-....... C3._.

” " " ~ ~ — e 1 .. i. -1 an l ,___,_M _ _ , ._ _,,, _,,____W_ W,. ,¢——.——-—.l ll 1 1 * , I ,1

" 116""? 0 l ll ‘; 1 3 0 ‘Yo. -‘“" . V , , ii .
. , , .

V i V 7 '7 H 7 777'H777'WW77"'77"""" WHVF ' l

l—’“’——?~ "i*T="" 7 ~ ——:’::-*~:lj<r~'*~ ~~~::-_—_;::~—~~~— —§;~|.'~~ ~~— — - __ T

T'v9:f__z,., Q1 ,,1;@‘ QJ
" ' ' ""' ' 7 '*"*"*** » ~— V V”.-~77’. _ W .__ _.___ ___ .,-_ _____ ________

‘*7’ F "”""'¥¥—-~ ~—ff77~i"'--"'" "m __ __—__ _;:;i — :;:—_—_;_—__ — V 77 7 ‘-:;;,: ___.L_..._;_. ___._ ._ ____._____ _________~ _ l __ _ __ _ ____

Let ‘U9 :2 "00 = 11:, ul z: "vi = y, U2 zm '02 in z -=== We define the following
function 1p;

X8 9 (iu3,...,u10) : 0 §z'<j§_1U,(1J,;,.o,-)€ F) E R19.
The image of 1/1 is a closed subset of R19. For each e > 0 and each bounded B Q
X the norm may be approximate on B with r-aaccuracy by a strictly convex
norm on g,for example by a norm +1t|[ Ileuclidean for sufficiently small
positive t. Therefore according to the first case for each. 1:, y 6 X, at # yr and
each 5 > 0 there exist points forming the configuration from Figure 5 where
all segments have |.]r-lengths belonging to the interval llwgyll 6, Hggyu + e).
Therefore: _M____:m_ g g N

(Ila; W 11/ll/2.|l1> - all/2) € 1/1(X8) (the ¢10Sur@0f¢(X8)t)~ L
Since ¢(}i'8) is closed we conclude that ‘

1 x mu - '3.-Ill/2= ....ux- Z/ll/2) e woe)-
This completes the proof of the _'I heorem. y g E]

. ' 5.

FI'OI11-it6II1- .2 of the’T.heorem we obtain the following Corollary.
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Corollary. Let p > O be a fired real number. Let X and Y be normed vector
spaces satisfying.‘ dim X Z 2, dim Y w 2, Y is strictly convex. Let f : X —#> Y
preserves the distance p. Then. f is an isometrg, by Remarhtl below f tsan
afline lsometrg. X I

Remark 1. J. A. Baker proved that an tsometrg from one normed vector
space into. a strictly convex normed vector space is afline. .

Remarlc 2. W. Benz and H. Berens ([4], see also and [11]i) proved the
following theorem: Let X and Y be normed vector spaces such that Y iststrlctlg
convea: and such that the dimension of X is at least 2. Let p > O be a fixed
real number and let N > 1 be a fired integer. Suppose that f : X --—> Y ts a
mapping satisfying.’ ‘

Ila " ?>II Z P => IIf(@) ~~ f(b)II 3 P
II@ W l>II e N01? IIf(@) -~ f(b)II 2 Np

for all a, b E X. Then f is an afline tsometrg.

Remark 3. A. Tyszka ([15],[16]) proved the following theorem: 117,3; E R"
(2 § an. < oo) and |::c -~ y| is an algebraic number then there exists a finite set
{:r,'g} Q Sm, Q R” such that each unit distance preserving mapping f : Sm, —>
R” satisfies If(1v) -~ .f(v)I e Irv - vI~
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