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Abstract. Let K be a nonempty closed convex nonexpansive retract of a uniformly convex
Banach space E with P as a nonexpansive retraction. Let T': K — E be a nonself asymp-
totically nonexpansive in the intermediate sense mapping with F(T) # ¢. Let {ob}, {8}
and {v.} are sequences in [0,1] with of, + 85 +~% = 1 for all ¢ = 1,2,3. From arbitrary
x1 € K, define the sequence {z,} iteratively by (1.8), where {u’} for all i = 1,2,3 are
bounded sequences in K with >"°°  u, < co. (i) If the dual E* of E has the Kadec-Klee
property, then {z,} converges weakly to a fixed point of T'; (ii) if 7" satisfies condition (A),
then {z»}, {yn} and {z,} converges strongly to a fixed point of 7. The results presented in
this paper extend and improve the results in [1, 4, 6, 11, 12, 17, 18, 22, 32] and many others

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty closed convex subset of a Banach space E. A self
mapping T : K — K is called asymptotically nonexpansive if there exists a
sequence {k,} C [1,00); k, — 1 as n — oo such that for all z,y € K, the
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following inequality holds:
| T"x — T"y|| < knl|z — y||,Vn > 1. (1.1)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such
that for all x,y € K,

T2 = T"y|| < Lljx —yll, Vn>1. (1.2)

T is called asymptotically nonexpansive type [29] if the following inequality
holds:
tim sup sup([IT"z — T — |}z — yIl) < 0. (13)
n—oo yekK
for every « € K, and that T is continuous for some N > 1.
T is called asymptotically nonexpansive in the intermediate sense [21] if T
is uniformly continuous and

limsup sup ([T" — ]| — |l - yIl) < 0. (1.4)
n—oo z,ycK

The class of asymptotically nonexpansive maps was introduced by Goebel
and Kirk [13] as an important generalization of the class of nonexpansive
maps (i.e., mappings 7' : K — K such that ||Tx — Ty|| < ||z — yl|, Vx,y € K)
who proved that if K is a nonempty closed convex subset of a real uniformly
convex Banach space and T is an asymptotically nonexpansive self-mapping
of K, then T has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive map-
pings and asymptotically nonexpansive mappings have been studied by various
authors (see e.g., [27], [2, 3], [5], [25], [18], [7], [26], [1], [11, 12], [8], [14, 15, 16,
17]) using the Mann iteration method (see e.g., [31]) or the Ishikawa iteration
method (see e.g., [24]).

In 1978, Bose [23] proved that if K is a bounded closed convex nonempty
subset of a uniformly convex Banach space E satisfying Opial’s [33] condi-
tion and T : K — K is an asymptotically nonexpansive mapping, then the
sequence {T"z} converges weakly to a fixed point of T" provided T is asymp-
totically regular at = € K, i.e., lim, s ||[T"z — T" 2| = 0. Passty [7] and
also Xu [9] proved that the requirement that E satisfies Opial’s condition can
be replaced by the condition that F has a Fréchet differentiable norm. Fur-
thermore, Tan and Xu [14, 15] later proved that the asymptotic regularity
of T can be weakened to the weakly asymptotic regularity of T at z, i.e.,
w — limy, o0 (T — T™2) = 0.

In [11, 12], Schu introduced a modified Mann process to approximate fixed
points of asymptotically nonexpansive self-maps defined on nonempty closed
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convex and bounded subsets of a Hilbert space H. In 1994, Rhoades [1]
extended the Schu’s result to uniformly convex Banach space using a modified
Ishikawa iteration method. In all the above results, the operator T remains
a self-mapping of a nonempty closed convex subset K of a uniformly convex
Banach space. If, however, the domain of 7', D(T) is a proper subset of E
(and this is the case in several applications), and 7' maps D(T") into E, then
the iteration processes of Mann and Ishikawa studied by these authors; and
their modifications introduced by Schu may fail to be well defined.
In 2003, Chidume et al [4] studied the iterative scheme defined by

r1 € K,

Tny1 = P((1—an)zy +a,T(PT)" tz,), n>1, (1.5)

in the framework of uniformly convex Banach space, where K is a closed
convex nonexpansive retract of a real uniformly convex Banach space F with
P as a nonexpansive retract. 7: K — FE is an asymptotically nonexpansive
nonself map with sequence {k,} C [1,00), k, — 1 as n — o00. {ap}2, is a
real sequence in [0, 1] satisfying the condition € < a,, < 1 —€ for all n > 1
and for some € > 0. They proved strong and weak convergence theorems for
asymptotically nonexpansive nonself maps.
In 2005, Shahzad [19] studied the sequence {x,} defined by

x1 € K,

Tpy1 = P((1—an)xn, + anTP[(1 = Bp)an + BnTxy]), (1.6)

where K is a nonempty closed convex nonexpansive retract of a real uniformly
convex Banach space F with P as a nonexpansive retraction. He proved weak
and strong convergence theorems for nonself nonexpansive mappings in Banach
spaces.

Recently, Su and Qin [32] studied the sequence {z,,} defined by

r1 € K,

zn = PIT(PT)" 'z, + (1 —al)x,),
yn = P(a,T(PT)" 'z + (1= a,)zn),
Tnp1 = Pla,T(PT)" Yy, + (1 — an)z,), (1.7)

where {a,}, {a),} and {a/'} are real sequences in (0,1) and K is a nonempty
closed convex nonexpansive retract of a uniformly convex Banach space F with
P as a nonexpansive retraction. They proved weak and strong convergence
theorems for asymptotically nonexpansive nonself mappings in uniformly con-
vex Banach space.
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Motivated by Su and Qin [32] and some others, the purpose of this paper
is to construct a three step iterative scheme with errors for approximating
fixed point of asymptotically nonexpansive nonself mappings in the interme-
diate sense (when such a fixed point exists) and to prove weak and strong
convergence theorems for such maps.

Let K be a nonempty closed convex subset of a uniformly convex Banach
space F and T: K — F is asymptotically nonexpansive nonself mappings in
the intermediate sense. In this paper, the following iteration scheme is studied:

T € K,

Z = P(3T(PT)" 'a, + B, +72ud),
Yn = P(Q%T(PT)n_lzn + ngn + ’77%“%)7
Tni1 = PayT(PT)" yn + Bhan +vhus,), (1.8)

where{o, }, {07}, ai } {Ba}, {82} {8}, {mm}. {72}, {7} are sequences in [0, 1]
with o, + 8% +7% = 1 for all i = 1,2,3, and {ul}, {u2},{ud} are bounded
sequences in K.

Our theorems improve and generalize some previous results. Our weak con-
vergence result applies not only to LP-spaces with 1 < p < co but also to other
spaces which do not satisfy Opial’s condition or have a Fréchet differentiable
norm. More precisely, we prove weak convergence of the above defined itera-
tion scheme with errors (1.8) in a uniformly convex Banach space whose dual
has the Kadec-Klee property. It is worth mentioning that there are uniformly
convex Banach spaces, which have neither a Fréchet differentiable norm nor
Opial’s property; however their dual does have the Kadec-Klee property (see,
e.g., [10, 28]).

Let E be a real Banach space. A subset K of E is said to be a retract of £
if there exists a continuous map P: ' — F such that Pz = z for all x € K.
A map P: E — FE is said to be a retraction if P? = P. It follows that if a map
P is a retraction, then Py = y for all y in the range of P. A set K is optimal
if each point outside K can be moved to be closure to all points of K. It is
well known (see, e.g., [30]) that

(i) if E is a separable, strictly convex, smooth, reflexive Banach space, and
if K C FE is an optimal set with interior, then K is a nonexpansive retract of E;

(ii) a subset of ¢P, with 1 < p < oo, is a nonexpansive retract if and only if
it is optimal.
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Note that every nonexpansive retract is optimal. In strictly convex Banach
spaces, optimal sets are closed and convex. However, every closed convex
subset of a Hilbert space is optimal and also a nonexpansive retract.

A mapping T with domain D(T") and range R(T") in E is said to be demi-
closed at p if whenever {x,} is a sequence in D(T") such that {x,} converges
weakly to z* € D(T) and {Tx,} converges strongly to p, then T'z* = p.

A Banach space E is said to have the Kadec-Klee property if for every
sequence {z,} in E, z,, — x weakly and ||z, || — ||z|| strongly together imply
||z — 2| — 0.

Recall that the following:

A mapping T: K — K with F(T) # ¢ is said to satisfy condition (A) [8] on
K if there exists a nondecreasing function f: [0,00) — [0,00) with f(0) =0
and f(r) > 0 for all » € (0,00) such that for all z € K,

|z — Tal| = f(d(z, F(T)))
where d(z, F(T)) = inf{||x — p|| : p € F(T)}.

In order to prove our main results, we will make use of the following lemmas:

Lemma 1.1.(see [16]): Let {s,} and {¢,} be sequences of nonnegative real
numbers satisfying the inequality

Sn41 < Sp+tn  Vn > 1

If Zzozl t, < oo, then lim, .. s, exists. Moreover, if there exists a subse-
quence {s,,} of {s,} such that s,,;, — 0 as j — oo, then s, — 0 as n — oc.

Lemma 1.2. ( Schu [12]): Let E be a uniformly convex Banach space and
0<a<t,<b<1forall n>1. Suppose that {z,} and {y,} are sequences
in E satisfying

limsup ||z, || < T, lim sup ||y, || < 7,
n—00 n—0o0
im |[thzn + (1 — t)ynl| =1,
n—oo

for some r» > 0. Then

lim ||z, — yn|| = 0.
n—oo

Lemma 1.3. (Demiclosed principle for nonselfmap [6]): Let E be a uniformly
convex Banach space, K a nonempty closed convex subset of E. Let T: K — E
be a mapping which is asymptotically nonexpansive in the intermediate sense.
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If the sequence {x,} C K converges weakly to z* and if

lim (limsup ||z, — T(PT) " txz,||) = 0,

J—700 n—oo

then Tz* = x*.

Lemma 1.4. (see [10]): Let E be a real reflexive Banach space such that
its dual E* has the Kadec-Klee property. Let {z,} be a bounded sequence
in F and z*,y* € wy(xy,); here wy(z,) denotes the weak w-limit set of {x,,}.
Suppose lim, oo ||tx, + (1 — t)x* — y*|| exists for all ¢ € [0,1]. Then z* = y*.

2. Main Results

Definition 2.1. (see [4]): Let E be a real normed linear space, K a nonempty
subset of E. Let P : E — K be the nonexpansive retraction of £ onto K.
A map T : K — FE is said to be asymptotically nonexpansive if there exists
a sequence {kp} C [1,00); k, — 1 as n — oo such that for all z,y € K, the
following inequality holds:

IT(PT)" 2 = T(PT)"y|| < kulle — yll, ¥n > 1. (2.1)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such
that for all z,y € K

IT(PT)" 2 — T(PT)" || < Lile — yll, ¥n > 1. (2.2)

T is called asymptotically nonexpansive type if the following inequality
holds:

lim sup sup (|| T(PT)" ' — T(PT)"'y|| - [|lz — yl|) <0, (2.3)
n—oo yekK

for every « € K, and that TV be continuous for some N > 1.
T is called asymptotically nonexpansive in the intermediate sense (Chidume
et al [6]) if T" is uniformly continuous and

limsup sup (||[T(PT)" e — T(PT" 'yl e —yl) <0.  (24)

n—oo zyek

Lemma 2.2. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset which is also a nonexpansive retract of E. Let T : K — E
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be an asymptotically nonexpansive nonself mapping in the intermediate sense.
Put

G = max{ sup (|T(PT)" e — T(PT)" 'y|| - ]z — yl[),0}, ¥n > 1
z,yeK

such that > >° | G, < oco. Let {af}, {B.} and {7}} are sequences in [0,1]
with af + 8% +~4 = 1 for all i = 1,2,3. From arbitrary z; € K, define
the sequence {z,} iteratively by (1.8), where {ul } are bounded sequences in

K for all i = 1,2,3 with > °° jul, < 0o, Y0 7} < o0, 3% 72 < o0 and
3o 1 v2 < oo. Then for any z* € F(T), limy,—c0 | |75, — 2*|| exists.

Proof. For any given x* € F(T), and since {u}} for i = 1,2,3 is bounded
sequence in K, so we put

M = max{sup ||u}, — z*|| : i = 1,2, 3},
n>1

it follows from scheme (1.8) that

| P(anT(PT)"  yn + Bt + Yty) — P (2.5)
(@ T(PT)"  yp + Bpen + Ypun) — 2|
anl|T(PT)" Yy — || + Bullzn — || + Yol fun, — 27|
anllyn — 27| + G + Ballen — || + vallug — 2],

l2n41 — ]|

ININ A

|P(an T(PT)" ™ 2n + Bran + vous) — Pa’|| (2.6)
(@R T(PT)" 20 + Bran + Youp) — 2|

apl|T(PT)" 2 — a*|| + Ballzn — 2| + iy — 27|
apllzn — || + Gn + B llzn — 2| + 77| |lup — ||

yn — 2|

ININ A

and

|P(anT(PT)"  ay + Bpan + Ypup,) — Pzl (2.7)
(@3 T(PT)"  an + Brwn +pup) — 2]
anl|T(PT)" 2y — 2| + Ballzn — 2|l + vy — 2|

apllen = || + G + Byllen — || + 7l [, — 27

[

ININ A
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Substituting (2.7) into (2.6),
llyn = 2*Il < aplopllen — 2*|| + Gu + Ballon — 2™ + llup — 2| (2.8)
+Gn + Byl — 2| + 72l s, — 27|

< a2ad ||z, — 2| + a2 + 2Bl — 2|
+a202 6 — ¥ + G + B Jn — 27| + 222 — 27
< (182 P)adllen — a2l + (1 - 52— 22)Bzn — |
+ B2l — 2] + my
< Bllan - + (1 - B)ad ke, — 2|
+(1— B8 — 2| + ma
< Bllan — ol + (1= B2)(0d + B3l — 2| 4+ s
< Bllan -l + (1= B)llan — || +ma
< ey — 27| 4+ m,

where m,, = 2G,, + V2|[u — 2*|| + ¥3||ud — 2*||. Note that Y00 ; m, < oo.
Now substituting (2.8) into (2.5), we have

IA

apll|an — a*|| + mn] + G + Byllxn — || (2.9)
+ypllus, — 2|

(an + Bp)llzn — &[] + apmp + G + g Jug, — 2]
|20 = 2| + mn + G + vy |ug, — 27|

|2 — 2*|| + 3G + (v + 7 + )M

lzn — 2| + b

where b, = 3G, + (v, + 72 +v2)M. Since > 0% G, < 00, Y007} < o0,

S 172 <ooand Y02 43 < oo, it follows that Y oo | by, < co. Therefore, by
Lemma 1.1, we have lim,,_,o ||, — *|| exists. This completes the proof. [

||2n1 — ]|

IA A IA A

Lemma 2.3. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset which is also a nonexpansive retract of . Let T: K — E

be asymptotically nonexpansive nonself mapping in the intermediate sense
with F(T) # ¢. Put

Gn = max{ sup (||[T(PT)" 'z — T(PT)" y|| - ||z — y||),0}, Vn>1
ryeK
such that > >° | G, < co. From arbitrary x; € K, define the sequence {z,}

iteratively by (1.8), where {ap}, {a7}, {a3}, {Ba}, {82} {82}, (), {0}
and {73} are real sequences in [0,1] and {ul}, {u2} and {u3} are bounded
sequences in K such that
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(@) o+ Bptvm=on+ B2 +7 =on+ 81+ = 1.
(i8) Yoty T < 00, opy Y < 00, 2 oplq Y < 00
(iii) 0<a<al,a?2 <B<1.
Then
(@) limy, o0 || T(PT)"  yy — || = 0;

(b) limn—oo [|T(PT)" 20 — an|| = 0.

Proof. For any x* € F(T), it follows from Lemma 2.2, we have lim,_, ||z, —
x*|| exists. Let limy, o0 ||z, — 2*|| = ¢ for some ¢ > 0. From (2.8), we have

llyn — ™| < ||xn — || + mp, Vn > 1.

Taking lim sup,,_,., in both sides, we obtain

limsup ||y, — z*|| < limsup ||z, — z*||

= lim ||z, — ¥
n—oo
=c.
Note that
limsup ||T(PT)" Yy, — 2*|| < limsup(||yn, — 2*|| + G»)
n—00 n—00

= limsup ||y, — z*||
n—oo
<ec

Next consider

IT(PT)"  yn — & + 7 (up, — 2| < [|T(PT)" yn — || + 72lus, — 2.

Thus
limsup [[T(PT)" g — " + 22 (2 — 20)]| < c.
n—oo
Also,
|2 — 2 + Y (un, = 2a)l| < |2 — 27| + Yol lug — 20l
gives that

limsup ||z, — z* + 7 (us, — 25)[] < ¢
n—oo
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J— 3 _ *
¢ = lim [z, —27]

<liminf ||a}T(PT)" Yy, + Bla, +ylul — 2%
n—oo

o

=liminf [|, [(T(PT)"'yn — 2*) + 5 5 (u, — 27)]

1
200,

1
+ B [(wn — &) + 22 (uh — 27|

28,

<liminf ol ||T(PT)" 'y, — z*|| + liminf B} ||z, — z*|

<liminf o [||yn — 2*|| + Gy] + liminf B} ||, — 2*|
n—00 n—00

<liminf o, ([lzn — 2| + Gn) + (1 = ap)||zn — 2]
n—oo

<liminf[||z, — 2*|| + a2 G,] = ¢
n—oo

Hence

n—oo

By Lemma 1.2, we have

— 1 1 n—1 ok fyin 1«
¢ = lim [lap[(T(PT)" yn w)+2a711(un z”)]
+ B (e — o) + 28 (uh — o)
= tim (ol [(T(PT)" g — 2%) + 8 (u} — 2%
1 ’71 1
(1 - a)[(en — 2%) + 20 (ud — 2]l
281
1 1

' n—l, _ n - Tnoyl — p¥)|| =
nlggo|’T<PT) Yn — Tn + ( . )(up, — 2%)[| = 0.

Since

we obtain that

lim [|(o2 — %) (ul — 2%)]| = 0,

n—00 2047:5 2/81

lim ||T(PT)" Yy, — || = 0.

n—oo

This completes the proof of (a).
(b) For each n > 1,

[|zn — 27|

<
<

[l = T(PT)" yul| + [|T(PT)" yp — 2|
|z = T(PT)" " ynl| + [[yn — 2*[| + G-
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Since lim,, o0 ||z — T(PT)" 'y,|| = 0 = lim,, o0 G, We obtain that

c= lim ||z, —2%|| < liminf ||y, — z*||.
n—oo n—o0

It follows that

¢ =liminf ||y, — z*|| < limsup ||y, — z*|| < ¢
n—00 n—00

This implies that
lim ||y, —z*|| = c.
n—0o0

On the other hand, we note that

| P(eyT(PT)"  ay + Bpwn + vuyp) — P’
(aQ T (PT)" n + Brwn + ypuy) — o7

|20 — 27|

al (||zn — *|| + Gn) + B3||xn — 2*|| + 43| |ud — 2*||

(VAN VAN VANRR VAN VAN

llen — 2| + G + 7ol — 2|

By boundedness of {u} and lim, oo G, = 0 = lim,,_,o, 7>, we have

limsup ||z, — 2*[| < limsup ||z, — 2¥|| = ¢,
n—00 n—00

and

limsup ||T(PT)" 'z, — z*|| < limsup(||z, — *|| + Gn) < c.
n—oo

n—o0

Next, consider

| T(PT)" g — 2| + Ballan — 2*|| + vy — 2|

apllen = 2]+ Gn + (1 = ap)lJen — 2™ + 7 [up, — 2]

51

IT(PT)" 20 — a* 4y — 2a)l| < (| T(PT)" 2n — 27| + vl — 2a -

Thus
limsup ||T(PT)" 2, — 2* 4+ 2 (u3 — z,)|| < .
n—oo
Also,
llzn — a* + v (up = 2a)ll < llon — 2| +pllup — zall,
gives that

limsup ||z, — 2% + 75 (ud — 2,)[| < ¢
n—oo
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and
c= lim |y, —z"||
n—oo
<liminf |[|a2T(PT)" 2, 4+ B2z, + v2u2 — *]|
n—oo
2
T . 2 -1 * v, 2
=lim inf [[or, [(T(PT)" 2, — 2¥) + ﬁ(un — )]
2 Va2
+ Bal(zn —2%) + 75 (ug, — 27|
282
<liminf o2||T(PT)" 2, — «*|| + liminf 52|z, — z*||
n—o0 n—oQ
<liminf a?[||z, — z*|| + Gp] + lim inf 32|z, — z*||
<liminf(og (|lzn — 2| + Gn) + (1 = a7) ||z — 2]
n—oo
<liminf[||z, — z*|| + a2G,] = c.
n—o0
Hence
2 1 Tn 2
9. n— ok n X
= lim 2T (PT" 20 = a") + (0 =)
2 Vo (2
+ Ballan —a%) + 525 (up — 29|
202
A2
= lim [lap[(T(PT)" " 2n — %) + 5 75 (up, — a)]
n—00 2

+ (1= a2)[(zn —2) + 22 (u2 — 27)]||-

By Lemma 1.2, we have
2 2
S [[T(PT)" en =+ (55 = ) (= )| = 0.
Since

" T 2
. n_ n X —
A [1Ges 25%)(% z")|[ =0,

we obtain that

lim ||T(PT)" 'z, — z,|| = 0.

n—o0

This completes the proof of (b).
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Lemma 2.4. Let E be a uniformly convex Banach space and K be a nonempty
closed convex subset which is also a nonexpansive retract of E. Let T: K — F

be asymptotically nonexpansive nonself mapping in the intermediate sense
with F(T) # ¢. Put

G = max{ sup (|T(PT)" 'z — T(PT)" 'y|| — |}z — yl[),0}, ¥n > 1
zyeK

such that > >° | G, < co. From arbitrary x; € K, define the sequence {z,}

iteratively by (1.8), where {on,}, {7}, {on}, {Ba}, {87}, {82} {m}, {7}
and {72} are real sequences in [0,1] and {ul}, {u2} and {u3} are bounded
sequences in K such that

() ah+B+m=a2+B2+2=a3+83+73 =1
(i) fozl ’lez < 00, fozl 7721 < 00, fozl ’Y?z < 00.

(iii) 0 < a < a},a?,ad < B < 1.
Then for all u,v € F(T), the limit

lim ||tx, + (1 —t)u —v||
n—oo
exists for all ¢ € [0, 1].

Proof. By Lemma 2.2, we have lim,,_, ||z, — 2*|| exists for all z* € F(T).
This implies that {z,} is bounded. Observe that there exists R > 0 such that
{zn} € C = Br(0) N K, where Bg(0) = {z € E : ||z|| < R}. Then C is a
nonempty closed convex bounded subset of E. Let a,(t) = ||tz + (1 — t)u —
v||. Then limy, o0 an(0) = |Ju — v|| and from Lemma 2.2, lim, ,o an(1) =
lim,, o0 ||2n, — v|| exists. Without loss of generality, we may assume that
limy, o0 [|#r, —u|| =7r >0 and t € (0,1). Define T,,: C — C by
T,z = P(o:iT(PT)" Y (P(aAT(PT)" Y (P(a3T(PT)" 1x)

+Bw + Tan) + Bar + ) + Buw + ),

x € K and set Spm = Tnym—1Tntm—2-..Tp, m > 1. Then

HSn,ml' - Sn,myH < ||l’ - y|| + Gnerfl + Gn+m72 +-- Gn
n+m—1

< e—yll+ Y, G
j=n

Observe that S, m@Tn = Tpim and Sy, pmy =y, for all y € F(T').
Set

brm =[xy — u||[Snm(tan + (1 — t)u) — tSp man — (1 —)Sp mul;
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n+m 1
Dy = [Snmt + Snm@n — 2Spm(tey + (1 — t)u Z Gj;

n+m—1 n+m—1

My m = [tHxn—uH—{— Z l—t)Hmn—uH—i— Z G

n+m—1
Fpm = [tSnmu + (1 = 28)Spm(tx, + (1 — t)u) — (1 — ) Sy ms] Z G,

and
n+m—1
Lo i= [tllen — ull + L] x [(1 = Dl — ull + L], where L= Y G;.

j=n

It is well known (see, for example, Bruck [20], p.108) that if E is uniformly
convex,

L= 2min{t, (1 - 0}op(lz i)  (210)
1211~ )3z~ )

Itz + (1 =1)yl| <
<

for all ¢ € [0, 1] and for all z,y € E such that ||z|| <1, ||y|] < 1. Set

Snmt — Spm (txy, + (1 —t)u)
Wn,m = n+m 1 ;
tlwn —ull + 3255 G;

 Sum(tzn + (1 = t)u) — Spmn
=l — |+ Gy

Then ||[Wy, || <1 and ||Zym|| < 1 so that it follows from (2.10) that
2t(1 - t)(sE(”an - an) < 1- ||th,m + (1 - t)Zn,mH' (2'11)

Observe that
||bn,m — Dnyml|
Mn m

)

Wi = Znml| =

and

Ht(l - t)HCEn - UH[Sn,mu - Sn,mmn] + Fn,m”
Mn,m '

Hth,m + (1 - t)Zn,mH =
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From (2.11), we then obtain that

bpm — D
2Mn,m5E(W) < o —ul|? (2.12)
n,m
1 n+m—1 n+m—1
j=n j=n
F,
e =l i =l + 8
Observe that L,, > M,, ,,, for all n,m. Since £ is uniformly convex, then o (S)
is nondecreasing and hence from (2 12) that
bpm — D
2L, (U — Dl T nnlly <y —
n
1 +m— n+m—1
D Z illn — ul] + Z G
]:
HanH

—[|zn — ull - [[Zngm — | +

t1—1)
Since limy, o0 ||z — ul| exists, we have that
lim ||z, —ul| = lm{[zpm — ul].
Moreover, 05(0) = 0, the continuity of dg gives from inequality (2.13) that
lim inf,, (lim sup,, ||bp,m — Dn,m||) = 0. Observe that
limsup ||bym|| < limsup||bpm — Dpml| + limsup || Dy |
m m m
o0
= limsup ||bym — Dnml|| + Kn ZGj
m .
j=n

for some bounded sequence {K,}. Since

ZG —0asn— o0 and hmlnf(hmsup |bn,m — Dnml|) =0,
] =n

it follows that lim inf,, (limsup,), ||bnm||) = 0. Hence,

lim inf (im sup ||Sym (txy, + (1 — t)u) — tSy man — (1 — £)Spmul|) = 0.

m
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Clearly,

At (t) <|[txnim + (1 —t)u — v
+ (Spm(tzn + (1 — t)u) — tSpmxn — (1 — ) Spmu)||
+ | = [Snm(tzn + (1 —t)u) — tSpman — (1 — ) Sy mul|
=||Spm(tzn + (1 —t)u) — v|| + [|Spm(txn + (1 — t)u) — tSy may
— (1 —t)Snmul|

n+m—1
<ltan + (L—tyu) —vl[+ > G
j=n

+ [|Snm(tzy, + (1 — t)u) — tSp m@n — (1 — )Spmul|
n+m—1

<an()+ Y Gy
j=n

+ [|Snm(tzn + (1 —t)u) — tSp man — (1 — )Sp mull.
Hence limsup,,_,. a,(t) < liminf,,_, a,(t). This shows that lim,_o ay(t)
exists, that is,
lim ||tx, + (1 —t)u — v||
n—oo

exists for all ¢ € [0,1]. This completes the proof.
U

Theorem 2.5. Let E be a uniformly convex Banach space and K be a
nonempty closed convex subset which is also a nonexpansive retract of E. Let
T : K — FE be asymptotically nonexpansive nonself mapping in the interme-
diate sense with F(T) # ¢. Put

Gn = max{ sup (||[T(PT)" 'z — T(PT)" y|| - ||z — y||),0}, V¥n>1
zyeK

such that > >° | G, < co. From arbitrary xz; € K, define the sequence {z,}

iteratively by (1.8), where {ap}, {a7}, {e3}, {Ba}, {82} {82}, (), {0}
and {73} are real sequences in [0,1] and {ul}, {u2} and {u3} are bounded
sequences in K such that

() ah+B+m=a2+B2+2=ad+83+73 =1

(7) Doy Y < 00, Yoy 72 < 00, Yoy v < 0.
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(i) 0 < a < a},a2 < B < 1.
Suppose T' satisfies condition (A). Then {z,}, {yn} and {z,} converges
strongly to a fixed point of T
Proof. Tt follows from Lemma 2.3, that
lim ||T(PT)" 'y, — x,|| = 0= lim ||T(PT)" 'z, — z,||
n—oo n—oo
and this implies that

i1 — znll < o lIT(PT)" 'yn — znl| + hllup — 2l (2.13)
— 0 as n — oo.

Thus
IT(PT)" 2y — x|l < ||T(PT)* 'y — T(PT)" ]| (2.14)
H|T(PT)™  yn, — |
< Nan = yall + G + [|[T(PT)"  yp — 0|
< O‘?szn_T(PT)nilan+%2LHU31_37RH+GH

H[T(PT)"  yp — 0|
— 0 as n — oo.

lzn = Tanll < [lzngr — @nll + |[2nsr = T(PT)" @1 ]|
T (PT) 0011 — T(PT) ]| + | T(PT)" 0 — Tt
by uniform continuity of 7" and from (2.13) and (2.14), we have
71113010 llzn — Txn|| = 0. (2.15)
By Lemma 2.2, lim,—, ||z, — 2*|| exists for all 2* € F(T). Let limy,—o0 ||2n —

z*|| = ¢ for some ¢ > 0. If ¢ = 0, there is nothing to prove. Suppose ¢ > 0.
By (2.15), we know that lim,,_,~ ||z, — T'zy|| = 0, and Lemma 2.2 gives that

|01 = 2] < [l — 27 + bn,
where b, = 3G, + (7 + 2 +73)M. That is,
d(zn+1, F(T)) < d(zp, F(T)) + by.

Since Y 7, b, < 00, so by Lemma 1.1 gives that lim,, . d(zn, F(T)) exists.
Since T satisfies condition (A), we have lim,, o f(d(xy, F(T))) = 0. Since f
is a nondecreasing function and f(0) = 0, we conclude that

nh_{réo d(zy, F(T)) = 0.
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Now we can choose a subsequence {z,,} of {z,} and a sequence {y;} C F(T)
such that ||z, — y;|| < 277. Then we have

T 41 =yl < lzn; =yl + Gr

M
< lon, = w5l + 57

M
-j L=
< 277+ 57
M+1
2
Since > > | G, < 00, so there exists M > 0 such that G, < QMJ and hence

i —yill < g — 2oy al| + 20,41 — w5

- M+1
=@+ . 2T -
< 2 + 2
2M + 3
9j+1

This shows that {y;} is a Cauchy sequence and therefore converges strongly
to an element of E. Assume that y; — y as j — co. Then y € F(T) since
F(T) is closed, which implies that x,,, — y as j — co. This shows that {x,}
converges strongly to some fixed point of T'. Again since

[0 — wall < Q2IT(PTY™ V2 — ] + 7212 — 2l > 0, as n— o0
and

|20 — || < &3 ||T(PT)" xy — || + 32| |up — 20]| — 0 as n — oo.
Therefore limy,, o0 yn = y = limy, 00 2. This completes the proof. [l

Theorem 2.6. Let E be a uniformly convex Banach space such that its
dual E* has the Kadec-Klee property and K a nonempty closed convex subset
which is also a nonexpansive retract of £. Let T : K — E be an asymptotically
nonexpansive nonself mapping in the intermediate sense with F/(T') # ¢. Put

Gn = max{ sup (||[T(PT)" 'z — T(PT)" y|| - ||z — y||),0}, Vn>1
z,yeK

such that > 7| G, < co. From arbitrary x; € K, define the sequence {z,}

iteratively by (1.8), where {ay}, {o7}, {o}, {8}, {82}, {82} {wm} {2}
and {73} are real sequences in [0,1] and {ul}, {u2} and {ud} are bounded

sequences in K such that

() ab+B+m=a2+B2+2=a3+83+73 =1
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.. %) 1 9] 2 o] 3
(“) anl Tn < 00, anl Tn < 00, anl Tn < 0.
(i) 0 < a < al,a?, 0l < B < 1.

Then {x,} converges weakly to some fixed point of T

Proof. By Lemma 2.2, we have lim,,_, ||z, —2*|| exists for all z* € F(T). This
implies that {x,} is bounded. Since E is reflexive, there exists a subsequence
{zn,} of {x,} converges weakly to some z* € K.

By Theorem 2.5 (equ. (2.15)), we have lim;j o |75, — Ty, || = 0. Since T
is uniformly continuous, we can get that

lim (limsup HT(PT)mflxnj — zn,|]) = 0.

Now Lemma 1.3 guarantees that T'z* = x*, hence this means that 2* € F(T).
It remains to show that {z,} converges weakly to z*. Suppose {zy, } is another
subsequence of {z,} converges weakly to some y*. Then y* € K and so
¥, y* € wy(x,) N F(T). By Lemma 2.4, the limit

lim |[tz, + (1 —t)z* — y*|]
n—o0

exists for all ¢t € [0,1]. By Lemma 1.4, we have z* = y*. As a result, wy,(x,)N
F(T) is a singleton, and so {z,} converges weakly to a fixed point of T'. This
completes the proof. O

Remark 2.7. Our results extend the corresponding results of Su and Qin [32]
to the case of three step iterative sequences with errors for more general class
of asymptotically nonexpansive nonself mappings. Also our iteration scheme
generalizes the scheme of [32].

Remark 2.8. Our results also extend the corresponding results of Chidume
et al [6] to the case of three step iterative sequences with errors.

Remark 2.9. Our results also extend the corresponding results of Plubtieng
and Wangkeeree ( [22]) to the case of nonself mappings.

Remark 2.10. Our results also extend the corresponding results of Chidume
et al [4] to the case of three step iterative sequences with errors and more
general class of asymptotically nonexpansive nonself mappings.

Remark 2.11. [6]: It is well known that duals of reflexive Banach spaces
with Fréchet differentiable norm have the Kadec-Klee property. However, it is
worth mentioning that there exist uniformly convex Banach spaces which have
neither a Fréchet differentiable norm nor satisfy Opial’s condition but their
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duals do have the Kadec-Klee property. To see this, consider X = R? with
the norm given by |z| = /||z1||? + ||z2||? and Y = LP[0,1] with 1 < p < oo
and p # 2. Then the Cartesian product X x Y equipped with the ¢?>-norm
is uniformly convex, it does not satisfy Opial’s condition, and its norm is not
Fréchet differentiable. However, its dual does have the Kadec-Klee property.
For details, see Falset et al. [10] and Kaczor [28].

Remark 2.12. Theorem 2.4 extends Theorem 1.5 of Schu [11] and the corre-
sponding result of Rhoades [1], and Osilike and Aniagbosor [18] to the case of
more general class of nonself mappings and three step iteration scheme with
errors. Furthermore, no boundedness condition is imposed on K. Under the
additional hypothesis that the dual E* of E has the Kadec-Klee property,
Theorem 2.6 generalizes Theorem 2.1 of Schu [12] to the case of nonself maps
and three step iteration scheme with errors in Banach spaces that includes L,
spaces (1 < p < 00), with Opial’s condition and boundedness of K dispensed
with. Since duals of reflexive Banach spaces with Fréchet differentiable norms
have the Kadec-Klee property, Theorem 2.6 extends Theorem 3.1 of Tan and
Xu [17] to the case of nonself maps which are asymptotically nonexpansive
in the intermediate sense and three step iteration scheme with errors, with
boundedness of K dispensed with.
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