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e-mail: ganastss@gmail.com

Abstract. We give here forward and reverse q−Hölder inequality, q−Poincaré inequality,

q−Sobolev inequality, q−reverse Poincaré inequality, q−reverse Sobolev inequality, q−Ost-

rowski inequality, q−Opial inequality and q−Hilbert-Pachpatte inequality. Some interesting

background is mentioned and built in the introduction.

1. Introduction

Here we follow [3], [6].
Let q ∈ (0, 1), n ∈ N. A q−natural number [n]q is defined by

[n]q := 1 + q + ... + qn−1. (1)

In general, a q−real number [α]q is

[α]q :=
1− qα

1− q
, α ∈ R. (2)

We define
[0]q! := 1, [n]q! = [n]q [n− 1]q ... [1]q ,

[
n
k

]

q

=
[n]q!

[k]q! [n− k]q!
. (3)
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Also, the q−Pochhammer symbol is defined by

(z − a)(0) = 1, (z − a)(k) =
k−1∏

i=0

(
z − aqi

)
, k ∈ N, z, a ∈ R. (4)

The q−derivative of a function f (x) is

(Dqf) (x) :=
f (x)− f (qx)

x− qx
(x 6= 0) , (5)

(Dqf) (0) := lim
x→0

(Dqf) (x) ,

and the high q−derivatives

D0
qf := f , Dk

q f := Dq

(
Dk−1

q f
)

, k = 1, 2, 3, ... (6)

From the above definition it is clear that a continuous function on an inter-
val, which does not include 0 is continuously q−differentiable.

Here we assume that the q−derivatives we use always exist up to nth order.
Notice that if f is differentiable then lim

q→1
Dqf (x) = f ′ (x) .

The q−integral is defined by

(Iq,0f) (x) =
∫ x

0
f (t) dqt = x (1− q)

∞∑

k=0

f
(
xqk

)
qk, (0 < q < 1) . (7)

We call f q−integrable on [0, a], iff
∫ x
0 |f (t)| dqt exists for all x ∈ [0, a], a > 0.

If f is such that, for some C > 0, α > −1, |f (x)| < Cxα in a right
neighborhood of x = 0, then f is q−integrable, see [3].

All functions considered in this article are assumed to be q−integrable.
By [2] it holds

(If) (x) =
∫ x

0
f (t) dt = lim

q↑1
(Iq,0f) (x) , (8)

given that f is Riemann integrable on [0, x].
Also it holds

(DqIq,0f) (x) = f (x) (9)
and

(Iq,0 (Dqf)) (x) = f (x)− f (0) .

One can define
In
q,0f = Iq,0

(
In−1
q,0 f

)
, n = 1, 2, ... (10)

Let x > 0. Then one has ([2], [4], [5]) the q−Taylor formula

f (x) =
n−1∑

k=0

(
Dk

q f
)
(0)

[k]q!
xk +

1
[n− 1]q!

∫ x

0
(x− qt)(n−1) Dn

q f (t) dqt. (11)
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Assuming
(
Dk

q f
)
(0) = 0, k = 0, 1, ..., n− 1 we get

f (x) =
1

[n− 1]q!

∫ x

0
(x− qt)(n−1) Dn

q f (t) dqt. (12)

Let u (x) = αxβ. Then we get the change of variable formula ([3]),
∫ u(a)

u(0)
f (u) dqu =

∫ a

0
f (u (x))D

q
1
β
u (x) d

q
1
β
x. (13)

In this article double q−integrals are meant in an iterative way.

Lemma 1.1. ([3]) Let n ∈ Z+; x, t, s, a, b, A, B ∈ R. Then

Dqx
t = [t]q xt−1, (14)

Dq (Ax + b)(n) = [n]q A (Ax + b)(n−1) (15)

and
Dq (a + Bx)(n) = [n]q B (a + Bqx)(n−1) . (16)

We get the q−power rule
∫ x

0
(At + b)(n) dqt =

(Ax + b)(n+1) − b(n+1)

[n + 1]q A
, (17)

where b(n+1) = bn+1q
n(n+1)

2 .
Furthermore, it holds another q−power rule,

∫ x

0
(a + Bqt)(n−1) dqt =

(a + Bx)(n) − an

[n]q B
. (18)

Let f (x) ≥ 0 and f increasing. Then
∫ x

0
f (t) dqt ≤ f (x) · x. (19)

We easily observe that (a > 0, 0 < q < 1)
∣∣∣∣
∫ a

0
f (x) dqx

∣∣∣∣ ≤
∫ a

0
|f (x)| dqx (20)

and∫ a

0
(c1f1 (x) + c2f2 (x)) dqx = c1

∫ a

0
f1 (x) dqx + c2

∫ a

0
f2 (x) dqx, c1, c2 ∈ R.

(21)
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Let 0 < x ≤ y and f increasing. Then

x (1− q)
∞∑

k=0

f
(
xqk

)
qk ≤ y (1− q)

∞∑

k=0

f
(
yqk

)
qk,

so that ∫ x

0
f (t) dqt ≤

∫ y

0
f (t) dqt. (22)

Let f ≤ g. Then

f
(
xqk

)
qk ≤ g

(
xqk

)
qk

and

x (1− q)
∞∑

k=0

f
(
xqk

)
qk ≤ x (1− q)

∞∑

k=0

g
(
xqk

)
qk,

that is ∫ x

0
f (t) dqt ≤

∫ x

0
g (t) dqt (23)

(x > 0, 0 < q < 1).

Next comes the q−Hölder’s inequality.

Proposition 1.2. Let x > 0, 0 < q < 1, p1, q1 > 1 such that 1
p1

+ 1
q1

= 1.
Then

∫ x

0
|f (t)| |g (t)| dqt ≤

(∫ x

0
|f (t)|p1 dqt

) 1
p1

(∫ x

0
|g (t)|q1 dqt

) 1
q1

. (24)

Proof. By the discrete Hölder’s inequality we have∫ x

0
|f (t)| |g (t)| dqt

= x (1− q)
∞∑

k=0

∣∣∣f
(
xqk

)∣∣∣
∣∣∣g

(
xqk

)∣∣∣ qk

= x (1− q)
∞∑

k=0

(∣∣∣f
(
xqk

)∣∣∣
(
qk

) 1
p1

)(∣∣∣g
(
xqk

)∣∣∣
(
qk

) 1
q1

)

≤
(

x (1− q)
∞∑

k=0

∣∣∣f
(
xqk

)∣∣∣
p1

qk

) 1
p1

(
x (1− q)

∞∑

k=0

∣∣∣g
(
xqk

)∣∣∣
q1

qk

) 1
q1

=
(∫ x

0
|f (t)|p1 dqt

) 1
p1

(∫ x

0
|g (t)|q1 dqt

) 1
q1

.

¤
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Clearly it holds that ∫ x

0
1dqt = x. (25)

It follows the reverse q−Hölder’s inequality.

Proposition 1.3. Let x > 0, 0 < q < 1; 0 < p1 < 1, q1 < 0 : 1
p1

+ 1
q1

= 1. Let
f, g ≥ 0 with

∫ x
0 (g (t))q1 dqt > 0. Then

∫ x

0
f (t) g (t) dqt ≥

(∫ x

0
(f (t))p1 dqt

) 1
p1

(∫ x

0
(g (t))q1 dqt

) 1
q1

. (26)

Proof. Notice that
∫ x
0 (g (t))q1 dqt > 0, iff x (1− q)

∑∞
k=0

(
g

(
xqk

))q1 qk > 0, iff∑∞
k=0

(
g

(
xqk

))q1 qk > 0.
By the discrete reverse Hölder’s inequality we have

x (1− q)
∞∑

k=0

f
(
xqk

)
g

(
xqk

)
qk

= x (1− q)
∞∑

k=0

(
f

(
xqk

)(
qk

) 1
p1

)(
g

(
xqk

)(
qk

) 1
q1

)

≥
(

x (1− q)
∞∑

k=0

(
f

(
xqk

))p1

qk

) 1
p1

(
x (1− q)

∞∑

k=0

(
g

(
xqk

))q1

qk

) 1
q1

,

proving the claim. ¤

2. Main Results

We present the q−Poincaré inequality.

Theorem 2.1. Let α, β > 1 : 1
α + 1

β = 1, x > 0. Assume
(
Dk

q f
)
(0) = 0,

k = 0, 1, ..., n− 1 and
∣∣Dn

q f
∣∣ be increasing. Then

∫ x

0
|f (w)|β dqw

≤ 1(
[n− 1]q!

)β

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) β
α

dqw

)
(27)

×
(∫ x

0

∣∣Dn
q f (t)

∣∣β dqt

)
.
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Proof. For 0 ≤ w ≤ x, we have

f (w) =
1

[n− 1]q!

∫ w

0
(w − qt)(n−1) Dn

q f (t) dqt.

Hence, from the q−Hölder’s inequality,

|f (w)| ≤ 1
[n− 1]q!

∫ w

0
(w − qt)(n−1)

∣∣Dn
q f (t)

∣∣ dqt

≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α

(∫ w

0

∣∣Dn
q f (t)

∣∣β dqt

) 1
β

≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α

(∫ x

0

∣∣Dn
q f (t)

∣∣β dqt

) 1
β

.

Hence

|f (w)|β ≤ 1(
[n− 1]q!

)β

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) β
α

(∫ x

0

∣∣Dn
q f (t)

∣∣β dqt

)
.

(28)
Then applying q−integration on (28) over [0, x], we prove (27). ¤

We present the q−Sobolev inequality.

Theorem 2.2. Let α, β > 1 : 1
α + 1

β = 1, x > 0, r ≥ 1. Assume
(
Dk

q f
)
(0) = 0,

k = 0, 1, ..., n− 1 and
∣∣Dn

q f
∣∣ be increasing. Denote

‖f‖q,r,[0,x] =
(∫ x

0
|f (w)|r dqw

) 1
r

.

Then

‖f‖q,r,[0,x] ≤ 1
[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) r
α

dqw

) 1
r

(29)

×∥∥Dn
q f

∥∥
q,β,[0,x]

.

Proof. As in the proof of Theorem 2.1 we get

|f (w)|r ≤ 1(
[n− 1]q!

)r

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) r
α

(∫ x

0

∣∣Dn
q f (t)

∣∣β dqt

) r
β

.
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Hence, from (23)
∫ x

0
|f (w)|r dqw ≤ 1(

[n− 1]q!
)r

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) r
α

dqw

)

×
(∫ x

0

∣∣Dn
q f (t)

∣∣β dqt

) r
β

. (30)

Next raise both sides of (30) to power 1
r . Thus proving the claim. ¤

Next we give the reverse q−Poincaré inequality.

Theorem 2.3. Let 0 < p1 < 1, q1 < 0 : 1
p1

+ 1
q1

= 1, x > 0. Assume(
Dk

q f
)
(0) = 0, k = 0, 1, ..., n − 1;

∣∣Dn
q f

∣∣ be decreasing, and Dn
q f (t) of fixed

strict sign on [0, x]. Then
∫ x

0
|f (w)|−q1 dqw

≥ 1(
[n− 1]q!

)−q1

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

)−q1
p1

dqw

)
(31)

×
(∫ x

0

∣∣Dn
q f (t)q1 dqt

∣∣
)−1

.

Proof. Clearly here we have∫ w

0

∣∣Dn
q f (t)

∣∣q1 dqt > 0,

for all 0 < w ≤ x. Also we have

f (w) =
1

[n− 1]q!

∫ w

0
(w − qt)(n−1) Dn

q f (t) dqt,

all 0 ≤ w ≤ x. Hence

|f (w)| = 1
[n− 1]q!

∫ w

0
(w − qt)(n−1)

∣∣Dn
q f (t)

∣∣ dqt,

all 0 ≤ w ≤ x. By q−reverse Hölder inequality, we obtain

|f (w)| ≥ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

) 1
p1

(∫ w

0

∣∣Dn
q f (t)

∣∣q1 dqt

) 1
q1

.

Since
∣∣Dn

q f
∣∣ is decreasing, we have that

∣∣Dn
q f

∣∣q1 is increasing on [0, x] . Thus
∫ w

0

∣∣Dn
q f (t)

∣∣q1 dqt ≤
∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt,
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and (∫ w

0

∣∣Dn
q f (t)

∣∣q1 dqt

) 1
q1 ≥

(∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt

) 1
q1

,

for all 0 ≤ w ≤ x. Therefore we derive

|f (w)| ≥ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

) 1
p1

(∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt

) 1
q1

,

all 0 ≤ w ≤ x. Hence

|f (w)|−q1 ≥ 1(
[n− 1]q!

)−q1

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

)−q1
p1

×
(∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt

)−1

,

(32)

all 0 ≤ w ≤ x. At last q−integrating (32) on [0, x] we obtain (31). ¤

It follows the reverse q−Sobolev inequality.

Theorem 2.4. All assumptions were as in Theorem 2.3 and r ≥ 1. Then

‖f‖q,r,[0,x] ≥
1

[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

) r
p1

dqw

) 1
r

× ∥∥Dn
q f

∥∥
q,q1,[0,x]

.

(33)

Proof. As in the proof of Theorem 2.3 we obtain:

|f (w)|r ≥ 1(
[n− 1]q!

)r

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

) r
p1

×
(∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt

) r
q1

,

all 0 ≤ w ≤ x. Hence
∫ x

0
|f (w)|r dqw ≥ 1(

[n− 1]q!
)r

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)p1

dqt

) r
p1

dqw

)

×
(∫ x

0

∣∣Dn
q f (t)

∣∣q1 dqt

) r
q1

,

proving the claim. ¤

We continue with a q−Ostrowski inequality.
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Theorem 2.5. Assume
(
Dk

q f
)
(0) = 0, k = 1, ..., n − 1, x > 0, 0 < q < 1.

Then ∣∣∣∣
1
x

∫ x

0
f (w) dqw − f (0)

∣∣∣∣ ≤
∥∥Dn

q f
∥∥
∞,[0,x]

· xn

[n + 1]q!
. (34)

Proof. By assumptions we obtain

f (w)− f (0) =
1

[n− 1]q!

∫ w

0
(w − qt)(n−1) Dn

q f (t) dqt, all 0 ≤ w ≤ x.

Hence

∆ (x) :=
1
x

∫ x

0
f (w) dqw − f (0)

=
1
x

∫ x

0
f (w) dqw − 1

x

∫ x

0
f (0) dqw

=
1
x

(∫ x

0
(f (w)− f (0)) dqw

)
.

Thus

|∆(x)| ≤ 1
x

∫ x

0
|f (w)− f (0)| dqw. (35)

However we observe that

|f (w)− f (0)| ≤ 1
[n− 1]q!

∫ w

0
(w − qt)(n−1)

∣∣Dn
q f (t)

∣∣ dqt

≤
∥∥Dn

q f
∥∥
∞,[0,x]

[n− 1]q!

∫ w

0
(w − qt)(n−1) dqt.

(36)

Next we apply (13) for u (t) := −t.
We notice that Dqu (t) = −1. Therefore it holds from (18),

∫ w

0
(w − qt)(n−1) dqt = −

∫ w

0
(w + qu (t))(n−1) Dqu (t) dqt

= −
∫ −w

0
(w + qu (t))(n−1) dqu (t)

= −
∫ −w

0
(w + qy)(n−1) dqy

= −
[

(w + (−w))(n) − wn

[n]q

]

=
wn

[n]q
.
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By (36), then we have

|f (w)− f (0)| ≤
∥∥Dn

q f
∥∥
∞,[0,x]

[n]q!
wn, all 0 ≤ w ≤ x. (37)

Consequently by (35) we derive from (14),

|∆(x)| ≤ 1
x

(∫ x

0
wndqw

) ∥∥Dn
q f

∥∥
∞,[0,x]

[n]q!

=
1
x

xn+1

[n + 1]q

∥∥Dn
q f

∥∥
∞,[0,x]

[n]q!

=

∥∥Dn
q f

∥∥
∞,[0,x]

[n + 1]q!
xn,

proving the claim. ¤
Next we give a q−Opial type inequality.

Theorem 2.6. Assume
(
Dk

q f
)
(0) = 0, n ∈ N, k = 0, 1, ..., n − 1, x > 0,

0 < q < 1; α, β > 1 : 1
α + 1

β = 1. Also suppose
∣∣Dn

q f
∣∣ is increasing on [0, x].

Then ∫ x

0
|f (w)| ∣∣Dn

q f (w)
∣∣ dqw

≤ x
1
β

[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

)
dqw

) 1
α

×
(∫ x

0

(
Dn

q f (w)
)2β

dqw

) 1
β

.

(38)

Proof. It holds

f (w) =
1

[n− 1]q!

∫ w

0
(w − qt)(n−1) (

Dn
q f

)
(t) dqt, all 0 ≤ w ≤ x.

Hence, from the q−Hölder’s inequality,

|f (w)| ≤ 1
[n− 1]q!

∫ w

0
(w − qt)(n−1)

∣∣Dn
q f (t)

∣∣ dqt

≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α

(∫ w

0

∣∣Dn
q f (t)

∣∣β dqt

) 1
β

.

Set

z (w) :=
∫ w

0

∣∣Dn
q f (t)

∣∣β dqt, (z (0) = 0), all 0 ≤ w ≤ x.
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That is,

|f (w)| ≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α

(z (w))
1
β ,

with
z (w) ≤ ∣∣Dn

q f (w)
∣∣β w,

and
(z (w))

1
β ≤ ∣∣Dn

q f (w)
∣∣ w

1
β , for all 0 ≤ w ≤ x.

Consequently we have

|f (w)| ≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α ∣∣Dn

q f (w)
∣∣w

1
β ,

and

|f (w)| ∣∣Dn
q f (w)

∣∣ ≤ 1
[n− 1]q!

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α (

Dn
q f (w)

)2
w

1
β ,

all 0 ≤ w ≤ x. Finally we derive, from the q−Hölder’s inequality,
∫ x

0
|f (w)| ∣∣Dn

q f (w)
∣∣ dqw

≤ 1
[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

) 1
α (

Dn
q f (w)

)2
w

1
β

)
dqw

≤ 1
[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

)
dqw

) 1
α

×
(∫ x

0

(
Dn

q f (w)
)2β

wdqw

) 1
β

≤ x
1
β

[n− 1]q!

(∫ x

0

(∫ w

0

(
(w − qt)(n−1)

)α
dqt

)
dqw

) 1
α

×
(∫ x

0

(
Dn

q f (w)
)2β

dqw

) 1
β

,

proving the claim. ¤

We finish with a q−Hilbert-Pachpatte type inequality.

Theorem 2.7. Assume
(
Dk

q f
)
(0) =

(
Dk

q g
)
(0) = 0, k = 0, 1, ..., n− 1, n ∈ N;

x, y > 0, 0 < q < 1; p1, q1 > 1 : 1
p1

+ 1
q1

= 1. Also suppose
∣∣Dn

q f
∣∣, ∣∣Dn

q g
∣∣ are
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increasing on [0, x], [0, y], respectively. Define

F (s) =
∫ s

0

(
(s− qσ)(n−1)

)p1

dqσ, 0 ≤ s ≤ x,

G (t) =
∫ t

0

(
(t− qτ)(n−1)

)q1

dqτ , 0 ≤ t ≤ y.

Then∫ x

0

∫ y

0

|f (s)| |g (t)|(
F (s)
p1

+ G(t)
q1

)dqsdqt

≤ xy(
[n− 1]q!

)2

(∫ x

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

(∫ y

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

.

(39)

Proof. We have

f (s) =
1

[n− 1]q!

∫ s

0
(s− qσ)(n−1) Dn

q f (σ) dqσ, all 0 ≤ s ≤ x;

g (t) =
1

[n− 1]q!

∫ t

0
(t− qτ)(n−1) Dn

q g (τ) dqτ , all 0 ≤ t ≤ y.

Hence

|f (s)| ≤ 1
[n− 1]q!

∫ s

0
(s− qσ)(n−1)

∣∣Dn
q f (σ)

∣∣ dqσ

≤ 1
[n− 1]q!

(∫ s

0

(
(s− qσ)(n−1)

)p1

dqσ

) 1
p1

×
(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

.

Also it holds

|g (t)| ≤ 1
[n− 1]q!

∫ t

0
(t− qτ)(n−1)

∣∣Dn
q g (τ)

∣∣ dqτ

≤ 1
[n− 1]q!

(∫ t

0

(
(t− qτ)(n−1)

)q1

dqτ

) 1
q1

×
(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

.

Young’s inequality for a, b ≥ 0 says that

a
1

p1 b
1
q1 ≤ a

p1
+

b

q1
.
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Therefore we have

|f (s)| |g (t)| ≤ 1(
[n− 1]q!

)2 (F (s))
1

p1 (G (t))
1
q1

×
(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

≤ 1(
[n− 1]q!

)2

(
F (s)
p1

+
G (t)
q1

)

×
(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

.

Hence it holds (0 < s ≤ x, 0 < t ≤ y)

|f (s)| |g (t)|(
F (s)
p1

+ G(t)
q1

) ≤ 1(
[n− 1]q!

)2

(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

.

Therefore
∫ x

0

∫ y

0

|f (s)| |g (t)|(
F (s)
p1

+ G(t)
q1

)dqsdqt

≤ 1(
[n− 1]q!

)2

(∫ x

0

(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

dqs

)

×
(∫ y

0

(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

dqt

)

≤ 1(
[n− 1]q!

)2 x
1

p1

(∫ x

0

(∫ s

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

)
dqs

) 1
q1

× y
1
q1

(∫ y

0

(∫ t

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

)
dqt

) 1
p1

≤ 1(
[n− 1]q!

)2

(
x

1
p1 y

1
q1

)(∫ x

0

(∫ x

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

)
dqs

) 1
q1

×
(∫ y

0

(∫ y

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

)
dqt

) 1
p1
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=
xy(

[n− 1]q!
)2

(∫ x

0

∣∣Dn
q f (σ)

∣∣q1 dqσ

) 1
q1

(∫ y

0

∣∣Dn
q g (τ)

∣∣p1 dqτ

) 1
p1

,

proving the claim. ¤

References

[1] C. Alsina and J. L. Garcia-Roig, On a conditional Cauchy equation on rhombuses, Func-
tional analysis, approximation theory and numerical analysis, World Sci. Publishing,
River Edge, NJ, 1994, 5–7.

[2] W. A. Al-Salam, q− Analogues of Cauchy’s formulas, Proc. Amer. Math. Soc, 17(1966),
616-621.

[3] A. De Sole and V. G. Kac, On integral representations of q− gamma and q− beta
functions, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl.
16(2005), 11-29.

[4] T. Ernst, A new notation for q− calculus and a new q− Taylor formula, Uppsala Uni-
versity Report Report. Math., (1999), 1-28.

[5] S. C. Jing and H. Y. Fan, q− Taylor’s formula with its q− remainder, Comm. Theoret.
- Phys. 23(1995), 117-120.

[6] P. M. Rajkovic, S. D. Marinkovic and M. S. Stankovic, Fractional integrals and deriva-
tives in q− Calculus, Applicable Analysis and Discrete Mathematics, 1(2007), 311-323.


