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Abstract. In this paper we consider a problem of investigating the dependence of ||P(Rz)
—BP(rz)ll, on [|[P(z)||, for every real or complex number 8 with [3| <1, R>r>1,p >0
and present compact generalizations of certain well-known polynomial inequalities.

1. INTRODUCTION

Let Pp(z) denote the space of all complex polynomials P(z) = >7%_, a;jz’
of degree at most n. For P € P,, define

P, ={o [

IP(@)ll = Maz|P()] and m(P.1) := Min|P(2)].

o VP
P 1sp<s

If P € P,, then
HP/(Z)HP <n|P)|,, p>1, (1.1)
and

I1P(R2)[l, < R"|P(2)]l,, R>1, p>0. (1.2)

P )

Inequality (1.1) was found by Zygmund [17] whereas inequality (1.2) is a
simple consequence of a result of Hardy [9](see also [13, Theorem 5.5]). Since
inequality (1.1) on p was indeed essential. This question was open for a long
time. Finally Arestov [2] proved that (1.1) remains true for 0 < p < 1 as well
was deduced from Riesz’s interpolation formula [15] by means of Minkowski’s
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inequality, it was not clear, whether the restrictil. For p = oo, the inequality
(1.1) is due to Bernstein (see [11, p.531] or [16]) whereas the case p = oo of
inequality (1.2) is a simple consequence of the maximum modulus principle
(for reference, see [11, p.442] or [12, vol.I, p.137]). Both the inequalities (1.1)
and (1.2) can be sharpened if we restrict ourselves to the class of polynomials
having no zero in |z| < 1. In fact, if P € P, and P(z) # 0 in |z| < 1, then
inequalities (1.1) and (1.2) can be respectively replaced by

1P|
P <n—>=L p>0 (1.3)
1@, <y,
and
1P, < P by R, pso (1.4)
P A P’ P '

Inequality (1.3) is due to De-Bruijn [8](see also [4]) for p > 1. Rahman and
Schmeisser [14] extended it for 0 < p < 1 whereas the inequality (1.4) was
proved by Boas and Rahman for p > 1 and later it was extended for 0 < p < 1
by Rahman and Schmeisser[14]. For p = oo, the inequality (1.3) was con-
jectured by Erdos and later verified by Lax [10] whereas inequality (1.4) was
proved by Ankeny and Rivlin [1].

Aziz and Dawood [3] refined Erdés-Lax theorem [10] and a result of Ankeny
and Rivilin[1] by showing that if P € P, and P(z) # 0 in |z| < 1, then

[P'(2)]| o < g{HP(Z)HOO—m(Pal)} (1.5)
and
1P < R IPE - T tm(P ), B> 1 (16)
Recently Aziz and Rather [5](see also [6]) investigated the dependence of
|P(R2) — P(2)]], on | P(2)]],

for R > 1, p > 1. As a compact generalization of inequalities (1.1) and (1.2),
they have shown that if P € P,, then for every R > 1 and p > 1,

[P(Rz) = P(2)]|, < (R" = 1) [|[P(2)]],- (1.7)

In the present paper we consider a more general problem of investigate the
dependence of

|P(Rz) — BP(rz)

I

I, on [[P(2)[l, and m(P,1)

for every real or complex number § with |5| <1, R > r > 1, p > 0 and develop
a unified method for arriving at these results. we first present the following



Zygmund-type inequalities for polynomials 103

result.
Theorem 1.1. If P € P, and P(z) has all its zeros in |z| < 1, then for every
real or complex number 8 with [8| <1, R >r >1 and |2] > 1,
|P(Rz) — BP(rz)| > |R" — Br"||z|"m(P,1). (1.8)
The result is best possible and equality in (1.8) holds for P(z) = az",a # 0.
Remark 1.1. Taking f =0 in (1.8), we get for |z| > 1
|P(Rz)| > R"|z|"m(P,1), R> 1. (1.9)

For g =1 if we divide the two sides of (1.8) R —r and make R — r, we get
for |z| > 1,

|P'(rz)| > nr™ 7 z["m(P,1), r > 1. (1.10)

Next we present the following interesting result which is a compact gener-
alization of inequalities (1.3), (1.4), (1.5) and (1.6).

Theorem 1.2. If P € P, and P(z) does not vanish in |z| < 1, then for all
real or complex numbers 3,6 with |B] < 1,16| <1, R>r>1 andp >0,

HP(RZ) _ BP(rz) 46 { R = W;' — 114l } m(P,1)

p
[(R" = pr*)z+ (1= B)||
- 11+ =,

The result is best possible and equality in (1.11) holds for P(z) = az™+b, |a| =
b = 1.

2P, (1.11)

For different values of parameters, a variety of interesting results can be
easily deduced from Theorem 1.2. Here we mention a few of these. The fol-
lowing corollary immediately follows from Theorem 1.2 by letting p — oo in
(1.11) and choosing the argument of ¢ suitably with || = 1.

Corollary 1.1. If P € P, and P(z) does not vanish in |z| < 1,then for every
real or complex number B with |f| <1, R >r >1 and for |z| =1,
|P(Rz) — BP(rz)]

n __ n 1 — n __ n_l_

The result is sharp and equality in (1.12) holds for P(z) = az"+b, |a| = |b| = 1.

IP(2)]. (1.12)
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Remark 1.2. For 5 = 0, inequality (1.12) reduces to (1.6) and for § =1 ,we
get the following interesting result.

Corollary 1.2. If P € P, and P(z) does not vanish in |z| < 1,then for
R>r>1and |z] =1,

P(Rz) ~ Pra)) < T {Mag«" IP(2)| - Min \P(zw} (1.13)
The result is sharp and equality in (1.13) holds for P(z) = az"+Db, |a| = |b| = 1.

Remark 1.3. If we divide the two sides of (1.13) by R —r and let R — r, we
get for |z| =1,

|P'(rz)| < grnfl {]|\/[|aiv |P(2)| — Mzrlz\P(zﬂ} , r>1. (1.14)

For r = 1 inequality (1.14) reduces to inequality (1.5). The following result
which is a generalization of inequalities (1.3) and (1.4) follows from Theorem
1.2 by setting 6 = 0 in inequality (1.14).

Corollary 1.3. If P € P, and P(z) does not vanish in |z| < 1, then for every
real or complex number § with |5 <1, R>r>1 and p >0,

I(R" = pr")z+ (1= )|
P 11+ =],

1P(Rz) — BP(rz)]| EPE, - (1.15)

The result is best possible and equality in (1.15) holds for P(z) = az"+b, |a| =
b = 1.

Remark 1.4. For § = 0, inequality (1.15) reduces to (1.6). If we divide the
two sides of (1.15) by R — r with 5 =1 and let R — r,we get

w1 1P,

—, p>0,r>1 (1.16)
11+ =],

HP/(TZ)Hp < nr

The result is sharp.

For r = 1 inequality (1.16) reduces to inequality (1.3) due to De Bruijn [8].

2. LEMMAS

For the proofs of these theorems, we need the following lemmas.
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Lemma 2.1. If P € P, and P(z) has all its zeros in |z| < p where p > 0,
then for every R > r,rR > p? and |z| = 1,

P(R2)| > (f:;’)n P(r2)] (2.1)

Proof. Since all the zeros of P(z) lie in |z| < p, we write

= ij[l (z - Tj€i0j>

where r; < p,7=1,2,--- ,n. Now for 0 <0 < 27, R > r and rR > p?, we
have

Re®? —rjeia'
0

ret? —rje

B R? + 7"]2- —2Rr;Cos(0 — 0;) 1/
) 24+ 1"]2- —2rrjCos(0 — 0;)

>{R+Tj}>{R+p}’
T \r+r; ) T r+p

j=1,2,--- ,n. Hence

i Re'? — rje i0;

1;[ reil — ;e
ﬁ<R+p> <R+p>n
il r+p r+p
for 0 < @ < 2r. This implies for |z2| =1, R > r and rR > p?

P 2 (2E2) b,

which completes the proof of Lemma 2.1. O

v

Lemma 2.2. If P € P, and P(z) does not vanish in |z| < 1, then for every
real or complex number B with |B| < 1,R>r > 1, and |z| =1,

|P(Rz) — BP(rz)| < |Q(Rz) — BQ(rz)] (2.2)
where Q(z) = 2" P(1/Z).The result is sharp and equality in (2.2)holds for
P(z) =2"+1.

Proof. For the case R=r, the result follows by observing that |P(z)|<|Q(2)|

for |z| > 1. Henceforth, we assume that R > r. Since the polynomial P(z)
has all its zeros in |z| > 1, therefore, for every real or complex number «

with |a| > 1, the polynomial f(z) = P(z) — aQ(z), where Q(z) = z"P(1/z),
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has all its zeros in |z| < 1. Applying Lemma 2.1 to the polynomial f(z) with
p =1, we obtain for every R >r > 1 and 0 < 0 < 2,

umﬂnz(R+ﬁ|ﬂm%L (2.3)

r+1

Since f(Re) #0 forevery R>r>1,0<6 <2rand R+1>7r+1, it
follows from (2.3) that
r+1

) > (57 ) 1) = ()
for every R > r > 1 and 0 < 6 < 27. This gives
|f(rz)| <|f(Rz)| for|z|=1and R>r>1.

Using Rouche’s theorem and noting that all the zeros of f(Rz) lie in
2] < £ < 1, we conclude that the polynomial

T(z) = f(Rz) = Bf(rz) = {P(Rz) — BP(rz)} — a{Q(Rz) — fQ(rz)} (2.4)
has all its zeros in |z| < 1 for every real or complex number o with o > 1
and R > r > 1. This implies

|P(Rz) — BP(rz)| < |Q(Rz) — fQ(rz)] (2.5)
for |z] > 1 and R > r > 1. If inequality (2.5) is not true, then exist a point
z = w with |w| > 1 such that

|P(Rw) = BP(rw)| > |Q(Rw) = Q(rw)].
But all the zeros of Q(z) lie in |z| < 1, therefore, it follows (as in case of

f(2)) that all the zeros of Q(Rz) — fQ(rz) lie in |z| < 1. Hence
Q(Rw) — BQ(rw) # 0 with |w| > 1. We take

_ P(Rw) — BP(rw)
Q(Rw) — BQ(rw)’
then « is a well defined real or complex number with || > 1 and with this

choice of «, from (2.4) we obtain T'(w) = 0, where |w| > 1. This contradicts
the fact that all the zeros of T'(z) lie in |z| < 1. Thus

|P(Rz) — BP(rz)| < |Q(Rz) — BQ(r2)]
for |z| > 1 and R > r > 1. This proves Lemma 2.2. O

Lemma 2.3. If P € P, and P(z) does not vanish in |z| < 1, then for every
real or complex number [ with || < 1,R>r > 1, and |z| =1,

|P(Rz) — BP(rz)| <|Q(Rz) — BQ(rz)| = (IR" = pr"[ — [1 = B[)m(P, 1)

where Q(z) = 2" P(1/Z).
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Proof. By hypothesis P(z) has all its zeros in |z| > 1 and
m(P,1) <|P(2)| for |z] =1. (2.6)

We show F(z) = P(z) + Am(P,1) does not vanish in |z| < 1 for every A\ with
|A| < 1. This is obvious if m(P, 1) = 0, that is, if P(z) has a zero on |z| = 1.
So we assume all the zeros of P(z) lie in |z| > 1, then m(P,1) > 0 and by the
maximum modulus principle, it follows from (2.6),

m(P,1) < |P(z)| for |z|] < 1. (2.7)
Now if F((z) = P(z) + Am(P,1) = 0 for some z = 2y with |zo| < 1,then
P(zp) + Am(P,1) = 0.

This implies
[P(20)| = [Alm(P,1) <m(P,1), [z <1,
which is clearly a contradiction to (2.7). Thus the polynomial F'(z) does not
vanish in |z| < 1 for every A with |A| < 1. Applying Lemma 2.2 to the
polynomial F(z), we get
|F(Rz) — BF(rz)| < |G(Rz) — BG(rz)|

for |z =1 and R > r > 1 where G(z) = 2"F(1/z) = Q(2) + \2"m(P, 1).
Replacing F(z) by P(z) + Am(P,1),we obtain

|P(Rz) = BP(rz) + M1 = B)| < |Q(Rz) — BQ(rz) + MR" — pr")z"|  (2.8)

for |z] =1 and R > r > 1. Now choosing the argument of A in the right hand
side of (2.8) such that

|Q(Rz) = BQ(rz) + A(R" — pr")z"| = |Q(Rz) — BQ(rz)| — |A||R" — Br"|
for |z| = 1, which is possible by Theorem 1.1, we get
|P(Rz) = BP(rz)| — A1 = 8] < [Q(Rz) — BQ(rz)| — |A||R" — pr"|
for |z| =1 and R > r > 1. Equivalently,
|P(Rz) — BP(rz)| < |Q(Rz) — BQ(rz)| — (IR" — Br"| — [1 = B[)m(P, 1)

for |z =1 and R > r > 1. This proves Lemma 2.3. O

Next we describe a result of Arestov.

For v = (70,71, -+, V) and P(z) = Z?:o ajz) € P, we define

A P(z) = Z'yjajzj.
j=0

The operator A, is said to be admissible if it preserves one of the following
properties:
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(i) P(2) has all its zeros in {z € C': |z| < 1},
(ii) P(z) has all its zeros in{z € C : |z| > 1}.

The result of Arestov may now be stated as follows.

Lemma 2.4. ([2, Theorem 4]) Let ¢(x) = ¥ (logx) where 1 is a convex
nondecreasing function on R. Then for all P € P, and each admissible
operator A,

2

2
¢(| A, P(”)])df < ; $(C(v,n)| P(")])df
where C(y,n) = maz(|yol, |n|)-

In particular, Lemma 2.4 applies with ¢ : x — aP for every p € (0, 0).
Therefore, we have

{[Tinrennnl” < com{ [Trenpal” 2o

We use (2.9) to prove the following interesting result.

Lemma 2.5. If P € P, and P(z) does not vanish in |z| < 1, then for every
real or complex number B with || <1,R>r >1,p> 0 and « real,

2m
| 1P = 8P + (R P R) = 57 P ) P

27
<|(m = i)+ o= B [P,
0
Proof. Let Q(z) = 2" P(1/Z). Since P(z) does not vanish in |z| < 1 by
Lemma 2.2, for every real or complex number  with |3| <1, R >r > 1 and
|z| = 1,we have
|P(Rz) — BP(rz)| < |Q(Rz) — BQ(rz)| = |R"P(z/R) — Br"P(z/r)|.

Now(as in the proof of Lemma 2.2), the polynomial

H(z) = Q(Rz) — pQ(rz) = R"2"P(1/Rz) — pr"z"P(1/rz)

has all its zeros in |z| < 1 for every real or complex number g with |5| < 1
and R > r. This gives that the polynomial

2"H(1/Z) = R"P(2/R) — Br"P(z/r)
has all its zeros in |z| > 1. Hence the function

f(2) = P(Rz) — éP(TZ)
R"P(z/R) — pr™P(z/r)
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is analytic in |z| <1 and |f(z)| <1 for |z] = 1. Since f(z) is not a constant,
it follows by the maximum modulus Principle that

[f()] <1 for [z <1,
or equivalently,
|P(Rz) — BP(rz)| < |R"P(z/R) — Br"*P(z/r)| for || <1. (2.10)
A direct application of Rouche’s theorem shows that
A,P(2) = (P(Rz) — BP(r2)) + €(R"P(z/R) — BrP(z/))
— (" = B1™) + (1 = B)anz" + -+ (1 = B) + €°(R" — Br"))ao

does not vanish in |z| < 1 for every 8 with || < 1,R>r > 1 and « real.
Therefore, A, is an admissibe operator. Applying (2.9) of Lemma 2.5, the
desired result follows immediately for each p > 0. This completes the proof
of Lemma 2.5. U

We also need the following lemma [5].

Lemma 2.6. If A, B, C are non-negative real numbers such that B+ C <A,
then for every real number «,

(A= C)e™ + (B +C)| < |Ae™ + B.

3. PROOFS OF THEOREMS

Proof of Theorem 1.1. By hypothesis, all the zeros P(z) lie in |z| < 1 and
m(P,1)|z|" < |P(2)| for |z| =1.
We first show that the polynomial G(z) = P(z) —am(P,1)z" has all its zeros
in |z| <1 for every real or complex number o with || < 1. This is obvious if
m(P,1) =0, that if P(z) has a zero on |z| = 1. Henceforth, we assume P(z)
has all its zeros in |z| < 1, then m(P,1) > 0 and it follows by the Rouche’s
theorem that the polynomial G(z) = P(z) — am(P,1)z" has all its zeros in
|z] < 1 for every real or complex number o with |a| < 1. Applying Lemma
1.1 to the polynomial G(z) with p = 1, we deduce as before,
|G(Rz)| > |G(rz)| for |z|=1and R>r >1. (3.1)
Since all the zeros of G(Rz) lie in |z| < (1/R) < 1, by Rouche’s Theorem
again it follows from (3.1) that all the zeros of polynomial
H(z) = G(Rz)—pG(rz) = (P(Rz)— pP(rz)) —a(R" — pr")z"m(P,1)) (3.2)
lie in |z| < 1 for every a, § with || < 1,|5 <1 and R > r > 1. This gives
|P(Rz) — BP(rz)| > |R"™ — Br"||z|"m(P,1) (3.3)
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for |z| > 1 and R > r > 1. Because if the inequality (3.3) is not true, then
there is point z = zg with |z9| > 1 such that

|P(Rz0) — BP(rz0)| > |R" — Br"||z0|"m(P, 1).

We choose
B P(Rzy) — BP(rzp)
- (Rm — prr)zim(P, 1)’

then clearly |a| < 1 and with choice of «, from (3.2) we get H(zp) = 0 with
|z0] > 1. This is clearly a contradiction to the fact that the zeros of H(z) lie
in |z| < 1.Thus for every real or complex number § with |3] < 1,

|P(Rz) = BP(rz)| > |[R" = Br'[[2|"m(P, 1)
for |z| > 1 and R > r > 1. This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. By hypothesis P(z) does not vanish in |z| < 1,
therefore, by Lemma 2.3, we have

|P(Rz) — BP(rz)| < |Q(Rz) — BQ(rz)| — (IR" — Br"| — [1 = B[)m(P, 1)
for |z| =1, |8] <1and R > r > 1 where Q(z) = 2" P(1/Z). Equivalently,
|P(Rz) — BP(rz)|
< |R"P(z/R) = Br"P(z/r)| = (|R" = Br"| = |1 = Bl)m(P,1)

for |z] =1, |8 <1 and R > r > 1. This implies for every real or complex
number 5 with [5] <1,0<6 <27 and R >r > 1,

|R" — pri| —[1— B

|P(Re') — BP(re”)| + 5 m(P,1)
< |R"P(e?/B) ~ Brp(e ) - PP py ()
Taking
A= |R"P(c*[R) - Br"P(¢?/r)|, B =|P(Re") - BP(ré?)
and

R =g = 1= 5
2
in Lemma 2.6 and noting by (3.4) that

o

m(P, 1)

(B+C)<(A-0C) <A,
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we get for every real «,

'{|R”P(ew/}z) ~gp(et ) - AP 1)} e

* {'P(Rei% — gp(rey + AT IZ P p 1>}’
< IR P /R) = Br P (e fr)|e™™ + |P(Re™®) — 8P(re?)|.

This implies for each p > 0,

/ " |F () + ¢“G(0)[Pdo
0

27
</
0

|R"P(e /R) — Br"P(e% Jr)|e'™ + | P(Re™) — ﬁP(T‘ew)wpdG, (3.5)

where
F(0) = |P(Re") — BP(re")| + <‘Rn - WQ‘ i 5’) m(P,1)
and
G(6) = |[R"P(¢"|R) — BrP(¢ )] - (’Rn —Ariis B’) m(P,1).

Integrating both sides of (3.5) with respect to a from 0 to 27, we get with
the help of Lemma 2.5 for each p > 0, R > r > 1 and « real,

2 27
/ / IF(0) + €°G/(0)|Pdadd
o Jo
27 27 ) B . ) ) )
< / / HR”P(@ZG/R) — ﬁr”P(ew/r)]ew‘ + ]P(Re’e) — ﬂP(re’e)deGda
o Jo

2w 2
_ n 6i0 _ _,r_'rl ei@ r eia 6i0 _ reie N
= [ e ) - et i 1Rt — gp(e) P f s

27 27 . B ) ) ) )
/ { / |(R"P(e" /R) — Br"P(e” /r))e™ + (P(Re") — BP(T@ZQ)PDda} df
0 0

/ ¥ { TR R) — B P(e fr))e + P(RET) p(retyPan o

27 27
no_ gyt 6ia _ R\ o eie Pde. .
S/O |(R" = pr") + e (1 - B)[Pd /0 | P(e")[Pdo (3.6)
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Now for every real a;, t > 1 and p > 0, we have
2 2
/ ]t—f—em|pda2/ |1+ e Pda.
0 0
If F(0) # 0, we take t = |G(0)|/|F(6)], then by (30) ¢t > 1 and we get

2 o
/ |F(0) + “G(0)[Pda = | F(6) ’p/ 14 et G(0)
0 0

21
—1re)r [ G+ e

P
do

F(6)
70
= |F(0)[ /027T )G(G) ‘ 1 el

p
da

do
F(0)
21 )
> yF(e)yp/ 1+ e da.
0

For F'(8) = 0, this inequality is trivially true. Using this in(3.6), we conclude
that for every real or complex number § with |3] <1, R > r > 1 and « real,

2 2 n n
/ \1+em\Pda/ {yP(Reie)—ﬁp(m“’)H’R _/BTQ‘_H_mm(P,l)}de
0 0

< {/0% (R™ = Br™) + (1 — B)pda} {/0% ]P(ew\pde} .

This gives for every real or complex number 4, 8 with [§] < 1,|8| < 1,
R >r>1 and « real,

/Zﬂ\1+eia]pda/2ﬂ]P(Rew)—/BP(rew)—i—é { [R" = frt| =1 = B } m(P,1)[Pd6
0 0 2

2 n n a1 @ on 0 }
g{/o (R™ = Br™) + (1 ﬂ)|pda} {/O PP b (3.7)

Since

2
/KW—MWHWMMWa
0
=/HW=WWHMPMWa
0
2 )
=/HW=WWHMPMWa
0
2 .
z/HW=&%”HPMWa
0

2
_ /0 (R" — Br™)e’™ + (1 — B)|Pda, (3.8)



Zygmund-type inequalities for polynomials 113

the desired result follows immediately by combining (3.7) and (3.8). This
completes the proof of Theorem 1.2.

Remark 3.1. From Theorem 1.1, one can easily deduce that if P € P, and
P(z) has all its zeros in |z| < 1, then for every real or complex number (3
with || <land R>r>1,

|P(Rz) = BP(rz)||, = |R" = Br"|m(P,1). (3.9)
The result is best possible and equality in (3.9) holds for P(z) = az",a # 0.
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