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Abstract. In this paper we establish a set of sufficient conditions for the existence of mild
solutions of nonlinear neutral integrodifferential equations in Banach spaces. The results are

obtained by using the fixed point theorems. An example is provided to illustrate the theory.

1. INTRODUCTION

Neutral differential equations arise in many areas of science and engineering
and for this reason these equations have received much attention in the last
decades. The theory of neutral integrodifferential equations has been studied
by several authors [1, 2, 3, 6, 13]. Grimmer [7] studied the resolvent operators
for integral equations in Banach spaces. Using the method of semigroups,
existence and uniqueness of mild, strong and classical solutions of semilinear
equations have been discussed by Pazy [15]. Ntouyas and Tsamatos [14] stud-
ied the global existence of solutions for functional integrodifferential equations
of neutral type by using the Schaefer fixed point theorem.
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The purpose of this paper is to prove the existence of mild solutions for
neutral evolution integrodifferential equations of the form

di[ —g(t xt,/tk(t s xs)ds)}

— / B(t,s)x ds+f(t xt,/th(t,s,ws)ds), (1.1)
0

for all t € J = [0, 0] and
9 = ¢, on [—r,0] (1.2)

where A(t) and B(t, s) are closed linear operators on a Banach space X with
a dense domain D(A) which is independent of t, h : A x C — X,k : A x
C - X, f:Jx(CxX —- Xandg:JxCxX — X are continuous
functions and A = {(t,s) : 0 < s < t < b}. Denote C = C([-r,0] : X),
the Banach space of all continuous functions ¢ : [—r,0] — X with the norm
lloll = sup {|p(8)] : —r <6 < 0}. Also for x € C([—r,b] : X) we have z; € C
for t € [0,b], z+(0) = x(t + 0) for all § € [—r,0]. Related work in this type of
equations can also be found in [9, 10].

2. PRELIMINARIES

We shall make the following assumptions:

(1) A(t) generates a strongly continuous semigroup of evolution operators.
(2) Suppose Y is a Banach space formed from D(A) with the graph norm.
A(t) and B(t,s) are in the set L(Y, X), of bounded linear operators
from Y to X, for 0 <t <band 0 < s <t < brespectively. A(t) and
B(t, s) are closed linear operators, it follows that A(t) and B(t, s) are
continuous on 0 < ¢t < b and 0 < s <t < b, respectively, into L(Y, X).

Definition 2.1. A resolvent operator for (1.1)-(1.2) is a bounded operator
valued function R(t,s) € L(X),0 < s <t < b, the space of bounded linear
operators on X, having the following properties.

(i) R(t,s) is strongly continuous in s and ¢, R(s,s) = I, (the identity
operator on X) 0 < s <b. |R(t,s)|| < Mt~ ) t,s € Jand M, are
constants.

(ii) R(t,s)Y CY,R(t,s) is strongly continuous in s and ¢t on Y.
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(iii) For each = € D(A), R(t, s)x is strongly continuously differentiable in ¢

and s and
t
8%@’3)36 — AR, sz + / B(t, r)R(r, s)adr,
t
8R(§ts’ S)x = —R(t,s)A(s)z — / R(t,r)B(r, s)xdr,

with x being strongly continuous on 0 < s <t < b.

OR(t,s) + and OR(t, s)
t 0s

Definition 2.2. A solution x € C([—r,b] : X) is called a mild solution of the
problem (1.1)-(1.2) if the following holds: xy = ¢ on [—r,0] and for s € [0, ],
the function

A(s)R(t,s)g(s, xs, /DS k(s,T,x.)dr)

is integrable and for ¢ € [0,b] the integral equation
t
.ZL'(t) = R(tvo)[¢<0) _g<07 (bv 0)] +g<t7$t7/0 k(tasvxs)ds)

t s

—I—/ R(t,s)A(s)g(s,xs,/ k(s,T,xT)dT)ds
0 0
t s 0

+/ R(t,s)/ B(s,H)g(G,mg,/ k(O,T,:UT)dT)des
0 0 0
t s

+/ R(t,s)f(s,xs,/ h(S,T,l’T)dT>dS
0 0

is satisfied.

Schaefer’s Theorem [16] Let E be a normed linear space. Let F': E — E
be a completely continuous operator , that is, it is continuous and the image
of any bounded set is contained in a compact set and let

((F)={x € E;z = AFx for some 0 < A < 1}.
Then either ((F') is unbounded or F' has a fixed point.

Further we assume the following hypotheses:

(H1) There exists a resolvent operator R(t,s) which is compact and contin-
uous in the uniform operator topology for t > s. Further, there exist
constants M; > 0,7 =1, 2, 3, such that

(1) |R(,s)] < M,
(ii) |A(t)g(t,z,y)| < M and
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(H2)

(H3)
(H4)

(H5)

(H6)

(H8)
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For each s € J,z € C the function k(.,s,z) : J — X is completely
continuous, the function k(.,.,x) : A — X is strongly measurable and
{t = k(t,s,zs)} is equicontinuous in C([0,b] : X).

For each t,s € A, the function h(t,s,.) : C'— X is continuous and for
each x € C, the function h(.,.,z) : A — X is strongly measurable.
For each t € J, f(t,.,.) : C x X — X is continuous and for each
(z,y) € C'x X, the function f(.,x,y) : J — X is strongly measurable.
There exists an integrable function p : J — [0, 00), such that

[f (&2 9)| < p(O)Q(l|2] +ly[),t € Jz € Cry € X,

where € : [0,00) — (0, 00) is nondecreasing function.

The function g : J x C'x X — X is completely continuous and for any
bounded set D in C([—r,b] : X), the set {t — g(t, x4, fg k(t, s, xs)ds) :
x € D} is equicontinuous in C([0,b] : X) and there exist constants
c1 € (0,1), ¢2 > 0 and ¢35 > 0, such that

lg(t,d,y)| < crl|o|l +e2ly|+c3, foral teJ el yeX.

There exist integrable functions m; : J — [0,00) and constants r;,i =
0,1, such that

(i) |k(t,s,2)| < romo(s)hu(|lzl]), =€ C,

(i) [(t, s,2)] < rimi(s)Qa(|z])), = €C,
where Q; : [0,00) — (0,00),i = 1,2 are continuous nondecreasing
functions.

/bﬁ’L(S)dS < /OO ds
0 ¢ S(s) +Q(s) + Qa(s)
where ¢ = 1 {M1(1 +en) |6l + (1 + Mi)es + My Mob + M1M3b2}

1—c;

and m(t) = max{ r2-romo(t), ]\fipc(f) ) Tlml(t)}

3. EXISTENCE RESULTS

Theorem 3.1. Assume that hypotheses (H1)-(H8) hold. Then the problem
(1.1)-(1.2) admits a mild solution on [—r,b).

Proof. Consider the space C,=C([—r,b] : X'), with the norm ||z ||, =sup {|=(t)] :
—r <t <b}. Define Cf = {z € Cy : o = 0}. To prove the existence of mild
solutions of (1.1)-(1.2), consider the following operator equation

z(t) = AFz(t), 0 <A<, (3.1)
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where I : C’g — Cg is defined as

(Fz)(t)

()]

= R(t,0)[¢(0) —g(0

+ /Ot R(t, S)A(S)g(svfﬂs’/o

IN

,0,0)] + g(t,xt, /Ot k(t, s,xs)ds>

S

k(s,T, CCT)dT> ds

+/0tR(t,s)/033(3,9)9@,%7/09k(e,T,;cT)dT)d@ds
+/0tR(t, s)f(s,g;&/osh(s,T,xT)dT>d3.

From (3.1), we have

AFz(t)] < [Fa(t)]

Mi(1+4c1) ol + (1L + Mi)es + My Mab

t
+ My M3b? + HthJrczro/ mo(s)Q(||xs]|)ds
0

M /Otp(s)Q()( H

Consider the function p defined by

Let t* € [—r,t] be such that u(t) =

p(t) = sup{|z(s)| :

inequality, we have

pu(t)

<

IN

Mi(1+ 1) [l + (

x5]]+r1/ (7)) ) ds
0

—r<s<t}, 0<t<hb.

|z(t*)]. If t* € [0,b], by the previous

1+ M1)63 + M7y Msb
t*

+ My M3b* 4 cyp(t) + caro mo(s)Q(p(s))ds
0

M, /0 p(s)% (4s)

Mi(1+ 1) [l + (

+T1/ ml(T)Qg(u(T))dT>ds.
0
1+ My)es + My Mab

+ My Msb? + crp(t )+62T0/ mo(s)Q1(u(s))ds

+M1/0 p(s)Q

+r1/m1 ) (i ))dT)ds.
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If t* € [—r,0], then p(t) = ||#|| and the previous inequality holds since M; > 1.
Hence

1

u(t) < 1_—{M1(1 +c1) 18]l + (1 + My)es

+M1M25+M1M3b —|—CQT‘0/ mo Ql( ( ))dS

+M1/0 p(s)2 +1"1/ m1(7)Qa(p ))dT)dS}.

Let us denote the right hand side of the above inequality as v(¢). Then,

1
c=(0) = ?{Ml(l Fen) |8l + (1 + My)es + My Mab + MlMgbZ},

and p(t) <w(t),t € J,

v'(t)
=7 _101 {CzTo’mo(t)Ql( (t))+Mip(t)$2 +7“1/ ma(s)Qa(p ))ds)}
< 2 fearumo )90 w0) - Mip(0)00 010+ [ i) (u(61)s) }.

Let w(t) = v(t) +m fo m1(s)Qa(v(s))ds. Then w(0) = v(0),v(t) < w(t) and

w'(t) = V() +rima(t)Qa(v(t))
. - {earomo(t) Q1 (w(t)) + Mip(t)Q0o(w(t))} + rima (t)Q2(w(t))

IN

1—
< () {Q0(w() + Qu(w(t)) + L(w(t)}.

This implies that

w(t) ds W ds
m s < .
/w(O) Qo(s) + Qi (s) + Qa(s / /c Qo(s) + Q1(s) + Qa(s)

This inequality implies that w(¢) must be bounded by some positive constant L
on [0,b]. Consequently, ||z||; < L, where L depends on b and on the functions
m;, i =0,1and Q;,i=0,1,2.

Next we shall prove that the operator F'is a completely continuous operator.
Let By = {z € CY : ||z||1 < ¢} for some ¢ > 1. We first show that the set
{Fz : © € By} is equicontinuous. Let x € By and t1,t3 € J. Then, if
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0 <ty <ty <b, we have

[(Fz)(t1) — (Fz)(t2)]
< |R(t1,0) — R(t2,0)[|¢(0) — g(0,¢,0)]

t2

t1
+ g<tlaxt17/ k(tl,s,.%'s)dS) _g(t2,$t2,/ k(t27s>$s)ds>‘
0
+/ tla (t27 )]A(S)g(s,xs,/ k(S,T,.ﬁT)dT)dS}
0 0
to s
+ / R(ta,s) g(s xs,/ (s, T,l’T)dT)dS‘
t
1 0
v / R(t1, ) — R(ts, 5) / B(s,0)g 9 xg,/ k(H,T,xT)dT>d9ds’
0 0 0
to 0
+ / R(to, s / 0)g 9,3:9,/ k0,1, z;)d des’
t1 0
1
+ / R(t1,s) — R(te,s)]f(s a:s,/ h(s,7,x;)d ds‘
0 0
to
+ / R(te,s)f(s a:s,/ h(s,T, Q?T)dT)dS)
t1 0
t1 to
+g<t1,:ct1,/ k(tl,s,xs)ds> —g(tg,%,/ k(tg,s,xs)dsﬂ
0 0

t1 to
+M2/ |R(t1, ) (tg, )|dS+M2/ ’ (tQ, )\ds
0 t
t1 ' to
b [ |R(t1,) — Rlta.s)lds + Mab [ R(t2,)]ds
0 t1

+AWM%> (mNM)(w%+/2(mMM)(U%

t1

where ¢ = q + qr fo mq(s)ds. The right hand side of the above inequality is
independent of x € B, and tends to zero as to — t1 — 0, since g is completely
continuous and by (Hl), R(t,s) for t > s is continuous in the uniform operator
topology. Thus the set {Fx : x € By} is equicontinuous.

We consider here only the case 0 < t1 < t9, since the other cases t| < t9 < 0
and t; < 0 < to are very simple.

It is easy to see that the family F'B, is uniformly bounded. Next we show
that Fqu is compact. Since we have shown FB; to be an equicontinuous
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collection, it suffices, by the Arzela-Ascoli theorem, to show that F maps B,
into a precompact set in X.

Let 0 <t < s < b be fixed and let €, a real number satisfying 0 < € < ¢t. For
x € By, we define

(Fa)(t) = R(t.0)[6(0) ~ 9(0,6,0)] + gtz /0 k(L. s, 2)ds )

+/H R(t,5)A(s )g(s ms,/o k(s, T J:T)d7'>ds

t—e
/ R(t, s / B(s,0) 9(9 x(,,/ k(e,T,xT)dT)deds

+/0 R(t,s)f(s,ms,/o h(S,T,ZET)dT)dS.

Since R(t,s) is a compact operator, the set y.(t) = {(Fex)(t) : € By} is
precompact in X for every €,0 < € < t. Moreover, for every x € B, we have

|(Fz)(t) — (Fex)(t))]

< /:6 |R(t, s)])A(s)g(s,ms, /08 k(s, T, a:T)dT) ‘ds

o[

t—e
t

+/ |R ts|’f<s acs,/ h(srdeT)’ds
t—e 0

t t
< M2/ |R(t, s)|ds + Mgb/ |R(t,s)|ds
t—e t

—€

(5,0)g 9 a;@,/ k(e,T,xT)dr)‘deds

+ [ 1RSI0l s

Therefore there are precompact sets arbitrarily close to the set {(Fx)(¢t) : x €
By,}. Hence the set {(Fz)(t) : « € By} is precompact in X.

It remains to show that F' : CY — C} is continuous. Let {z,}3°, be a
converging sequence in C} to x. Then there is an integer r such that ||z, (t)|| <
rforallmandt € J, so x, € B, and = € B,.

By assumptions (H2)-(H4) and (HS),

t t
f(tjfcnt,/ h(t,s,$ns)ds — f t a:t,/ h(t,s,zs)d
0 0

t

t
g(t,xnt,/ k(t, s, zn, )ds — g t xt,/ k(t,s,xs)d
0 0
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as n — oo for each t € J. Moreover, by virtue of (H4), (H6) and (H7), we
obtain

‘f(t,xnt, /Ot h(t, s,mns)ds) — f(t,xy, /Ot h(t, s,xs)ds)) < 2p(t)Q0(q)

and
t
’g(twrnta/ k(t,s,xns)ds) —g<t,f1}t,/
0 0

t
< 2919 / mo(s)Q(r)ds + 2c1m + 2c3.
0

t
k(t, s, xs)ds> ’

Since g is completely continuous, we have by dominated convergence theorem
|Fx, — Fx||

< ‘ (t mm,/tk‘(t s xns)ds) —g(t,xt,/
0
/\R (t,s |‘A [ (s xns,/sk(s T, an)dT) —g(s,a:s,/sk(s,T,xT)dTﬂ ‘ds
0
/ (s, (9 «9 $n9,/ k0, T, InT)dT>
_g<9,x9,/0 kO, 7,2, dTﬂ ‘d@ds—i—/ |R(t, s) ]‘f(s xns,/osh(s,T,a:nT)dT)

—f(s,acs,/ h(S,T,I'T)dT)‘dS —0 as n — oo.
0

t
k(t, s, a:s)ds) ‘

Thus F' is continuous. Hence F' is completely continuous. Finally, the set
((F)={z€C):a=AFz, for some 0 < A < 1}

is bounded as we proved in the first step. By Schaefer’s theorem, the operator
F has a fixed point in Cp. Hence (1.1)-(1.2) has a mild solution on [—r,b]. O

Krasnoselskii Theorem [4]: Let S be a closed convex and nonempty subset
of a Banach space X. Let P, Q) be two operators such that
(i) Px+ Qy € S whenever z,y € S;
(ii) P is a contraction mapping;
(iii) @ is compact and continuous.
Then there exists z € S such that z = Pz + Qz.

For using the Krasnoselskii fixed point theorem we need the following hypothe-
ses:
(H9) There exist constants My > 0 and M5 > 0 such that
(i) lg(t, =, y)| < My,
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(11) |f(7f,33,y)| < MEn
forteJ, xeCandyecX.
(H10) Myl[||o]| + My) + My + My Mob + M M3b? + M Msb < q.
(H11) The function ¢ is continuous and there exist constants N; > 0(i =
1,2, 3) such that
(1) |9t @1, y1) — g(t, 22, y2)| < Nifller — w2l + |y1 — v2]],
(i) [A(®)[g(t, z1,51) — g(t, 22, 2)]| < Nofllzr — @l + [y1 — v2l],
(111 |B(S t)[ (t7$17y1) _g(ta anyQ)” < N3[H:E1 - ‘TQH + |y1 - y2|]7
fort € J, 1,20 € C'and y1,y2 € X.
(H12) There exists a constant L; > 0 such that

NabNal

‘/ (t,s,z) — k(t,s,y)lds| < Li||lz —y||, t,s€J and z,y € C.
(H13 [Nl + M7 Nsb + M1N3b2][1 + Ll]

Theorem 3.2. Assume that the hypotheses (H1), (H3)-(H5), (H7)(ii) and
(H9)-(H13) hold. Then the problem (1.1)-(1.2) has a mild solution.

Proof. Define the operators P and ) on B, as

Palt) = R0W0) ~9(0.6.0)+(tar, [ kt.s.2.)ds)

t s
+/ R(t, s)A(s)g(s,xS,/ k(s, T, xT)dT)ds
0 0
t s 0
+/ R(t, s)/ B(s,@)g(ﬂ,xg,/ k(G,T,xT)dT)des,
0 0 0

Qzx(t) = /075 R(t, s)f(s,xs, /05 h(s,T, a:T)dT)ds.

Let z,y € B;. Then we have
t
Pat)+ Qu)] < RU0[G(0) ~ 90,00l +[alt.ar, [ F(t.s.2.)a5)

—i—/ot]R(t,S)“A(S)Q(S,a:S7/(]Sk(s,T,g;T)dT)‘ds

0
B(s,@)g(@,wg,/ k‘(@,T,:ET)dT)‘des
0

0 0
4 /OS |R(t, 3)|‘f(s,ys, /OS h(s,T, yT)dT)‘ds

My[||p|| + My) + My + My Mab + My Mzb® + My Msb
q.

IN A
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Therefore Pz + Qy € B;. Further

|Pz(t) — Py(t)]

< ‘ <t a:t,/ k(t, s xs)ds) —g(t yt,/o k(t,s,ys)ds)‘
/ |R(t, s) ]’A [ <s xs,/s k:(s,T,xT)dT>
g(s ys,/ k(s,T,yr d’]’)} ‘ds

(s, 0 0 avg,/ k(8,T, :cT)dn')

t

—g<94mué kW'TdeT>”d&h

<M |:||xt - yt” + ‘ / [k(t,s,:cs) - k(tv 57ys)]d5
0

|

+M1 N> /Ot {Hxs —ys|l + ’ /Os[k:(s,T, xr) — k(s, T, yT)]dTHdS

t s 6
—|—M1N3/ / [ng—ng—i—‘/ k(6 7, 7) — (0, 7,y )dr | dbs
0 JO 0
< [Ny + MiNab + MyN3b?|[1 + La]l|lz — g1

By hypotheses (H13), P is a contraction.

The equicontinuity of (Qu)(t) is already proved in Theorem 3.1 and so
Q(By) is relatively compact. By the Arzela-Ascoli Theorem, @ is compact.
Hence by the Krasnoselskii Theorem there exists a mild solution to the problem
(1.1)-(1.2). O

4. EXAMPLE

Consider the following equation which arises in the study of heat conduction
in materials with memory [8, 11, 12]

CO"(z,t) + B(0)0' (z,t) = «(0)AO(z,t) — /_ B(t— )0 (z,s)ds

+/td@—$AM%$%+W®¢)(4U

—00

Let us assume that Q is a bounded open connected subset of R? with C'*°
boundary. Also, assume that o and 3 are in C2([0, ), R) with C = «(0) =
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B(0) = 1. If we suppose the dependence on z € 2 and assume that (z,t) is
known for ¢ < 0 we may pose the problem as

t
0" (t) +6'(t / B (t s)ds + / o (t — 8)AO(s)ds + r(t)
0
where A is the Laplacian on © with boundary condition 8| = 0 and the initial
conditions are
0(x,0) = 0(x) € H*(Q) N Hy(Q), 0'(x,0) = b(z) € Hy(R).

We rewrite this as /
(%) = (2 %) (80 ) (oo )
() = (%)

Letting w = (0, ¢)* this can be written as

t
W (t) = Aw(t) +/ B(t — s)Aw(s)du + f(t), w(0) € D(A) C H.
0
Here H is the space H}(Q) @ H°() with inner product

(01, 61), (0, 62)) = /Q (V0,V6; + 0,0,)d,

and A has domain D(A) = (H2(Q) N H () @ HE(Q). Tt follows from [5] that
A generates a semigroup T'(t) on H with ||T(¢)|| < Me™" for some v > 0.
Further the resolvent operator R(t) exists and it follows from Theorem 4.1
in [7] that the resolvent operator satisfies the condition ||R(t)| < Me ™+t for
some p > 0.

By introducing the neutral term in the above model (4.1) we can obtain the
following neutral integrodifferential equation
t

aat[ (CC t)+/ k(S—t’n’x)0(8’$>dnds]

= Af(x,t)— 3 Bt — s)0(z, s)der/O a(t — s)AfO(x, s)ds+ f(x,t,0)

and
g(t,O) = e(tv 1) =0; G(Ta l‘) = ‘90(7-7'7;)7 7<0

for ¢t € [0,0] and x € [0,1]. By the similar analysis above the equation gener-
ates a semigroup and a resolvent operator R(t) which satisfies the hypothesis
(H1). Moreover imposing appropriate conditions on the functions a, k, 5 and
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f and applying the Theorem 3.1 we can see that the neutral integrodifferential
equation has at least one mild solution.
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