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Abstract. At the present paper, by using Fan-KKM principle in minimal generalized convex
spaces, a minimax inequality of Ky Fan is proved. Also, Fan’s well known two-functions

minimax inequality in this new setting is given.

1. INTRODUCTION

It is known that the famous Fan-KKM principle and Fan’s minimax inequal-
ity [15], have played very important roles in the study of the modern nonlinear
analysis. The Fan minimax inequality has become one of the most applica-
ble tools in mathematical economics which, its relation with many concepts in
nonlinear analysis is well known. Moreover, a great deal of effort has gone into
the theory and applications of the Fan-KKM theorem and Fan’s minimax in-
equality [8, 10, 14, 34]. Some general minimax theorems and several extensions
of these inequalities have been obtained in convex spaces for functions with
KKM property under weaker various conditions [18, 19, 21, 31, 33, 35, 36].
Recently, these inequalities are considered in generalized convex (G-convex)
spaces (generalization of many famous spaces with convex structure) which
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improved and generalized a large number of Ky Fan’s type minimax inequali-
ties [9, 13, 20, 22, 32]. In this work, we use the concept of minimal generalized
convex spaces and some new result about compactness and product spaces
in minimal spaces to establish generalization of the above mentioned results.
We establish two minimax inequalities in minimal generalized convex spaces.
The first one originally goes back to Fan [15]. The second is famous two-
function minimax inequality also due to Fan in [16], which improved the Von
Neumann-Sion minimax principle [30] in minimal generalized convex spaces.

The concept of minimal structures and minimal spaces, as a generaliza-
tion of topology and topological spaces were introduced in [25]. For easy
understanding of the material incorporated in this paper we recall some ba-
sic definitions and results. For details on the following notions we refer to
(2, 5, 6, 7, 11, 24, 25] and [29] and references therein.

A family M C P(X) is said to be a minimal structure on X if §, X € M.
In this case (X, M) is called a minimal space. For some examples in this set-
ting see [24]. In a minimal space (X, M), A € P(X) is said to be an m-open
set if A € M and also B € P(X) is an m-closed set if B¢ € M. We set
m-Int(A) = | {U : U C A,U € M} and m-Cl(A) =(\{F: AC F,F° e M}.
We say, the minimal space (X, M) enjoys the property 1, if any finite intersec-
tion of m-open sets is m-open. For any = € X, N(z) is said to be a minimal
neighborhood of x, if for any z € N(z) there is an m-open subset G, C N(z)
such that z € G,.

Proposition 1.1. ([24]) For any two sets A and B,

(a) m-Int(A) C A and m-Int(A) = A if A is an m-open set.

(b) A C m-Cl(A) and A =m-Cl(A) if A is an m-closed set.

(¢) m-Int(A) € m-Int(B) and m- CI(A) C m-Cl(B) if AC B.

(d) m-Int(ANB) C (m-Int(A))N(m-Int(B)) and (m-Int(A))J(m-Int(B)) C
m-Int(A U B).

(e) m-Cl(AUB) 2 (m-Cl(A))U(m-Cl(B)) and m-Cl(ANB) C (m-Cl(A))N
(m-Cl(B)).

(f) m-Int(m-Int(A)) = m-Int(A) and m-Cl(m-Cl(B)) = m-Cl(B).

(g) (m-Cl(A))¢ = m-Int(A°) and (m-Int(A))¢ = m-CI(A°).
Definition 1.2. ([29]) Let (X, M) and (Y, ') be two minimal spaces. A func-

tion f : (X, M) — (Y, N) is called minimal continuous (briefly m-continuous)
if f~1(U) € M for any U € N.

Definition 1.3. ([2]) Suppose (X, 7) is a topological space and also suppose
(Y,N) is a minimal space. A function f : (X,7) — (Y, N) is called (7,m)-
continuous if f~H(U) € 7 for any U € N.
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Similar to topological spaces some basic concepts can be obtained in the
minimal spaces. In the following it is shown that the minimal product of any
m~compact minimal spaces is m-compact; that is the Thychonoff’s compact-
ness Theorem holds for the product of minimal spaces.

Definition 1.4. ([29]) For a minimal space (X, M),

(a) a family A = {A; : j € J} of m-open sets in X is called an m-open
cover of K ift K C | ; Aj. Any subfamily of A which is also an m-open cover
of K is called a subcover of A for K;

(b) a subset K of X is m-compact whenever any given m-open cover of K,
has a finite subcover.

Theorem 1.5. ([29]) Suppose that X and Y are two minimal spaces and
f: X =Y is an m-continuous function. For any m-compact subset K C X,
f(K) is m-compact in Y .

In [7] authors achieved product minimal structure for an arbitrary family
{(Xa,Mqy) : @ € I} of minimal spaces. Product minimal structure on X =
I1 Xo is the weakest minimal structure on X (denoted by M = [] M,),
acl acl
such that for each § € I the canonical projection w3 : [[ X, — Xp is

acl
m-continuous. In fact, [[ My = {71 (Us) : Uy € My}
acl

Theorem 1.6. The product minimal space ( [[ Xo, [[ Ma) is m-compact if
a€el acl
and only if (X, Mq) is an m-compact minimal space, for any o € I.

Proof. One direction is an immediate consequence of Theorem 1.5. For the
converse, on the contrary suppose that A4 C [] Mg, is an m open cover

ael
of J] X, without any finite subcover include [[ X,. For any a € I, set
acl acl
Uy, ={V € M, : 7 }(V) € A}. Since A has no finite subcover for [] X, so

a€el
no finite subcover of U, can cover X, for any a € I. m-compactness of X,

implies that U, can not cover X,. Therefore there exists z, € X4 \ (J{V :

V € Uy}, for any oo € I. Set x = (24)aer- Then z € [ Xo \U{A4: A € A},
acl
which implies that A is not an m-open cover for [[ Xa, a contradiction. [
acl

2. MINIMAX INEQUALITY AND KKM MAPS

Recently, authors in [1, 2] and [4] introduced and investigated the notion of
minimal generalized convex space as an extended version of generalized convex
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space. Suppose X and Y are two minimal spaces. A multimap F : X — Y
is a function from a set X into the power set of Y; that is, a function with
the values F'(z) C Y for all z € X. Given A C X, set F(A) = U cq F(2).
Define F~(y) = {z € X : y € F(z)}, for all y € Y. The multimap F is said
to be minimal transfer open [3] if for any z € X and y € F'(x) there exists an
zo € X such that y € m-Int(F(x)). For a such multimap F', a point zg € X
is called fized point if, xg € F(xq).

Let (D) denote the set of all nonempty finite subsets of a set D and let
A, be the n-simplex with vertices eg, eq,- - -, e,, Ay be the face of A, cor-
responding to J € (A), where A € (D); for example, if A = {ag, a1, -, an}
and J = {a;y, ai,,- -, a;,} C A, then Ay = co{e;y, €y, - -, €i, }, where co(A)
denotes the convex hull of A. A minimal generalized convex space (briefly
M G-convex space) (X, D, I") consists of a minimal space (X, M), a nonempty
set D, and a multimap I" : (D) — X in which for A € (D) with n + 1 el-
ements, there exists a (7, m)-continuous function ¢4 : A, — T'y = T'(A)
for which J € (A) implies that ¢p4(Ay;) C I'y = I'(J). In case to empha-
size X 2 D, (X,D,T) will be denoted by (X D D,I'); and if X = D, then
(X O X;T) by (X,T'). For any MG-convex space (X, D,T'), the multimap
F : D — X is called a KKM multimap if Ty C F(A) for any A € (D).
Clearly, any G-convex space is an M G-convex space. On the other hand,
suppose (X, M) is a minimal vector space which is not a topological vector
space (for example see [2]) Consider the multimap I': (X) — X defined

I'({ag,a1,- - an}) = {Z)\az 0< A\ <1, Z)\ = 1}. One can deduce

that (X,I") is a minimal generahzed convex space but it is not a generalized
convex space [2].

Theorem 2.1. ([4]) Suppose (X, D,T") is an m-compact M G-convex space, Y
1s a minimal space, S : X — D, F: X —oY and T : X — X are multimaps
such that:

(a) x € X and M € (S(x)) imply that Ty C T(z),

(b) F~ :Y — X is minimal transfer open and F(x) is nonempty,

(c) for any y € Y there exists z € D such that F~(y) C S™(z).
Then T has a fized point.

Definition 2.2. Suppose that X is a nonempty set, Y is a minimal space and
f: X xY — R. Then f is said to be

(a) minimal upper semicontinuous in the second variable, if for each v € R,
z € X and y € Y with f(z,y) < 7, imply that there exist 9 € X and a

minimal neighborhood N (y) containing y in Y such that f(xo,u) < 7 for any
u € N(y).
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(b) minimal lower semicontinuous in the second variable, if for each v € R,
x € X and y € Y with f(x,y) > =, imply that there exist zp € X and a
minimal neighborhood N(y) containing y in Y such that f(xg,u) > v for any
u € N(y).

Lemma 2.3. Suppose that X is a nonempty set, Y is a minimal space and
f: X xY — R is a function. Then f is minimal upper semicontinuous in the
first variable if and only if the multimap F : Y — X defined by F(y) = {z €
X : f(x,y) <~} is minimal transfer open.

Proof. Let f be minimal upper semicontinuous in the first variable, (y,z) €
Y x X and =z € F(y) (ie., f(z,y) < 7). Then there is yo and a minimal
neighborhood N(z) C X containing x such that f(yo,u) < forallu € N(z).
So z € N(x) C F(yp) and hence x € m-Int(N(z)) C m-Int(F(yo)). Therefore
F' is minimal transfer open.

Conversely, suppose that (y,z) € Y x X and f(x,y) < . So x € F(y) and
by the hypothesis, there exists § € Y such that x € m-Int(F(g)) C F(y). Set
m-Int(F(y)) = N(z), which is a minimal neighborhood containing x. Then
f(y,u) >~ for all u e N(z). O

Definition 2.4. Let (X, D,I") be an M G-convex space, Y be a nonempty set
and f: X XY =R, g:DxY — R. fissaid to be

(a) minimal g-quasiconver in the first variable if for any {z1,29,...,2,} €
(D) and each y € Y,

flu,y) < 1I£1'a<x 9(zi,y) forall weT({z1,22,...,2n}).

(b) minimal g-quasiconcave in the first variable if for any {21, z2,...,2,} €
(D) and each y € Y,

1I<Ili£1 9(zi,y) < f(u,y)  forall weT({z1,22,...,2n}).

Note that f is minimal g-quasiconvex if and only if —f is minimal —g-
quasiconcave. These concepts originally go back to the notion of g-concavity
(convexity), introduced by Chang and Yen [12].

Theorem 2.5. Suppose (X, D,T") is an m-compact MG-convez space and 'Y
1s a minimal space. Let f: X XY - R, g: X XD —-Randh: X xX — R
satisfying

(a) h is minimal g-quasiconvex in the second variable,

(b) f is minimal upper semicontinuous in the first variable,

(c) for any y € Y there exists z € D such that g(x, 2) < f(x,y).
Then

inf h < sup inf .
Inf h(z,2) < iggylgyf(w,y)
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Proof. Suppose that sup inf f(z,y) <+oo. Let v > sup inf f(x,y) be a fixed
reX YeY zeX yeY
real number. Define the multimaps 7: X — X, S: X —oDand F': X —Y

by
T(x)={ue X :h(z,u) <~}

S(xz)={z€D:g(x,z) <~}

Flz)={yeY: f(z,y) <~}
Since v > sup inf f(z,y), F' has nonempty values. Lemma 2.3 implies that
reX YEY

F~ is minimal transfer open. According to (c), for any y € Y there exists
z € D such that F~(y) C S~ (z). Let € X and {y1,v2,...,yn} € (S(z)) and
uw € T({y1,y2,---,Yn}). According to (a) and y; € S(x) we have

h < : .
(z,u) < g%g(w,yz) <7

Therefore, v € T(z) and by Theorem 2.1, T" has a fixed point z. Then
in)f( h(z,z) < h(z,z) < v and hence we have
jaS

inf h < sup inf .
Inf h(z,2) < ig%gyf(w,y)

g

Remark 2.6. Another forms of Theorem 2.5 can be found in [9, 26, 27] and
[28].

3. TWO-FUNCTION MINIMAX INEQUALITY

Theorem 3.1. ([7]) Suppose {(Xa,Mq) : o € I} is a family of minimal
spaces and also suppose that (Y, N) is a minimal space. Then f: (Y,N) —

(11 Xa, [ Ma) is m-continuous if and only if maof is m-continuous for all
aecl acl
acl.

Consider a family of minimal generalized convex spaces {(Xq, Do,l0) :

acl}. Set X = HIXa and D = HIDa. Choose A = {ag,...,an} €
ac ac

(D) and for each o € I let Ay = {ma(ai), ma(ai,), .-, mal(ai,, )}, where
Ta(@iy), T (@i, ), - - - Ta(ai,, ) are distinct elements of mo(A) and 0 < ip <
i1 < ...<ip, <n. Now, define I' : (D) —o X by I'(4) = [[ T'a(A4q).

ael

Lemma 3.2. Suppose {(Xq, Do, Ta) : a € I} is a family of M G-convex spaces.
Also suppose that X, D, A,’s and I" are defined as the above paragraph. Then
(X,D,T) is an MG-convez space.
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Proof. Since (Xq, Do, T')’s are M G-convex spaces and since A, € (D,) for
each a € I, so there are (7, m)-continuous functions ¢4, : A,, — ['a(A44) in
which w4, (As,) CTa(Js). Define ¢4, : A, — A, by

¢AQ<Z>\]‘€]') = Z < Z )xj)(it.
J=0 ma(a; (ait)

tIO ):7{'@

Now, consider the map ¢4 : A,, — I'(A) defined by ¢ 4(2) = (¢a,00 4, (2))act
for all z € A,,. It is easy to see that 1 4,’s are continuous and hence ¢ 4,004,
is (7, m)-continuous for all o € I. It follows from Theorem 3.1 that ¢4 is
(1, m)-continuous. For any J C A, put J, = mo(J). By the definition of ¢4
and the fact that pa,(AJ,) C T'a(Ja), one can deduce that pa(Ay) C I'(J).
This completes our proof. O

Theorem 3.3. Suppose that (X1, D1,T1) and (X2, Da,T'2) are two m-compact
MG-convex spaces with property I, Y1 and Ya are two nonempty sets. Let
f1:HXX2—>R, fg:X1XY2—>R7gl:D1XX2—>R792:X1XD2—>R
and hi,he : X1 X Xo — R be functions satisfying

(a) hi(z1,22) < ha(z1, 22) for each (z1,22) € X1 x Xa.

b) hy is minimal g1-quasiconcave in the first variable.

(c) hg is minimal go-quasiconvex in the second variable.
(d) f1 is minimal lower semi continuous in the second variable.

fo is minimal upper semi continuous in the first variable.

(g) for any yo € Y there is do € Dy such that ga(x1,ds) < fa(x1,y2) for all
T € X7.
Then

inf  sup fi(y1,x2) < sup inf fo(x1,y2).
z2€X2 4 €Yy r1€X Y2€Y2

Proof. Consider any A = {(zg, 23), (1, 27), ..., (z,73)} € (D1 x D). For

J=1,2let Aj ={z],2],...,2,}, where 2, 2]{,..., 2, are distinct elements

of mj(A). Theorem 1.6 and Lemma 3.2 imply that (X; x Xo, Dy x D»,TI)
is m-compact M G-convex space, where, I'({(z, 23), (v1,22),..., (z},22)}) =
I'1(A1) x T'9(Az). On the contrary, suppose that the inequality is incorrect.
So there exists a fixed v € R, such that
sup inf fo(z1,y2) <7 < inf sup fi(y1,22) (3.1)
z1€X] V2€Y2 ©2€X2 4 €Yy
Consider the multimaps T : X; X Xg —0 X7 X X9, S5 : X1 X Xo —0 Dy X Dy
and F': X1 X Xg — Y] X Y5 defined by

T((IZl,xg) = {tl D.CH hl(tl,l'g) > ")/} X {tg € Xy hg(xl,tg) < "Y}
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S(z1,m2) = {d1 € D1: g1(d1,72) > v} x {d2 € D3 : ga(w1,d2) < 7}

F(azy,m2) ={y1 € Y1: filyr, x2) > 7} x{y2 € Ya : foz1,92) <~}

(3.1) implies that, F' has nonempty values. By (f) and (g), for any (y1,y2) €
Y1 x Ys there is (dy,d2) € Dy x Do such that F~(y1,y2) € S~ (dy,d2). F~
is minimal transfer open. Since for any (y1,y2) € Y1 X Y2 and (z1,22) €
F~(y1,y2), we have fi(y1,z2) > v and fa(x1,y2) < . It follows from (d) and
(€), there are y} € Y1, y5 € Y5 and minimal neighborhoods Nj(z1) and Na(z2)
containing x1 and o respectively, such that f1(y],u2) > v and fo(u1,y)) < 7,
for any (u1,u2) € Ni(x1) x Nao(xz). Since, X7 and X, have property I, then
one can deduce that N(z1,x2) = Ni(x1) x Na(x2) € F~(y],y5) is a minimal
neighborhood of (x1,x2) and so

(1, 72) € m-Int(N (21, 12)) € m-Int(F~(y1,v5))

which it gives the result. Choose (21,22) € X1 x Xa, {(z},23), (z1,29),...,
(21,22)} € (S(z1, 22)) and

(tlv tQ) € F({(x(l)’ ‘T(2))7 (xi x%)v R (xvlw xi)})

11 1 2 .2 2
=T1({z0,21,---, Zp, ) x Ta({z5, 21, - - -, an})’
where z&, zll, e ’Z}u and zg, z%, . ,27%2 are distinct elements of {m(l), :U%, e ,x}t}
and {x},x1,..., 2L} respectively. Since (x},2?) € S(21,22) fori =0,1,...,n,

80 ga(z1,72) < v < g1z}, 22) for each i = 0,1,...,n. By (b) and (c) we have

> mi 1
hi(t1,2z2) > o i g1(2;,22) >

and

h to) < 2 )
2(z1,t2) < 022’5@ g2(21,27) <~

Therefore, (t1,t2) € T(z1, 22), hence I'yy C T'(21,292). Apply Theorem 2.1 to
obtain a point (£, 22) € X1 X Xy for which (£1,23) € T(Z1,22). Finally (a)
implies that v < hi(%1, 22) < ha(#1, 22) < 7y, which it is a contradiction. O

Remark 3.4. Theorem 3.3 is an extension of corresponding theorems in |9,
17, 18, 23] for minimal generalized convex spaces.
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