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Abstract. In this paper sufficient conditions for the controllability of second order damped
impulsive systems are established. The results are obtained by using the Leray-Schauder
alternative and the theory of strongly continuous cosine families.

1. INTRODUCTION

In recent years, the study of impulsive control systems has received increas-
ing interest, since dynamical system with impulsive effects have great impor-
tance in applied sciences [15, 25]. The controllability problems of first order
equation have been extensively studied [2, 6, 16]. In many cases it is advanta-
geous to treat second order abstract differential equations directly rather than
to convert first order systems. A useful technique for the study of abstract
second order equations is the theory of strongly continuous cosine families.
The basic results concerning strongly continuous cosine families have been es-
tablished in [22, 23]. Motivation for second order systems and damped second
order differential equations can be found in [3, 4, 8, 9, 12, 17, 21, 24]. The
existence and controllability results for second order nonlinear systems with
and without impulses has been studied by several authors [1, 5, 7, 11, 13, 19].
Li et al. [16] discussed the controllability of first order impulsive functional
differential systems in Banach spaces. Park and Han [18] investigated the
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controllability of second order differential equations, whereas in [20] the con-
trollability problem is discussed for second order nonlinear impulsive systems.
The purpose of this work is to study the controllability of damped second or-
der system with impulses. Sufficient conditions are formulated and the results
are established by using a fixed point approach and the cosine function theory.

2. PRELIMINARIES

Consider the damped second order nonlinear abstract control system of the
form

2'(t) = Ax(t)+ G2/ (t) + Bu(t) + f(t,z(t), z(a(t)), 2’ (t), 2 (b(t))),

tel=1[0,T),t#t;, i=12...,n, (2.1)

20) = yo. (0) =y, (2.2)
Az(t;) = Li(z(t),2' (7)), i=1,2,...,n, (2.3)
AL () = Ji(z(t), 2 (t7)), i=1,2,....n, (2.4)

where A is the infinitesimal generator of a strongly continuous cosine family
C(t),t € R of bounded linear operators in a Banach space X, G is a bounded
linear operator on X. The control function u(-) is given in L?(I,U), and a
Banach space of admissible control functions with U as a Banach space and
B : U — X is a bounded linear operator. yg,y1 € X,0 <t1 < ... <t, <T
are prefixed numbers, a(-),b(-), f(+), L;(-) and J;(-) are appropriate functions
and the symbol A&(t) represents the jump of the function £(-) at ¢, which is
defined by AE(t) = £(tT) — £(t7).

In this section we introduce some basic concepts, definitions, lemmas and
hypothesis which are needed to establish our main result. Throughout this
paper, X will be a Banach space endowed with a norm ||-||. In what follows we
put t9 = 0,t,4+1 =T and we denote by PC the space formed by the functions
z : I — X such that x(-) is continuous at ¢ # t;,z(t; ) = x(t;) and z(t]") exists
for all i = 1,2,...,n. It is clear that PC endowed with the norm ||z|pc =
sup ||«(t)|| is a Banach space. Similarly, PC' will be the space of the functions
tel

z(-) € PC such that z(-) is continuously differentiable on I\ {t; : i =1,...,n}

wv‘ri(t}: lim &Uts)—z(t7)

and the lateral derivatives 2/, (t) = lim .

s—0t s—0~
are continuous functions on [t;,¢;+1) and (t;,t;11] respectively. Next, for = €

PC! we represent by 2/(t) the left derivative at ¢t € (0,7] and by z/(0) the
right derivative at zero. It is easy to see that PC! provided with the norm
|zl pecr = |lz|lpc + ||2'||pc is a Banach space.
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For x € PC, we denote by z;,i = 0,1,...,n, the unique continuous function
T; € C([ti, tH_ﬂ;X) such that

~ - $(t>, for t € (ti,ti+1],
7 (t) = { z(t}), fort=t,.

In this paper we say that the family {C(t),t € R} of bounded linear oper-
ators in a Banach space X is called a strongly continuous cosine family iff
i) C(0) =1,
i) C(s+1t)+C(s—t) =2C(s)C(t), for all s,t € R,
iii) C'(t)x is continuous in ¢t on R for each fixed = € X.
We denote by {S(t),t € R} the sine function associated to {C(t),t € R} which
is defined by S(t)x = fg C(s)xds, for z € X and t € R.

Assume the following conditions on A.
(H1) A is the infinitesimal generator of a strongly continuous cosine family
C(t), t € R of bounded linear operators from X into itself and the adjoint
operator A* is densely defined i.e. D(A*) = X*.

The infinitesimal generator of a strongly continuous cosine family C(t),
t € R is the operator A : X — X defined by

d2
Az = @C(t)w , ¢ € D(A),
t=0
where D(A) = {z € X : C(t)z is twice continuously differentiable in ¢}
endowed with the graph norm ||z||4 = ||z| + ||Az||,z € D(A). Moreover, the
notation E stands for the space formed by the vectors x € X for which the
function C(-)x is of class C! on R. We know from Kisynski [14], that
E ={z € X : C(t)x is once continuously differentiable in ¢} endowed with the
graph norm ||z||g = ||z|| + sup ||AS(t)z||,z € E is a Banach space.
0<t<1

To establish our main theorem, we need the following lemmas and defini-
tions.

Lemma 2.1 (See [23]). Let (H1) hold. Then
i) there exist constants M > 1 and w > 0 such that

t*
()] < MM and |S(t) — S(t*)] < M]/ elds|, for1,t* € B
t

it) S(t)X C E and S(t)E C D(A), fort e R ;

iii) LC(t)x = AS(t)x, forv € E andt € R ;

iv) %C’(t)az = AC(t)x, for x € D(A) and t € R.

Lemma 2.2 (See [23]). Let (H1) hold, let v : R — X be such that v is
continuously differentiable, and let q(t) = fot S(t — s)v(s)ds. Then q is twice
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continuously differentiable and for t € R, q(t) € D(A),
t
J(t) = / Clt— s)(s)ds and ¢'(t) = Ag(t) + v(t).
0

Lemma 2.3 (Leray-Schauder Alternative [10]). Let S be a convex subset of a
Banach space Y and assume 0 € S. Let F : S — S be a completely continuous
operator, and let

((F)={x€S:x2=AFz for some0 <\ <1}.
Then either ((F) is unbounded or F has a fized point.
Definition 2.4. A function x € PCl is said to be a mild solution of the

impulsive abstract cauchy problem (2.1) — (2.4), if the conditions (2.2) — (2.4)
are satisfied and

") = Clom+Stm+ S(t - $)[Ga(s) + Bu(s)

+f(s,2(s), 2(a(s)), 2 (s), 2" (b(s))]ds + Y O(t — ti) Li(e(t:), 2/ (7))

t;<t
+> St —t)Ji(a(t), @' (1)), t € 1.
t; <t

or equivalently

z(t) = (C(t) = SHG)yo + St)yr + /0 Ot — 5)Gz(s)ds

+/0 S(t = s)[Bu(s) + f(s, z(s), z(a(s)), 2’ (s), 2 (b(s)))]ds
+Y) O —t)L(x(ts), 2/ (t7)) + Y S(t — i) Ji(z(ts), 2 (¢])).

t; <t t; <t

Definition 2.5. The system (2.1) — (2.4) is said to be controllable on the
interval I, if for every yo € D(A),y1 € E and x1 € X, there exists a control
u € L?(I,U) such that the mild solution z(t) of (2.1)—(2.4) satisfies x(T) = z.

Further, we assume the following hypotheses :

(H2) C(t),t > 0 is compact.
(H3) The linear operator W : L?(I,U) — X, defined by

T
Wu = / S(T — s)Bu(s)ds,
0
has an induced invertible operator W', which takes values in

L?(I,U)/kerW and there exists a positive constant M; such that
| BW || < M.
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(H4) The functions a(-),b(:) : I — I are continuous and max{a(t),b(t)} <t
for every t € I.

(H5) The function f: I x X* — X satisfies the following conditions :
(i) The function f(t,-) : X* — X is continuous a.e. t € I;
(ii) The function f(-,z) : I — X is strongly measurable for every
re Xt
(iii) There exist a continuous function m : I — [0, c0) and a continuous
non-decreasing function W : [0, 00) — (0, 00) such that

4

£t 21, 29, 23, 24) | < mEW O [|2i]), t € I,z € X,
=1

(H6) For every positive constant k, there exists ay € L'(I) such that

sup ||f(t,x)| < ag(t), for a.a. t €l andi=1,2,3,4.
llzill <k

(H7) (a) The functions I;, J; : X?> — X,i = 1,...,n, are continuous.
(b) There exists positive constants cf, d{,j =1,2,7=1,...,n such that
125, 2" < el (llell + l2'l) + ¢ ([ i (2, ) || < di (]| + [|2[]) + &, for
every z,r’ € X.

(H8) The number g = >"" [(M + Ni)c} + (N + M)d}] < 1 and

/OTw(s)ds < /COO %,

where 1(t) = max {l1, 2,3},

b= O Nm(e), b= (M + NG|
b= IGl M =sw{CO] e Ty,

N = sup{IS@)l:te T}, Ny =sup{AS@)]|:te T},

¢ = =[O0+ N+ O+ NG ol + (3 + N

+(N + M)M,T + Zn:[(M + N1)e2 + (N + M)d?]|,
i=1
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T
M, = M [||551”+(M+N”G||)’3/0H+N||yl||+M||G’/0 |z(7)|dr
+N/ W ([[z(m) | + [lz(a(m)]| + 12" ()] + [|2"(b())[)dT

+Z (Mej + Ndb)(la(t)|| + ll2' ()1 + D (Mef +Nd?)]
i=1 =1

3. CONTROLLABILITY RESULT

Theorem 3.1. If the conditions (H1) — (H8) are satisfied, then the system
(2.1) — (2.4) is controllable on I.

Proof. Consider the space Z = PC*([0,T], X) with norm
]| = max {|z]], ]| } .

Using the assumption (H3), for an arbitrary function z(-), define the control

u(t) = W [3:1 _(C(T) = S(T)G)yo — (T — / C(T — )Ga(r
/ ST — 1) f(r, (7, 2(al(r)), 2/ (7), 2 (b(r)))dr
- Z C(T —ti) Li(x(t:), 2'(t;)) — Z S(T —t;)Ji(z(ts), w'(ti_))] (t)
i=1 i=1

Using this control we shall now show that the operator P : Z — Z defined by

(Pa)(t) Z(C@—Swwa%ﬂmn+A%W—@GﬂQ%

+/ S(t—s)f(s,x(s),z(a(s)),2'(s), 2" (b(s)))ds
+> O —t)I; D) DSt = t) Jix(ti), 2 (&)

t; <t t; <t

Ot S(t — s)BW ™ [:cl —(C(T) - S(T)G)yo — STy

T
—A S(T — 1) f(r,2(7), 2(a(r)), 2’ (7), 2/ (b(7)))dr

T
- /O C(T — 7)Ga(r)dr =Y C(T — t;)Ii(x(t;), 2/ (t]))
=1
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n
= S(T —ta) Ji(a(ta), 2/ (¢7)) | (s)ds, tel,
i=1

has a fixed point z(-). This fixed point x(-) is then a mild solution of the
system (2.1) — (2.4).

Clearly, (Px)(T) = 1, which means that the control u steers the system
from the initial state yg to x1 in time T, provided we can obtain a fixed point
of the operator P which implies that the system is controllable.

In order to study the controllability problem for the system (2.1) — (2.4),
we have to apply Lemma (2.3) to the following operator equation :

z=AP(z), A€ (0,1).

Let a(t) = sup ||z(s)| and B(t) = sup [|2/(s)||. Then we have
s€[0,] s€[0,]

t t
lz@] < (M+N||GH)||ZJ0H+N||Z/1||+M||GH/O HfC(S)IIdSJrN/O\BW_lH

T
x ||331\+(M+NHG||)H?J0||+NH?J1’+M||GH/O [ (7)|dT

+N / W (ll2() + le(a()]| + 12 (0l + 12/ (6(r)) [ dr

+Z (M + N[t + o/ () + S (M + Nd%)] (s)ds
i=1

+N / m(s)W ()| + [a(als)] + ()] + 12/ (b(s)) [ )ds

+ 326+ Nl ()] + o' @) + S(ME + N,

which implies that
t
a(t) < (J\er\fI!GH)HyoH+N||:L/1||+M||GH/0 lz(s)l|ds + NM2T
+N/ m(s)W([lz(s)[l + l[z(a(s)) ]| + [l () + [l (b(s)) [ ds

Z(Mci + Na)([la(ta)l| + 12" (t)]) + Y _(Mcf + Ndi).

i=1 =1
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On the other hand,

I @1 < (N1+M||G||)”yo\|+M||y1|+||G||||9U(t)\|+N1||GH/O l(s)l|ds
+M/ m()W ([lz(s)]| + lz(a(s))ll + [l ()] + 12 (b(s)) ) ds

M / 1BW [l + (M + NG ol + Niga]

+N/ W(llz(n)] + lle(a(@)Il + [l ()] + 12" (7)) dr
+MHG||/ (7 IIdT+Z (Mcj + Ndj)(J|lz ()l + [l (E)])

=1
+ Z(Mcf + Nd?)] (s)ds + > (Nic} + Mdy)
=1 t; <t
+ Y (Nief + M) ([l ()| + [l ()1,

t; <t

and hence

plt) < (NmLMIIGII)HyoH+M||y1|+IIGIIII:E(t)H+Nl||GH/0 l(s)llds
+M/ m()W ([lz(s)]| + lz(a(s))ll + [l ()] + 12 (b(s)) ) ds

+Z Nyct+Md}) (||l (t:) |+ 12 () )+ > (Nief+Md3) + MM,T.
i=1 i=1
From the assumption on p and the previous estimates, it follows that

a()+B(t) < c+ 1%

HGIIH%(t)IIJr(MJrJ\h)HGII/0 lz(s)llds + (M +N)

/ m($)W (lo(s)]| + llz(a(s))l| + ll2'(s)]| + ux'<b<s>>||>ds],
Let v(t) = a(t) + B(t), t € I. Then (0) = ¢ and
(0 < = [IGIAE)+(M+N) [ Glla(t)-+ (M +N)m(H)W (2a(t)+28())]

= Y[y +W(2®)], tel
This implies
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(1) ds T o0 ds
— < ds < —— tel
[,(0) s+ W(2s) = /0 ¥(s)ds / s+ W (2s)

This inequality implies that there is a constant K such that
alt)+B(t)=~t) <K, tel

and hence
| = max {[lz[, ||} < K,

where K depends only on 7" and on the functions m and W.

In the second step we prove that the operator P : Z — Z is a completely
continuous operator. Let By = {z € Z : ||z||* < k} for some k > 1. We first
show that P maps B} into an equicontinuous family. Let x € By and t1,ts € I,
Then if 0 < t1 < to < T, we have

[(Pz)(t1) — (Px)(ta)|
< IC(t1) = CE)lyoll + [IIS(t1) = S(t2)1Gyoll + 1S(t1) = S(E2)]u

)

+|| / 1 C(t1 — s) — C(ta — 9)|Gz(s)ds|| + | C(ta — s)Gz(s)ds||

t1

+ll / [S( — 5) — S(t2 — )| f(s,2(s), @(als)), ' (),2' (b(s) s

[ St = 5)f (s 2(s), ala(s)), 2/ (5), 2/ (b(s))ds]

t1
+l Z [C(t1 — ;) — C(ta — ta) | Li(x(ts), 2/ (t;))|]
0<t;<t1
> Clta—to)Li(x(t:), 2 (7))
D[St = t) = S(t2 — t) Ti((ts), 2 ()]
0<t;<t1
|3 Sta=t)htate NI+ [ 1501 = 9) = 562 =)
1> 2 .
xBW ™|z — (O(T) — S(T)G)yo — S(T)y1 — /0 C(T — 7)Gz(r)dr

T
—/0 S(T =) f(r, (), z(a(r)), 2 (1), 2 (b()))dr
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=Y C(T = t)Li(a(ta), o' (87)) = D> S(T — ta) Ji(w(ts), ' (t;)) | (s)ds]|
=1 =1
+|| ; S(ta —s)BW™ [ —(C(T) = S(T)G)yo — S(T)

/s ) a(r), 2(a(r), (7). 2 (b(7)) )dr

/ C(T — 7)Ga(r)dT — Z C(T — ti) Li(x(ts), 2" (t; )

i=1
) Z ST - tﬂ%(w(%f(n»] (s)ds]

< 1€ () — Clellwoll + () — S(E)[[Gull + () — St ]

v [ 100 =0 - Ca sl + k[ ¢ - licas
4 Otl 1S(t — 5) — S(ta — 5)|law(s)ds + : 1S (ts — 8)[|ak(s)ds
£ 310t~ = Ol e o0+ 310+

£ X 100 ) +50) +

+OZ 15068 = Stta — 12} (a(0)+ e +

. Z 152 — )l (@le) + B(e) + &)

t1
+My | [[S(t—s) = S(t2 = s)||
0

1]l + (M + NG yoll

T
+N| |yl —I—MHG||TI<:+N/ ak(T)dr

+> (Mcf + Ndj)(a(t) + B(t) +Z (Mc? +Nd2)]d
=1 =1
to
+My [ [[S(t2 = 8

t1

lz1 ]l + (M + NGyl
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T
+N||y1]+M||GHTk—I—N/ ak(T)dr
0

+ En:(MC% + Ndj)(a(t) + B(1) + En:(Mc% + Nd?)] ds.
=1

=1

and similarly

I(Pz)'(t) — (Px)'(t2)l]
< [AS(t1) — AS(E2)lyoll + [1C(E1) — C(#2)]Gyoll + [[C (1) — Clt2)lwall

+|| ; 1[AS(t1 —5) — AS(te — 9)|Gz(s)ds|| + || ’ AS(ty — s)Gx(s)ds]|

t1

+li /O 1[C(tl —5) — Cl(ta — 8)]f(s,2(s), x(a(s)), 2’ (s), 2’ (b(s)))ds||

[ Ot - ) F(s.2(s). w(a(s)), 2/ (s). 2/ (b(s)))ds|

t1

HI Y [AS(h —ti) — AS(t2 — t)) L (t:), ' ()

0<t;<t1

HD D AS(tr — ) L (t:), 2 (1))

t1<t;<ta

HI Y [Clt = ti) = Cltz — t) il (ts), 2/ (1))

0<t;<t1

Y Ol -t \|+u/1 (i —5)— Clts — 5)]

t1<t;<to

< B~ [xl (T — S(T)G)yo — /0 C(T = 7)Ga()dr

T
=S(T)m —/ S(T = 7)f(r,2(7), 2(a(7)), 2'(7), 2" (b(7)))dr
0
=D O = ti)Li(a(ta), 2/ (1) = Y C(T — i) Ji(a(ta), x'(tf))] (s)ds|
=1 i=1

to

+li ) C(ty — s)BW ™ lfm —(C(T) = 5(T)G)yo = S(T)

T
—/0 S(T = 7)f (7 (), z(a(r)),2'(7), 2 (b(7)))dr
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n

T
- /0 C(T — 7)Ga(r)dr = Y _ C(T — t;)L(x(t;), 2/ (t; )
=1

-y s - ti>Ji<x<ti>,x/<ti>>] (s)ds]
=1
< AS(t2) — AS(E2)[lgoll + [1C(H) — ClE) I Goll + k1) — Clt)an |
Tk / AS (b — 5) — AS(ts — )| Cllds + k / |AS(t2 — 9)[1G]lds
0 t1

+/0t1 |C(t1 — s) — C(ta — s)||ag(s)ds + /: |C(ta — )|k (s)ds

+ ) [AS(t — ti) = AS(t2 — )| [} (a(t) + B(t)) + €]

0<t;<t1

+ > 1AS(t2 — t) el (a(t) + B(2)) + €]

11 <t;<t2

+ > C(t —ty) = Clta — ta)ll[d} (e(t) + B(1)) + d2]

0<t; <ty
+ ) lIC(t = t)l[dj (a(t) + B(L)) + ]

t1 <t;<to

t1
+M1/0 1C(t1 = s) = S(t2 = s)[| | [|@1]] + (M + N|[G]])[|yoll

T
+Nllyll + M|G|Tk + N /0 op(7)dr
+ f:(Mc} + Nd})(a(t) + (1)) + zn:(Mc? + Ndf)] ds

i=1 =1

to
LMy / IC(t — 9)]

t1

lz1 ]l + (M + NGyl

T
F Nyl + M|GIITE + N/ o (7)dr
0

+ zn:(Mcl1 + NdH(aft) + (1)) + zn:(McZZ + Nd?)] ds.
i=1 i=1

The right-hand sides are independent of = € By and tends to zero as t; — to,
since C(t), S(t) are uniformly continuous for ¢ € I and the compactness of



Controllability of damped second order nonlinear impulsive systems 239

C(t), S(t) for t > 0 imply the continuity in the uniform operator topology.
The compactness of S(t) follows from that of C'(t). Thus, P maps By, into an
equicontinuous family of functions. It is easy to see that the family PBj is
uniformly bounded.

Next we show PBj, is compact. Since we have shown PBj, is an equicontin-
uous collection, it suffices by the Arzela-Ascoli theorem to show that P maps
By, into a precompact set in X.

Let 0 <t < T be fixed and € be a real number satisfying 0 < € < ¢. For
x € By, we define

t—e
(Px)(t) = (C(t) — St)G)yo + S(t)y1 + C(t — s)Gz(s)ds

0
t—e

-, S(t = 8)f(s,2(s), z(a(s)), 2’ (s),2'(b(s)))ds
+Y Ot — ) Li(w(t), ' (67) + > St — i) Ji(a(t:), 2 (t)))

t; <t t;<t

t—e

+ ; S(t—s)BW™! [931 —(C(T) = S(T)G)yo — S(T)w
T
—/0 S(T — 1) f(r,2(7),2(a(7)), 2 (1), 2" (b(7)))dr
T n
- /0 O(T = 7)Ga(r)dr — 3" C(T — t) (), 2/ (t5)
=1

= S(T - t) Ji(x(t:), 2/ (¢7)) | (s)ds, tel.
=1

Since C'(t), S(t) are compact operators, the set Yc(t) = {(Pez)(t) : * € By} is
precompact in X, for every €, 0 < € < t. Moreover, for every = € By, we have

[(Pz)(t) — (Pex)(1)]]
g/t HC’(t—s)Gm(s)Hds—i—/t 1S(t — 5) B

—€ —€

z1

T
—(C(T) - S(T)G)yo — S(T)ys /0 CO(T - 7)Ga(r)dr

T
—/0 S(T = ) f (7, (), 2(a(r)), 2 (1), 2 (b()))dr

=Y C(T — ti)(a(t), /() = > C(T — ti)Ji((ts), x’(ti))] (s)ds
i=1

i=1
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] 1S(t = 5)f (s, 2(s), z(a(s)),2"(s), 2"(b(s)))||ds
t ‘ t
< k[ llow—s)IGlds + / 1S(t — )|k (s)ds
t—e t—e
+My [ [S(E =8

t—e

1]l + (M + NG ol

T
+N||y1H—|—M||GHTk+N/ ak(T)dr
0

- En:(Mcg + Nd})(a(t) + B(t)) + i(Mc% - Nd?)] ds
=1

i=1
and similarly

[(Pz)'(t) — (Pex)'(t)]
< | |AS(t — 5)Ga(s)||ds + ||C’(t—s)BW[

t—e

—(C(T) - S(T)G)yo — S(T)y1 — /C —7)Gz(T

/s ) f(ra(r),2(a(r), 2 (), 2 (b(r)))dr
SN O - ) nat). () - S O - ti>Ji<x<ti>7x’<t;>>] (s)ds
=1 =1

+ |10 = ) F (s 2(5), w(a(s)),(5). 2/ (b()) s
tE t
<k [ [ASE-s)IGC]ds+ / IC( - 8)llax(s)ds

t—e
t
+My | [|C(E=s)]|

t—e

z1]] + (M + N|GI)[yoll
T
+ Nyl —|—MHG||TI€+N/ ak(T)dr

+ > (Mcf + Ndj)(a(t) + B(t) +Z (Mc? + Nd?)|ds.
=1 =1
Therefore,

I(P2)(t) = (Pex)(t)]| — 0 and [|(Pz)'(t) — (Pex)' ()| = 0, as €— 0",
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and there are precompact sets arbitrarily close to the set {(Pzx)(t) : * € By}
Thus, the set Y(t) = {(Pex)(t) : © € By} is precompact in X.

It remains to show that P : Z — Z is continuous. Let {z,};” € Z with
xn — x in Z. Then there is an integer ¢ such that ||z, (¢)|| < ¢, |2, (¢)]] < ¢
for all n and t € I, so ||z(t)|| < q,||2'(®)|| < q and z,2' € Z. By H(6) and
H(7), we have
(i) I;; and J;, i =1,2,..., n are continuous.

(i) F(t, 2n(t), 2 (a(t)), (), 21, (1)) — F(t, 2(),2(a(t)), @' (), 2 (b(2)))

for each ¢t € I and since

[IEAOENCOIEACEACUG))
—f(t(t), 2(a(t). 2' (1) 2'(6(1)) | < 2041

We have by the dominated convergence theorem

[Pxn — Pl
= Stlellli) / C(t — s)Glan(s) — z(s)]ds

/St—s (5, 2n(5), T (a(s)), 22, (5), 2, (b(s)))
)

—f(s,2(s), (a(s)),ﬂﬁ (s),2'(b(s)))] ds
+ Y Ot —t) [Li(wa(ta), an,(8) = Li(a(ts), ' (¢])]

0<t;i<t
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< M|G| / ln(s) —:c<s>uds+N/0 1£(5, 2n(5), 2n(a(s), 2y (), 2y (b(3)))

—f(s,3(s), 2(a(s)), 2'(s), 2/ (b(s))) | ds
MY Hixalts), 2, (6)) — Li(a(t), ' ()]

0<t; <t
NS Win(te), 2 () — il (), 2 ()]
o<t;<t
t T
LNM, /0 MG /0 len(r) — (r) | dr

T
+N/ 1f (7, 2 (7), 2n(a(T)), 25, (7), 27, (b(7)))
0
—f(r,2(r), z(a(r)), (1), 2" (b(r))) || dr
MY i(zalts) () = Li(x(ti), 2 (1)
=1

+NZ 1 i(n (i), 20 (87)) = Jil (i), 2'(¢7))] | ds

—0 asn— o

and similarly

[(Pzn)" — (Pz)'|

/ASt—s [2n(s) — x(s)]ds

= sup
tel

/ Ot — 5) [£(5, 2n(3), 2n(a(s)), 1y (), 24 (b(s)))

—f(s,2(s),x(a(s)), fv’(S) a'(b(s)))] ds
+ > AS(t— ) [Tiwa(t), 2, () — Ti(w(ts), ' (£]))]

0<t;<t

+ Z C(t —t;) [ Ji(@nlts), 2, (t7)) — Ji(z(ts), o' ()]

o<t; <t

t T
-1
—|—/0 C(t—s)BW /0 C(T — 7)Gwn (1) — (1) ]dr

T
4 / S(T — 1) [ (r, 2n(7), dn(a(r)), 2y (7). s (7))
0
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—f(7,2(7),%(a(r)), 2/ (1), 2/ (b(7)))]dr
+ ) O(T = 1) [Liwn(ts), a7, (8)) — Li(a(ts), 2/ (87)]
i=1

+ 3 S(T = ta) [Jilwn(t:), 2, (7)) — il (ta), x'(t[))]] (s)ds
=1

§N1HG||/O 2n(s) —x(s)||ds

M /O 1 (s, 2 (s), 2alals)), 2,

—f(s,2(s), x(a(s)), 2'(s), 2" (b(s)
N Y (e (t), () = Lile(t), 2/ (8)]

—~

s), 2,(b(s)))

~—

~—
QU
VA

o<t; <t
M it 2 (6) — il (), 2! ()]
0<t; <t
t T
MM, /O MG /0 len(r) — (r) dr

T

N / V£ (rs (), 2 (a(r)), s (7). s (b(r))
0

~fra(r), ela(r)), 2 (1), 2 (b(r))) 1 dr

M S [ Fiaa(t), 2 () — Lia(ts), o/ ()]

=1

N Y i@t 2 (t) = Jile(ts), ' (6))]] | ds
i=1

— 0 asn — oo.

Thus, P is continuous. This completes the proof that P is completely contin-
uous.

Finally the set ((P) = {x € Z:2= APz, A€ (0,1)} is bounded, as we
proved in the first step. Consequently by Leray-Schauder alternative, the
operator P has a fixed point in Z. This means that any fixed point of P is a
mild solution of (2.1) — (2.4) on I satisfying (Px)(t) = x(t). Thus the system
(2.1) — (2.4) is controllable on I. O
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