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Abstract. This paper is concerned with the existence and nonexistence of positive solutions

for a class of the Sturm-Liouville boundary value problem. Some results of existence and

uniqueness for positive solution are established. In particular, such a positive solution of

BVP depends on the parameter.

1. Introduction

Sturm-Liouville boundary value problems play a very important role in both
theory and application, which have been widely studied by many authors (see
[1− 5] and references therein). For example, Ge and Ren [1] have established
the existence of one positive solution depend on parameter by using the fixed
point theorems. Sun and Zhang [2] have applied the fixed point index theorem
and the first eigenvalue to establish the existence of positive solutions when it
has no parameter.
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In this paper, we consider the following Sturm-Liouville boundary value
problem with parameter (p(t)u′(t))′ + λa(t)f(u(t)) = 0, t ∈ J,

α1u(0)− β1 limt→0+ p(t)u
′(t) = 0,

α2u(1) + β2 limt→1− p(t)u
′(t) = 0,

(1.1)

where J = (0, 1), αi ≥ 0, βi ≥ 0(i = 1, 2), p(t) ∈ C([0, 1],R+)
⋂
C1(J,R+),

f ∈ C(R+,R+), a(t) ∈ C(J,R+) is allowed to be singular at t = 0 or t = 1,

R+ = [0,+∞) and
∫ 1
0

ds
p(s) < +∞, ρ = α2β1 + α1β2 + α1α2

∫ 1
0

ds
p(s) > 0.

By applying the fixed point index theorem, we shall establish the existence
of at least two, one and zero positive solutions for the above problem, which
improve and generalize the corresponding results of papers [1, 2]. For the
convenience, we make the following assumptions:

(H1) f : R+ → R+ is continuous and nondecreasing.

(H2) f(0) = c > 0.

(H3) limu→+∞
f(u)
u = +∞.

(H4) a(t) ∈ C((0, 1),R), a(t) 6≡ 0 in (0, 1) and∫ 1

0

1

ρ

(
β1 + α1

∫ s

0

dτ

p(τ)

)(
β2 + α2

∫ 1

s

dτ

p(τ)

)
a(s)ds < +∞.

2. Preliminaries and some lemmas

In this section, we will introduce several definitions and give some lemmas
(see [3, 13]).

Definition 2.1. A function u(t) ∈ C([0, 1],R) ∩ C2((0, 1),R), p(t)u′(t) ∈
C1([0, 1],R), is called a solution of (1.1) if it satisfies (1.1).

Now we denote the Green’s functions for the following boundary value prob-
lems  (p(t)u′(t))′ = 0, 0 ≤ t ≤ 1,

α1u(0)− β1 limt→0+ p(t)u
′(t) = 0,

α2u(1) + β2 limt→1− p(t)u
′(t) = 0,

by G(t, s). It is well known that G(t, s) can be written by

G(t, s) =
1

ρ

{
(β1 + α1B(0, s)) (β2 + α2B(t, 1)) , 0 ≤ s ≤ t ≤ 1,
(β1 + α1B(0, t)) (β2 + α2B(s, 1)) , 0 ≤ t ≤ s ≤ 1,

(2.1)

where B(t, s) =
∫ s
t

dτ
p(τ) , ρ = α2β1 + α1β2 + α1α2B(0, 1). It is easy to verify

the following properties of G(t, s):
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(I) G(t, s) ≤ G(s, s) ≤ 1
ρ (β1 + α1B(0, 1)) (β2 + α2B(0, 1)) < +∞,

(II) G(t, s) ≥ σG(s, s), for any t ∈ [a, b] ⊂ (0, 1), s ∈ [0, 1], where

0 < σ = min

{
β2 + α2B(b, 1)

β2 + α2B(0, 1)
,
β1 + α1B(0, a)

β1 + α1B(0, 1)

}
< 1. (2.2)

Let X = C([0, 1],R) and

K = {u ∈ C([0, 1],R) : u(t) ≥ 0, t ∈ [0, 1], and u(t) ≥ σ‖u‖, t ∈ [a, b]}.
Clearly, K is a cone of X. Next, let us define an operator Φλ : X → X by

(Φλu)(t) = λ

∫ 1

0
G(t, s)a(s)f(u(s))ds, t ∈ [0, 1].

Clearly, by (H1) and (H4), we know that the operator Φλ is well defined, and
u is a positive solution of the BVP (1.1) if and only if u is a positive fixed
point of the operator Φλ.

Lemma 2.1. Φλ(K) ⊂ K.

Proof. We show that for any u ∈ K
(Φλu)(t) ≥ σ‖(Φλu)(t)‖, t ∈ [a, b].

For any u ∈ K, from the property (I) of G(t, s), we know

‖Φλ‖ ≤ λ
∫ 1

0
G(s, s)a(s)f(u(s))ds. (2.3)

On the other hand, by the property (II) of G(t, s), for any t ∈ [a, b], we have

(Φλu)(t) = λ

∫ 1

0
G(t, s)a(s)f(u(s))ds ≥ σλ

∫ 1

0
G(s, s)a(s)f(u(s))ds. (2.4)

It follows from (2.3) and (2.4) that for any u ∈ K,

(Φλu)(t) ≥ σ‖(Φλu)(t)‖, t ∈ [a, b].

Thus, Φλu ∈ K.Therefore, Φλ(K) ⊂ K. �

Lemma 2.2. Φλ : K → K is a completely continuous operator.

Proof. For any n ≥ 2, we defined a continuous function an by

an(t) =


inf
{
a(t), a( 1

n)
}
, 0 < t ≤ 1

n ,
a(t), 1

n ≤ t ≤ 1− 1
n ,

inf
{
a(t), a(1− 1

n)
}
, 1− 1

n ≤ t ≤ 1.

Next, for n ≥ 2, we define an operator Φλn : K → K by

(Φλnu)(t) = λ

∫ 1

0
G(t, s)an(s)f(u(s))ds, t ∈ [0, 1].
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Obviously, for any n ≥ 2, Φλnis completely continuous on K by an application
of the Ascoli-Arzela theorem (see [14]). Then ‖Φλn−Φλ‖ → 0, as n→ +∞. In
fact, for any u ∈ B1 = {u ∈ K : ‖u‖ ≤ 1}, from (H1), (H4) and the property
(I) of G(t, s), we obtain

‖Φλnu− Φλu‖ = max
t∈[0,1]

∣∣∣∣λ ∫ 1

0
G(t, s)[a(s)− an(s)]f(u(s))ds

∣∣∣∣
≤ λ

∫ 1
n

0
G(s, s)|a(s)− an(s)|f(u(s))ds

+λ

∫ 1

1− 1
n

G(s, s)|a(s)− an(s)|f(u(s))ds

≤ λM

∫ 1
n

0
G(s, s)|a(s)− an(s)|ds

+λM

∫ 1

1− 1
n

G(s, s)|a(s)− an(s)|ds

→ 0, n→ +∞,
where M = max0≤x≤1 f(x). Hence ‖Φλn − Φλ‖ → 0, as n→ +∞. Therefore,
Φλ is completely continuous. This completes the proof of Lemma 2.1. �

Let X be a Banach space, K ⊂ X be a cone in X. For r > 0, let Kr = {x ∈
K : ‖x‖ < r} and ∂Kr = {x ∈ K : ‖x‖ = r}. The following Lemma is needed
in this paper.

Lemma 2.3.([13]) Let Φ : K → K be a completely continuous operator,
Assume Φx 6= x for every x ∈ ∂Kr.Then the following conclusions hold.

(i) If ‖x‖ ≤ ‖Φx‖ for x ∈ ∂Kr, then i(Φ,Kr,K) = 0;
(ii) if ‖x‖ ≥ ‖Φx‖ for x ∈ ∂Kr, then i(Φ,Kr,K) = 1.

3. Existence of positive solutions

Lemma 3.1. Assume that (H1)− (H4) hold. Then there exists a λ∗ > 0 such
that the operator Φλ∗ has a fixed point u∗ ∈ K.

Proof. Set

e(t) =

∫ 1

0
G(t, s)a(s)ds. (3.1)

It follows from (H4) that e is well defined and e > 0. Let λ∗ = M−1fe , where

Mfe = maxs∈[0,1] f(e(s)) > 0, and

(Φλ∗u)(t) = λ∗
∫ 1

0
G(t, s)a(s)f(u(s))ds, t ∈ [0, 1].
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Since Mfe ≥ c > 0, for any t ∈ [0, 1], we have

e(t) =

∫ 1

0
G(t, s)a(s)ds ≥ λ∗

∫ 1

0
G(t, s)a(s)f(e(s))ds.

Let u0(t) = e(t), un(t) = (Φλ∗un−1)(t) (n = 1, 2, · · · ), t ∈ [0, 1]. Then

u0(t) = e(t) ≥ u1(t) ≥ · · · ≥ un(t) ≥ · · · ≥ cλ∗e(t).

This together with Lemma 2.2 implies that there exists u∗ ∈ K such that
un → u∗ in K and u∗ is a fixed point of the operator Φλ∗ . The proof is
completed. �

Lemma 3.2. Suppose that (H1)-(H3) hold . Then there exists a constant
C1 > 0 such that ‖u‖ < C1 for all λ ∈ I = [c,∞)(c > 0) and all possible fixed
points u of Φλ at λ.

Proof. Set

Sλ = {u ∈ K : Φλu = u, λ ∈ I}.

We need to prove that there exists a constant C1 > 0 such that ‖u‖ < C1

for all u ∈ Sλ. If the number of elements of Sλ is finite, then the result
is obvious. If not, without loss of generality, we assume that there exists a
sequence {un}∞n=0 such that limn→+∞ ‖un‖ = +∞, where un ∈ K is the fixed
point of the operator Φλ for λ = λn ∈ I (n = 1, 2, · · · ), then

un(t) ≥ σ‖un‖, t ∈ J ′ = [a, b].

We choose a constant J1 > 0 such that

J1cσ
2

∫ b

a
G(s, s)a(s)ds > 1.

From (H3), there exists a constant L1 > 0 such that

f(u) ≥ J1u, u ≥ L1.

And by limu→∞ ‖un‖ = +∞, there exists a nature number N0 sufficiently
large such that ‖uN0‖ > L1/σ > L1. Hence, for any t ∈ [a, b], we have
uN0(t) ≥ σ‖uN0‖ > L1.
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Therefore, for any t ∈ [a, b], we have

‖uN0‖ ≥ uN0(t) = (ΦλN0
uN0)(t) = λN0

∫ 1

0
G(t, s)a(s)f(uN0(s))ds

≥ λN0

∫ b

a
G(t, s)a(s)f(uN0(s))ds

≥ J1c

∫ b

a
G(t, s)a(s)uN0(s)ds

≥ J1c

∫ b

a

G(t, s)

G(s, s)
G(s, s)a(s)σ‖uN0‖ds

≥ J1cσ
2

∫ b

a
G(s, s)a(s)ds‖uN0‖

> ‖uN0‖,
which is a contradiction. Thus the proof is completed. �

Lemma 3.3. Suppose that (H1) and (H2) hold, and that the operator Φλ

has a positive fixed point in K at λ̃. Then for every λ∗ ∈ (0, λ̃) the operator
Φλ has a fixed point u∗ ∈ K at λ∗.

Proof. Let ũ(t) be a positive fixed point of Φλ at λ̃. Then

ũ(t) = λ̃

∫ 1

0
G(t, s)a(s)f(ũ(s))ds ≥ λ∗

∫ 1

0
G(t, s)a(s)f(ũ(s))ds,

where 0 < λ∗ < λ̃. Let

(Φλ∗u)(t) = λ∗

∫ 1

0
G(t, s)a(s)f(u(s))ds,

u0(t) = ũ(t), un(t) = (Φλ∗un−1)(t) = (Φn
λ∗
u0)(t). Then

cλ∗e(t) ≤ un+1(t) ≤ un(t) ≤ · · · ≤ u1(t) ≤ u0(t).
Similar to the proof of Lemma 3.1, which implies that {Φn

λ∗
u0}∞n=0 converges

to a fixed point u∗ ∈ K of the operator Φλ∗ . So the proof is completed. �

Lemma 3.4. Suppose that (H1)-(H3) hold. Let

Λ = {λ > 0 : Φλ has at least one fixed point at λ}.
Then Λ is bounded set.

Proof. Suppose to the contrary that there exists a fixed point sequence {un} ⊂
K of Φλ at λn such that limn→∞ λn = +∞. Then we need to consider two
cases:

(i) there exists a constant H > 0 such that ‖un‖ ≤ H,n = 0, 1, 2 · · · .
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(ii) there exists a subsequence {unk}∞k=1 ⊂ {un} such that limk→∞ ‖unk‖ =
+∞ which is impossible by Lemma 3.2.

Only (i) is considered. Assume that the case (i) holds. We can choose
L0 > 0 enough small such that f(0) = C > L0H, and further f(un) ≥
L0H (n = 1, 2, · · · ). For any t ∈ [0, 1], we have

un(t) = λn

∫ 1

0
G(t, s)a(s)f(un(s))ds. (3.2)

Then for t ∈ J ′

H ≥ ‖un‖ ≥ λn

∫ 1

0
G(t, s)a(s)L0Hds

≥ λnL0Hσ

∫ b

a
G(s, s)a(s)ds.

Leads to 1 ≥ λnL0σ
∫ b
a G(s, s)a(s)ds , which is a contradiction with limn→∞ λn

=∞. The proof is completed. �

Lemma 3.5. Let λ̃ = sup Λ. Then Λ = (0, λ̃], where Λ is defined just as in
Lemma 3.4.

Proof. In view of Lemma 3.3, it follows that (0, λ̃) ⊂ Λ. We only need to prove

λ̃ ∈ Λ. In fact ,by the definition of λ̃, we may choose a distinct nondecreasing

sequence {λn}∞n=1 ⊂ Λ such that limn→∞ λn = λ̃. Let un ∈ K be the positive
fixed point of Φλ at λn, n = 1, 2, · · · . By Lemma 3.2, {un}∞n=1 is uniformly
bounded, so it has a subsequence denoted by {un}∞n=1, converging to ũ ∈ K.
Note that

un = λn

∫ 1

0
G(t, s)a(s)f(un(s))ds. (3.3)

Taking the limitation n→∞ to both sides of 3.3, then

ũ = λ̃

∫ 1

0
G(t, s)a(s)f(ũ(s))ds,

which shows that ũ is a fixed point of Φλ at λ = λ̃. The proof is completed. �

Theorem 3.1. Suppose that (H1)-(H3) hold. Then there exists a λ∗ > 0
such that (1.1) has at least two, one and no positive solutions for 0 < λ <
λ∗, λ = λ∗, λ > λ∗, respectively.

Proof. Suppose that (H1)-(H3) hold. Then there exists a λ∗ > 0 such that Φλ

has a fixed point uλ∗ ∈ K at λ = λ∗ by Lemma 3.1. In view of Lemma 3.3,
Φλ also has a fixed point uλ < uλ∗ , uλ ∈ K and 0 < λ < λ∗. Note that f(u)
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is uniformly continuous in u on a compact subset of R. For 0 < λ < λ∗, there
exists a constant δ0 > 0 such that

f((uλ∗ + δ)(s))− f(uλ∗(s)) ≤ f(0)

(
λ∗

λ
− 1

)
(3.4)

for s ∈ [0, 1], 0 < δ ≤ δ0. Hence, by (3.4), we know

λ

∫ 1

0
G(t, s)a(s)f((uλ∗ + δ)(s))ds− λ∗

∫ 1

0
G(t, s)a(s)f(uλ∗(s))ds

≤ λ

∫ 1

0
G(t, s)a(s)[f((uλ∗ + δ)(s))− f(uλ∗(s))]ds

−(λ∗ − λ)

∫ 1

0
G(t, s)a(s)f(uλ∗(s))ds

≤ (λ∗ − λ)

∫ 1

0
G(t, s)a(s)f(0)ds− (λ∗ − λ)

∫ 1

0
G(t, s)a(s)f(uλ∗(s))ds

= (λ∗ − λ)

∫ 1

0
G(t, s)a(s)[f(0)− f(uλ∗(s))]ds

≤ 0,

then

Φλ(uλ∗ + δ) ≤ Φλ∗(uλ∗) = uλ∗ < uλ∗ + δ. (3.5)

Set Duλ∗ = {u ∈ C[0, 1] : −δ < u(t) < uλ∗ + δ}. Then Duλ∗ is a bounded
open subset of C[0, 1], θ ∈ Duλ∗ and Φλ : K ∩ Duλ∗ → K is a completely
continuous operator. Furthermore, Φλu 6= u for u ∈ K ∩ ∂Duλ∗ . Indeed set
u ∈ K∩∂Duλ∗ . Then there exists t0 ∈ [0, 1] such that u(t0) = ‖u‖ = ‖uλ∗ +δ‖
and by (3.5), we obtain

Φλu(t0) = λ

∫ 1

0
G(t0, s)a(s)f(u(s))ds

≤ λ

∫ 1

0
G(t0, s)a(s)f((uλ∗ + δ)(s))ds = Φλ(uλ∗ + δ)

< uλ∗(t0) + δ = u(t0) ≤ u(t0).

By Lemma 2.3, we have i(Φλ,K ∩Duλ∗ ,K) = 1.

Choosing J3 > 0 such that J3λσ
2
∫ b
a G(s, s)a(s)ds > 1. By (H3), there exists

a constant L2 > u(t0) such that f(u) ≥ J3u for any u > L2. Set R = L2/σ
and KR = {u ∈ K : ‖u‖ < R}. Then Φλ : KR → K is completely continuous.
It is easy to obtain that

‖(Φλu)‖ ≥ J3λσ2‖u‖
∫ b

a
G(s, s)a(s)ds > ‖u‖,
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for u ∈ ∂KR. By Lemma 2.3, i(Φλ,KR,K) = 0. By the additivity of fixed
pint index,

i(Φλ,KR\K ∩Duλ∗ ,K) = i(Φλ,KR,K)− i(Φλ,K ∩Duλ∗ ,K) = −1.

So, Φλ has a fixed point in {K ∩ Duλ∗}\{∅} and another fixed point in

KR\K ∩Duλ∗ by choosing λ∗ = λ̃. The proof is completed. �

4. Uniqueness and dependence on the parameter

In the previous section,we have obtained existence and nonexistence results
for (1.1), In this section we consider the uniqueness of positive solutions and
dependence of solutions on the parameter λ. So we need to impose an addi-
tional condition on f :

(H5) f(ρu) ≥ ραf(u) for any 0 < ρ < 1, where α ∈ (0, 1) is independent of
u and ρ.

Define an operator Ψ : K → K by

(Ψu)(t) =

∫ 1

0
G(t, s)a(s)f(u(s))ds, t ∈ [0, 1].

Lemma 4.1. Assume that (H1) (H2) and (H5) hold. Then for any u ∈ K
there exist real numbers Wu ≥ wu > 0 such that

wue(t) ≤ (Ψu)(t) ≤Wue(t), t ∈ [0, 1].

Proof. For any u ∈ K, t ∈ [0, 1]

(Ψu)(t) =

∫ 1

0
G(t, s)a(s)f(u(s))ds

≤ f(‖u‖)
∫ 1

0
G(t, s)a(s)ds = Wue(t),

where Wu = f(‖u‖). Note that, for any u ∈ K\{∅}, let p = σ‖u‖ > 0.
Then u(t) ≥ p for any t ∈ [a, b]. In addition, by (H5) there exist s0 > c and
u0 ∈ (0,+∞) such that f(u0) ≥ s0. If p ≥ u0, then for any t ∈ [a, b]

f(u(t)) ≥ f(p) ≥ f(u0) ≥ s0.

If p < u0, then for any t ∈ [a, b]

f(u(t)) ≥ f(p) = f
( p
u0
u0
)
≥
( p
u0

)α
f(u0) ≥

( p
u0

)α
s0.
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Then

(Ψu)(t) =

∫ 1

0
G(t, s)a(s)f(u(s))ds

≥
∫ b

a
G(t, s)a(s)f(u(s))ds

≥ min
{
c,
( p
u0

)α
s0

}∫ 1

0
G(t, s)a(s)ds = wue(t),

where wu = min
{
c,
( p
u0

)α
s0
}

. The proof is completed. �

Theorem 4.1. Assume that (H1), (H2), (H5) hold and λ = 1. Then
(i) BVP(1.1) has a unique positive solution u∗ ∈ K satisfying

mqe ≤ u∗ ≤Mqe,

where 0 < mq < Mq are constants.
(ii) For any u0(t) ∈ K, the sequence

un(t) =

∫ 1

0
G(t, s)a(s)f(un−1(s))ds, n = 1, 2, · · ·

converges uniformly to the unique solution u∗ ∈ C[0, 1] in [0, 1], and the rate
of the convergence is determined by

‖un − u∗‖ = O(1− dαn),

where 0 < d < 1 is a positive number.

Proof. In view of (H1), (H2), (H5), Ψ : K → K is nondecreasing operator and
satisfies Ψ(ρu) ≥ ραΨ(u) for u ∈ K. Since f(u) is nondecreasing in u, then
for u∗ ≤ u∗∗ we have

(Ψu∗)(t) =

∫ 1

0
G(t, s)a(s)f(u∗(s))ds

≤
∫ 1

0
G(t, s)a(s)f(u∗∗(s))ds = (Ψu∗∗)(t).

(4.1)

By Lemma 4.1, for e(t) defined by (3.1), there exist We ≥ we > 0 such that

wee(t) ≤ (Ψe)(t) ≤Wee(t).

Set

w = sup{we : wee ≤ (Ψe)}, W = inf{We : Ψe ≤Wee}
Take wm,WM such that

0 < wm < min{1, w
1

1−α }, max{1,W
1

1−α } < WM < +∞.
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Let u0 = wme, v0 = WMe, un = Ψun−1, vn = Ψvn−1, n = 1, 2, · · · . By (4.1) we
have

wme = u0 ≤ u1 ≤ · · · ≤ un ≤ · · · ≤ vn ≤ · · · ≤ v1 ≤ v0 = WMe. (4.2)

Let d = wm/WM . Then we have

0 < d < 1, un ≥ dα
n
vn, n = 1, 2, · · · . (4.3)

In fact, u0 = dv0 is obvious. Assume that (4.3) holds for n = m (m is a
positive integer),i.e. um ≥ dα

m
vm. Then

um+1 = Ψum ≥ Ψ(dα
m
vm) ≥ (dα

m
)αΨvm = dα

m+1
Ψvm = dα

m+1
vm+1.

By mathematical induction, it is easy to see that (4.3) holds for any nature
number n. Furthermore, in view of (4.1)-(4.3), for any nature numbers n and
m, we have

0 ≤ un+m − un ≤ vn − un ≤ (1− dαn)v0 = (1− dαn)WMe,

and
‖un+m − un‖ ≤ ‖vn − un‖ ≤ (1− dαn)WM‖e‖. (4.4)

Thus, there exists u∗ ∈ K such that

lim
n→∞

un = lim
n→∞

vn = u∗.

Then u∗ is a fixed point of Ψ satisfying

wme ≤ u∗ ≤WMe.

Next we show that u∗ is the unique positive fixed point of Ψ in K. Note that
WM , wm are arbitrary. By virtue of (4.2), (4.4) and Lemma 4.1, we see that
(ii) holds. The proof is completed. �

Theorem 4.2. Suppose that (H1),(H2) and (H5) hold. Then (1.1) has a
unique positive solution uλ(t) for any λ > 0. Furthermore, the solution uλ(t)
satisfies the following properties:

(i) uλ(t) is nondecreasing on λ ∈ (0,+∞).
(ii) limλ→0 ‖uλ‖ = 0 and limλ→∞ ‖uλ‖ = +∞.
(iii) uλ(t) is continuous with respect to λ, i.e. λ → λ0 > 0 implies ‖uλ −

uλ0‖ → 0.

Proof. Let
Φλu = λΨu

. Then Φλ satisfies all conditions of Ψ. Similar to the proof of Theorem 4.1, we
obtain that Φλ has a unique positive fixed point uλ ∈ K that is, (λΨ)uλ = uλ.
So uλ is a unique positive solution of (1.1). Note that the unique positive
solution uλ is in the cone K. In view of condition (H5), we can prove terms
(i)-(iii). �
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We remark that the function f satisfying the conditions of Theorem 4.2 can
be easily found. For example

f(u) = uα1 + uα2 + · · ·+ uαm +
1

2
,

where αi > 0 , m is a positive integer.
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