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Abstract. In the present paper we consider the existences of periodic and subharmonic
solutions with saddle point character for the following second order non-autonomous Hamil-
tonian system

u(t) + VF(t,u(t)) =0 a.e.t€R.

Adopting some other reasonable assumptions for 7 F', we obtain some new results for exis-
tence of solutions with saddle point character by using of the saddle point reduction methods.

Recent results from the literature are generalized and significantly improved.
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1. INTRODUCTION AND MAIN RESULTS
Consider the second order systems
i(t) + 7 F(t,u(t) =0 a.e.t€R (1.1)

where F: Rx RY — R is T—periodic (T > 0) in its first variable and satisfies
the following assumption:

(A) F(t,z) is measurable in t for each x € R and continuously differ-
entiable in z for a. e. t € [0,7], and there exist a € L'(RT;RT),b €
LY(0,T; R"), such that |F(t,z)| < a(|z|)b(t),| v F(t,z)| < a(|z|)b(t) for all
r€ RN and a. e. t € R.

A solution of problem (1.1) is called to be subharmonic if it is k7' —periodic
solution for some positive integer k.

It is well known that u is a periodic solution of problem (1.1) if and only if
u is a critical point in H7. of functional ¢, where

HY = {u:[0,T] = RM|u is absolutely continuous,

u(0) = w(T) and @ € L*(0,T; RN)}
is a Hilbert space with the norm defined by

T T L
Jull =[P+ [ laceya
0 0
for u € H% and

1 Tﬂ 2dt — ' U
e =5 [P~ [ P

is continuously differentiable and weakly lower semi-continuous on H% (see
[7]). Moreover one has

T

< ¢ (u),v >=/ [(a(t),(2)) — (VE (&, u(t)), v(t))]dt

0
for all u,v € H. By Propositionl.1 in [7], we know there exists a constant
co > 0 such that

pu— < .
Jullow = s fu(®)] < collul (12)

for all w € Hk. Foru e Hp, let @w= (T)~" [l u(t)dt and u(t) = u(t) —u. Let
HL = {u € Hi|u =0}, then H. = RN @ H} and u(t) € H%, obviously. Then
one has Sobolev’s inequality

T

T
a5 < = | la()?dt
* =12
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and Wertinger’s inequality

T T2 T
/ ()2t < 2/ () 2dt.
0 472 Jo

IfHL.=X@Y, foreach z € X and each y € Y, let ¢(x,y) = ¢(x+y). The
solution u = x 4y of problem (1.1) is said to be of correlated property if there
exists a continuous function € such that y = 6(x) and either ¢ (z,0(x)) =
mingey Y(z,y) or P(z,0(z)) = sup,ey ¥(v,y). The solution u = = + y of
problem (1.1) is said to possess saddle point character if it is correlated and
is a saddle point of ¥ (x,y).

The existence of periodic solutions for problem (1.1) under some suitable
conditions have been established and it has been proved that problem (1.1) has
infinitely distinct subharmonic solutions under some suitable conditions(see,
e.g., [7], [8], [5], [4], [6], [9], and references therein). Recently, Zhao and Wu
[13], [14], Wu [12] consider the existence of periodic solutions with saddle point
character for problem (1.1) under some linear condition. They obtained the
following theorem:

Theorem A: Suppose that F : [0,T] — RN satisfies assumption(A). If the
following conditions hold:

(i) there exists a function p € L*(0,T; R) with f(;f p(t)dt > 0 such that VF(t,-)
is pu(t)—monotone, that is
(VE(t,2) = VE(t,y),x —y) > p(t)]e —yl?
for all z,y € RN and a. e. t €[0,T);
(ii) there exist f,g € L'(0,T; R") with fOT f(t)dt < 12/T such that

| v F(tz)| < f(O)|z] +9(t)

for all x € RN and a. e. t € [0,T)], then problem (1.1) has at least a solution
with saddle point character in H%, If in addition,
(iii) there exists § > 0 and an integer k > 0 such that

1 1
§k2w2|3:|2 < F(t,z) < i(k + 1)%w?|z|?

for all |z] <6 and a. e. t € [0,T], where w = 27/T, then problem (1.1) has
three distinct solutions with saddle point character in H}

On the other hand, Tang and Wu [10] consider that VF'(¢,z) is sublinear
and proved that under some type of coercive property on F(t,z), problem
(1.1) has infinitely subharmonic solutions.

We note that Theorem A only consider the linear situation and constrain
the coefficient f(t) of the linearity such that fOT f(t)dt < 12/T, this extremely



344 Z. H. Sun, Y. Q. Ni, J. K. Kim and C. Y. Chen

constrict the applicability for discussing the existence of subharmonic solutions
of problem (1.1). Inspired and motivated by the works mentioned above, and
by virtue of methods so called saddle point reduction method proposed in [3],
[1], [11], we shall extend the conditions posed on VF(¢,x) to that so called
(1 —o)—monotone in large region and that VF (¢, x) is sublinear in x to obtain
new criterions for guaranteeing the existence and multiplicity of periodic and
subharmonic solutions with saddle point character of problem (1.1) in this
paper, our methods are different from the methods in the others. Our main
results are the following theorems.

Theorem 1.1. Suppose that F satisfies assumption (A) and the following
conditions:

(i) there exists a function pu € L'(0,T;R) with fOT p(t)dt > 0, M > 0 and
a € [0,1) such that VF(t,-) is (4 — ao)—monotone, that is

(VE(t,z) = VF(t,y),x —y) = p(t)le -y
for all x,y € RN with either |x| > M or |y| > M and that
(VE(t,z) = VE(t,y),x —y) = p(t)|z — y|?

for all z,y € RN with both |z| < M and |y| < M and a. e. t € [0,T);
(ii) there exist f,g € L'(0,T; R") and M > 0 such that

|V @t z)| < f(8)|]* + g(t) (1.3)

for all x € RN with |x| > M and a. e. t € [0,T)], then problem (1.1) has at
least a solution with saddle point character in H}

In addition, if the following condition holds,

(i) there exist M > 0 > 0 and an integer k > 0 such that

1 1
§k2w2|x]2 < F(t o) < 5(k+ 1)%w?|z)?

for all |x| <& and a. e. t € [0,T], where w = 2mw /T, then problem (1.1) has at
least three periodic distinct solutions with correlated property in H% in which
there exists at least one which is nontrivial one with saddle point character.

Theorem 1.2. Suppose that F satisfies assumption (A) and the following
conditions:

(i) there exists a function pu € L'(0,T; R) with fOT p(t)dt > 0 and o € [0,1)
such that VF(t,-) is ( — a)—monotone, that is

(VF(t,z) = VE(t,y),z —y) > p(t)|z —y|'*
for all z,y € RN and a. e. t €[0,T);
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(ii) there exist f,g € L'(0,T; R") and M > 0 such that

|V F(t,z)] < f()|z|* + 9(t)
for all z € RN with |x| > M and a. e. t € [0,T);

(iii)
F(t,z) —» 400

as |x| = 400 uniformly for a. e. t € [0,T].
Then problem (1.1) has kT —periodic solutions uj with saddle point charac-
ter in Hip for every positive integer k such that ||ug|ls — +o0 as k — +oo.

Theorem 1.3. Suppose that F satisfies assumption (A) and conditions (i),
(i) in Theorem 1.2 and the following condition holds:

(iii) assume that there ewists a function v € LY(0,T) such that F(t,z) > v(t)
for all x € RN and a. e. t € [0,T), and that there exists a subset E of [0, T]
with meas(E) > 0 such that

F(t,x) — 400

as |x| — 400 uniformly for a. e. t € E.
Then problem (1.1) has kT —periodic solutions uj with saddle point charac-
ter in Hip for every positive integer k such that ||ug|lsc — +o0 as k — +oo.

Remark 1.4. Note that the coercive conditions used in [10] is that |z| 2 F (¢, z)
— 400 as |z| = 400 uniformly for a. e. ¢t € [0,7] or a. e. t € E. Hence the
results in Theorem 1.2 and Theorem 1.3 are novel and are significant improve-
ment, compare to results from the literature mentioned above and the other
references.

2. ProOoOFs OrF THEOREMS

Now we give the proofs of our main results. We only give the proofs of
Theorem 1.1 and Theorem 1.3, Theorem 1.2 is only a special case of Theorem
1.3.

Proof of Theorem 1.1. For each fixed u € I:T% and any vi,v2 € RY, one
has

T
(@ (ult) + v1), 01 — v2) = — /0 (TF(t,ult) + v1), 01 — va)dt,

T

(@ (ult) + v2), 01 — v2) = — /0 (VF(t,ult) + va), 01 — va)dt,
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so by condition (i) one has:

T T
A wF@wuy+m)—vF@uuy+w%m—mgazqq—uw+ﬂé u(t)dt

where 8 denote either « or 1 as there exists one of norms of vy, v is large or
not. Consequently,

T
(=" (u(t) +v1) = (¢ (u(t) +v2)),v1 — v2) > [v1 — U2|l+ﬂ/0 p(t)dt,

which implies
(@' (u(t) +v1) — @' (u(t) + va),v1 — v2)
< —Jor —va " [ pu(t)dt (2.1)
= —|lvr = v2|| A([lvr — val])

T
where h(s) = Ih ’fitgdtsﬁ is an strictly increasing function from R* to R' such
T2

that h(s) = +oo as s — +00.
For each u € H% define the functional ¥, : RN — R by
U, (v) = o(u+v).

Since ¢ € C*(HE, R), then ¥, € CY(RN,R), by (2.1) ¥, has at most one
critical point. If ¥/ (0) = 0, then ¥, has the only critical point v = 0. If
w!(0) # 0, we claim that —, is coercive. Since

1
U,(v) = Q/u(O)—i—/O (W] (sv),v)ds

1
< @ (0) + [ O)]] vl —/0 [l h(l[sv]l)ds.

By the property of h, we may choose R large enough such that
1
h(llsoll) = 4 19, (0) | wniformly for [v] = R, s €[5, 1].
Therefore
Wy (v) < @y (0) — [[@,(0)]] [Jv]]

which implies that ¥, (v) — —oco as ||v]] — co. Hence —V, is coercive. Next
we shall show that ¥, (v) is concave. For given vy,vs € RY, define £(s) =
U, (v1 + s(vg — 1)), for 0 < a < B < 1, by simple computation we have

(B) —¢&(a) <0

which means that £ is concave, and so is ¥,. Combining the above arguments,
we see that ¥, has a unique maximizer #(u) € RY such that ¥,(0(u)) =
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sup,cgrvy ¢(u + v), that is, for all u € flilp, 6(u) is the unique critical point for
¥, in RN such that ¥, (0(u)) = sup,cp~ ©(u + v). Therefore one has

(@ (u+0(u)),v) =0, YveRM. (2.2)

We shall establish that 6 : ﬁ% — RY is continuous. For this we assume on
the contrary, that there exist ¢g > 0 and u,, = v as n — +o00o such that

16(un) — 0(u)|| = €0
Let P be the projection from H} to RY. By (2.2) we see that ||Py’(u, +
O(w))|| < h(eg/2) if n large enough. Therefore by (2.1) one has
—h(€o)[|0(un) — 6(u)]|
> —h([|0(un) = 0(u)|)][6(un) — 6(u)]]
> (' (un + 0(un)) = ¢ (un + 0(w)), 0(un) — 0(u))
(=¢'(un + 0(w)), 0(un) — O(u))
(=P¢'(un + 0(u)), 0 (un) — 0(u))
> =[P/ (0(un) + 0(u)) [0 (un) — O(u)]
> —h(eo/2)[|0(un) — O(u)|
which implies that %(eo) < h(eo/2), a contradiction proving the assertion.

For each u € H%, define functional J as follows:

J(u) = p(u+6(u) = Sup p(u+v).

Using the continuity of 6(-), J(u) is well defined and we shall show that J(u) =
o(u+0(u)) is of CY(HL, R) and

(J' (), w) = (¢ (u+0(u),w),  Vu,we Hy
this and (2.2) will imply that an element u € ﬁ;lp is a critical point of J if and

only if u + 6(u) is a critical point of .
Indeed, for s > 0,

J(u~+ sw) — J(u) _ o(u+ sw~+ 0(u+ sw)) — p(u+ 0(u))
> o(u+sw+0(u)) — p(u+6(u))

1
= / (¢ (u+ 0(u) + tsw), w)dt
0
In a similar way, we have

J(u+ sw) — J(u)

1
< /0<g0 (u+ 0(u+ sw) + tsw), w)dt
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Combining above two inequalities proving the assertions.
1
Moreover, as |lu|| — oo in H if and only if (|u]? + fOT |u|?dt)2 — oo, and
by Wertinger’s inequality it follows that ||u|| — oo implies that fOT |u|2dt — oo

which yet implies that (|u]? + fOT ]u\th)% — 00, hence for each u € ﬁ} with
||u|| large, by condition (ii) we have

T T T
|/0 F(t,u(t))dt|:|/0 [F(t,u(t))—F(t,O)]dtJr/O F(t, 0)dt|
T 1
< /0 /O (T F(t, su(t)), u(t))dsdt] + s
T 1
g/ / |7 F(t, su(t))] |u(t)|dsdt + cs
/ / (D127 + g(t)|ut) |dsdt + cx

T T
14+«
< e /0 Ft + o)l [ ooyt -+

Hence by the definition of J(u) and Wertinger’s inequality and (1.2) one has

T T
Jw) > cp(u):;/o |a(t)\2dt—/0 Pt u(t))dt

v

1 4 2 1
3 | i = callul 7 = ol = e

> crlul® = eollul T — esllul| — c4 (2.3)

where ¢;(i = 1,2,3,4) are some positive constants. Then (2.3) implies that
J(u) = +o0 as ||ul]| = 400 on H1 Consequently, there exists a point ug € H1
such that J(ug) = mlnH1 J(u), and hence u = ugp + 6(up) is a solution Wlth
saddle point character of problem (1.1) in H7-.

In addition, if condition (iii) holds, since ¢ is weakly lower semicontinuous
on Hflp, so is J on H;lp By the coerciveness and weakly lower semicontinuity of
J we know that J satisfies P.S. condition and is bounded below. Let X3 be a
finite dimensional subspace of X = H% given by

k
Xy = {Z(ajcosjwt) + bjsinjwt|aj, bj € RN j=1,2,--- k}
j=1
and let X7 = XZJ- the orthogonal complement of X5 in ﬁ% We claim that
6(0) = 0. Indeed, (iii) follows that F'(t,0) = 0 = \vF(t,0) for a.e.t € [0,T].
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Hence by (i) one has
T
0 = (¢(00)),0(0)) = /O (= v F(t,6(0)),6(0))dt

T
- / (— 7 F(£,6(0) — (— 7 F(£.0)),00))dt

IN

T
—\9(0)1”5[/0 (] < 0

therefore (0) = 0. By the continuity of 6 there exists a positive number
91 < 0/(2¢p) such that |6(u)| < §/2 as |Ju|| < §;. Then by (iii) we obtain

T T
J(w) = p(u+ 6(u)) < ;/0 |u(t)|2dt—;k2w2/0 [t 6(w)2dt <0 (2.4)

for all u € X5 with [|u]] < d; and

T T
J(u) > ¢(u) > ;/ |a(t)|2dt — %(k + 1)%2/ lu2dt >0
0 0
for all uw € X; with ||ul| < 6.

Hence inf{J(u) : u € .FNI%} < 0. If inf{J(u) : u € fl%} = 0, (2.4) implies
that all u € Xy with [Ju|| < 01 are minima of J and therefore ¢ has infinite
critical points with saddle point character. If inf{.J(u) : u € IT[%} < 0, then by
Theorem 4 in [2] it follows that J has at least two non zero critical points, hence
problem (1.1) has at least two non trivial solutions with correlated property in
which there exists at least one with saddle point character. In addition, since
VF(t,0) =0 for a. e. t € [0,T], hence 0 is also a solution of problem (1.1)
and 0 = 0 4 6(0) by previous confirmation. Hence problem (1.1) has at least
three distinct solutions with correlated property in Hilp in which there exists
at least one which is nontrivial one with saddle point character. We complete
the proof.

Proof of Theorem 1.3. Without loss of generality, we may assume that
functions b in assumption(A), f, g in (1.3) are T— periodic and assumptions
(A), (1.3) hold for all ¢ € R by the T— periodicity of F(¢,z) in the first
variable. N

Replace T by kT in the definitions of H}:, HL, o, and ¢’ in Theorem 1.1,
then we obtain the corresponding spaces and functionals H. liT’ H liT’ ¢, and @},
respectively. Then one has H éT =RV H ;T, obviously. Hence Theorem 1.1
implies that there exists ug € ﬁ;T such that ur = ug+ 0(up) is a kT—periodic
solution with saddle point character in H];.. Now we prove that |Juy[c — +00
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as k — +oo. Set
ex(t) = k(cosk ™ wt)xg

for all t € R and some zg € RY with |zg| = 1, where w = 27/T. Then we
have

er(t) € Hi
and
ér(t) = —w(sink™twt)xg
which implies that
. 1
léx(t)I = kT

By the definition of wug, we have

or(ur) = @r(uo + 0(uo)) = J(uo) = min J(u)

ueH}

< J(ex) = wr(er +0(ex)) = sup pr(ex +v) = sup @i (2.5)
vERN RN+€k

Set & = measE/2, it follows from Lemma 1 in [10] and condition (iii) that
there exists a subset E5 of E with meas(E \ E5) < ¢ such that

F(t,z) = 400 as |z] = +o0

uniformly for all ¢ € Es, which implies that

measEy = measE — measEs > § > 0
and for every 8 > 0, there exists M > 1 such that

Flt,z) > f (2.6)

for all |z| > M and all t € Ej. For fixed x € RV, set

Ap ={t € [0,kT] | |z + ex(t)] < M}.
Then Tang-Wu [10] has proved that

measAy < %5 (2.7)

for all large k. Let

Then it follows from (2.7) that

meas(Ey \ Ag) > %kz(;
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for large k. Hence by (iii), (2.5), (2.6) and above inequality we have

1

ko + ex) 1

kT
Te? — k! / Pt 2 + ex(t))dt
0

< L — g / F(t,z+ep)dt — k™! / F(t,z + ex)dt
4 [0,KT)\(Ex\Ay) (Bi\Ax)
< 1Tw2 — k! / y(t)dt — k™ Bmeas(Ey \ Ag)
4 [0,KT)\(Ex\Ay)
T
<iney / (Bt — ~68
4 0 9

for all € RY and all large k. Then by the arbitrariness of 3, following the
same way in [10] we complete our proof.
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