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Abstract. In this paper, two new theorems on (C, 1)(E, q) product summability of Fourier

series and its conjugate series have been established.

1. INTRODUCTION

Several researchers like Singh [7], Khare [3], Mittal and Kumar [5], Singh
and Singh [8] , Pandey [6] and Jadia [2] have studied (N, p,,), (N, p, q), almost
(N, p, q) and matrix summability methods of Fourier Series and its conjugate
series using different conditions. But nothing seems to have been done so far
to study (C, 1)(E, q) product summability of Fourier series and its conjugate
series. Therefore, in this paper, two theorems on (C, 1)(E, q) summability
of Fourier series and its conjugate series under a general condition have been
proved.

Let Y 07 ,un be a given infinite series with sequence of its n* partial sum

{sn}-

The(C, 1) transform is defined as the n* partial sum of (C, 1) summabil-
ity and is given by
Sog+ 81+ 82+ ...... Sn,

t, =
" n+1
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1 n
:n+128k—>sasn—>oo (1.1)
k=0

then the infinite series > > ;u, is summable to the definite number s by (C,
1) method.

If

n

1 n n—k
(E’q)_Eg_(l-i-q)"Z<k:>q Sk — Sasn — oo (1.2)

then the infinite series ) 7 ju, with partial sum s, is said to be summable
by (F,q) method to a definite number s (Hardy[1]).

The (C,1) transform of the (E,q) transform defines (C,1) (E,q) transform and
it can be denoted C!Ej.

Thus if

n

1
C%Eg:mkzoEgﬁsasn%oo (1.3)

where Ej denotes the (E,q) transform of s, and C} denotes the (C,1) trans-
form of s,. Then the series > ° ju, is said to be summable by (E,q) (C,1)
means or summable (F,q) (C,1) to a definite number s. Therefore, we can
write CLE} — s as n — oc.

The method (C,1)(E,q) is regular and this case is supposed throughout this
paper.

Let f(z) be a 2m-periodic function and integrable over [—m, 7] in the sense
of Lebesgue. The Fourier series of f(x) is given by

f(x) - % + Z (an cosnx + by sinnz) = ZA” (x) (1.4)

n=1 n=1
The conjugate series of Fourier series (1.4) is given by

o0

Z (an cosnz — by, sinnx) = Z B, (x) (1.5)
n=1

n=1

We shall call (1.5) as conjugate Fourier series throughout this paper.
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We use the following notations:
o) =f(z+t)+ f(z—t)—-2f(z)
Y (t)=flz+t)+ f(z—1)
L&k e sin( 3
(1+q)kyzzo<y>q sin £
1

2
T= [?] where 7 denotes the greatest integer not greater than

n

1
Kn(t):mz

k=0

1
T

2. MAIN THEOREMS
We prove the following theorems:

Theorem 2.1. Let {p,} be a non-negative, monotonic, non-increasing se-
quence of real constants such that

n

P”:E Py — 00, as N — 0.

v=0
If
t t
@t:/gbu du=0|————|, ast — +0, 2.1
0= [ 1000 Idu=o| 2.1)
where « (t) is a positive, monotonic and non-increasing function of t and
log(n+1)=0[{a(n+1)}.Pyt1], as n — oo, (2.2)

then the Fourier series (1.4) is summable (C,1)(E,q) to f(z) .

Theorem 2.2. Let {p,} be a non-negative, monotonic, non-increasing se-
quence of real constants such that

n
Pn:E Py — 00, as n — 0.

v=0
If
! t
W)= [ o) o] | st 4 2.3)
0 a(1).Pr
where « (t) is a positive, monotonic and non-increasing function of t,
1+ (Q+qF=0m+1) (2.4)
k=1

and condition (2.2) holds then the conjugate series (1.5) is summable (C,1)(E,q)

to
1 27

F@) =—— [ () cot <;) dt

27'('0
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at every point where this integral exists.

3. LEMMAS

For the proof of our theorems, following lemmas are required:

1
Lemma 3.1. For0<t < oy

(K (8)] = O (n+1).

Proof. For 0 <t < sinnt < nsint

T

1 n
K, < —
s
:é 2k +1)
21 (n+1) —
=0(n+1).

Lemma 3.2. For—<t<7r,

K, (8)] = O <1) |

Proof. For % <t <, by applying Jordan’s Lemma sin (%) >,

()

1 n

|K, (t)] < 2 (n+1) kZ:o
= (n+1)kzo (1+Q)k(1+Q)

2t(n+1) k=0

kZ( o

k

2/<;+1)Z

v=0

ot
(2v +1)sin g

Sin 5

-

t

t

—_

sinnt <1
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Lemma 3.3. For 0 <t <

n—i—l’
Kn(t):O<1>.
t
Proof. For 0 <t < H,Sln (%) > % and |cosnt| < 1.
n k 1
_ 1 L cos(u+§)t
‘K"(t)’§27r (n+1) Z 1+qkz{< > sin () }”

[sin (3)]

t
2
> ko |cos (v +5) 1]

k
v
k k:l/
v

1 1
:2t(n—|—1)z p(1+a)

kZ

+q)
0 +q v=0

v=0
1 n k
:27T(n+1k201 kz<
n
il

v=0
1
2t (n+1)kZ

n

(1+9)"Y (1+g7"

k=1

(n+1)

Proof. FOI'OS%SLLSF, sin(%)zi

_ # . 1 i k kVCOS(V+ )

|Kn (t)] < 27 (n+ 1) 2 (1+q)kyz::0< v >q sin () ]
_¥ n 1 . k k k yz(l/+)
2 () [ (o)t {Z) <” >q
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1 - 1 a k k—v vt
s [ S ()t ]
1 1 i k k—v_ivt
=%t (n+ 1) _(1+q)kR€{;]<V )q ‘ H
k

i
o

M:

1T
—= O

1 1 k k—v vt
S21t<n+1) (1+q>kR€{ZO<V vr H

V=

=
Il
o

k

v=0

o2 [

Now considering first term of (3.1)

1 = 1 : k k—v ivt
e |2 [ 745 ()7 ]
1 = 1 k k—v it
2t (n+1) kzz()(1+q)kl;)<y)q | ‘
1 7—1 1 k L .
2t (n+1) &= (Hq)kVZO(y )q ]
B 1 7'—11
2t (n+1) —
RACES))
,7_2
of o

Considering second term of (3.1) and using Abel’s lemma

i (2)

i <llj )qk—ueiut

v=0

n

2

1
(n+1)

2

~

n

1 Z 1 max
k
t(n+1)k:7(1+q) 0<m<k

1 e 1
=% (nt 1) (1+9) ,;(Hq)’“
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mrp +q)7kz:;(1+q)’c . (3.3)
Combining (3.1), (3.2) and (3.3), we get
7 _ 7_2 T - —k
K, (t) =0 [(n+1)] +0 =) +1) (1+4q) kz_;(lJrq) :
U

4. PROOF OF THEOREM 2.1.

Following Titchmarsh [9] and using Riemann-Lebesgue theorem, s, (f;x) of
the series (1.4) is given by

T i 1
(i)~ 1) = 5 [0 ULy
2

Therefore using (1.4), the (E, q) transform E} of s, (f;z) is given by

Bi— (@)= (11+ ~ 0” sii((tg) {g’;o ( " )Qn sin (k—i— ;) }dt.

Now denoting (C, 1)(E, q) transform of s, (f;z) as CLE}, we write

1 _ - " 9(t)
CnE%—f(x)—zﬁ n+ ZO 1+q 0 sin %)

A5 (2 en)
/07r 6 (t) Ky (t)dt.

In order to prove the theorem, we have to show that, under our assumptions

/OW 6(1) Ko (1) dt = 0(1) as 1 — 0o,

We have, for 0 < 6 < 7,

/OW 6 () K, (t)dt = !/0++/5+/; 6(t) K

=hi+ho+ 13 (say).

t) dt

(4.1)



360

We consider,

|1
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1

Ml < /Omwczs(t)rKn(t)rdt

1

=0(n+1)

/n+1 & ()] dt] (using Lemma 1)
0

O(n+1) {0{(71—1—1) al(nﬂ)_PTH by (2.1)

I
Q

[M}
{1g(n1+1)} using (2.2)
e (4.2)

0
0

Now we consider,

é
hal < [ | 601K )] dr

n+1

Using Lemma 2, we get,

|I12] = O

by (2.1)

:O{oz(tl)PT}(le“/;O{mé)R}dt
; {M%/;nﬂo{ua(bpu}du]
{oz(n+11)Pn+1}+O{(n+1)a(711+1)13n+1}/;Hl-d“
{W}JrO{m} by (2.2)

(1) +O(1), asn —
(1),

as n — 0o. (4.3)
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Now by Riemann-Lebesgue theorem and by regularity condition of the method
of summability, we have

Rl < [l ol 1K 0)] d
=o0(1), as n — oo. (4.4)
Combining (4.1) to (4.4), we get
CIE? — f(z) = 0(1), as n — oo.
This completes the proof of Theorem 2.1.

5. PROOF OF THEOREM 2.2.

Let 5, (f;x) denotes the partial sum of series (1.5). Then following Lal [4]
and Riemaann- Lebesgue theorem s, (f;z) of (1.5) is given by

4 cos (n + 1
5 (f12) = (@) = ;/¢m£ﬁﬁ%t
2

Therefore using (1.2), the (E, q) transform E} of 5, (f;z) is given by

N _ 1 Q ( ) L n _ 1
El —f(z)= - [ < > q" kcos<k:—|—>t dt.
2 (1+q)" Jo sin(%) ;} k 2
Now denoting (C,1) (E, q) transform of s,, by CLE], we write
T 7 - ")
Cabyn — f(z) = .
n+1 kzo 1_|_q 0 sm(%)
"k
k—u
X{Z<V>q <V+ >}dt]
v=0
- [vo &
0
In order to prove the theorem, we have to show that, under our assumptions
/¢ t) dt =0(1) as n— oo.

We have, for 0 < § < 7

[ ) a- [/0+/6+/5

=1Iy1+ 1o+ 13 (say). (5.1)

U (t) Kn(t) dt




362 Hare Krishna Nigam

Now consider,

Bl < [T o] (R )]

/n % [ (t)] dt] (using Lemma 3)
0

[T e dt]
0

=0+ o e )| @Y

-0 erEn)

1
= —_— i 2.2
O{log(n—i—l)} using (2.2)
=0(1), asn — oc. (5.2)
Now we consider,

1)
|I2.2|:/1 [ (t)] |I_(n (t)‘dt.

n+l
Using Lemma 4, we get

/;1 ((ni 1)> ¥ () |dt]

Iz =0

J 7 (14 q) & B
0 /"L{M;(lﬂz) ’“} ¥ (t) |dt]
=1Ir21+ 1222 (say). (5.3)

Now we consider, by (2.2) and (2.3),

1N/ 1
Ir21 :O<n—|—1> /11t2|w(t) | dt
) -
O<n+1>_
1
O<n+1>

3
+
| IS




Q
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_ —
@)
—N
o
/5/-\
+ S
=T
—_
:"U\_/
x

bio( kg

1
:O{log(n+l)}+o{log(n+1)}
=0(1)+0(1), as n — o0
=0(1), asn — oo. (5.4)
Now considering
1 /1 - 1
Ino2=0 <n+1> /nil <t) (1+4q) ];T 1tq) [ (t) dt] .
Using condition (2.2)-(2.4), we get
[ o
haz =00 | [ 100 rdt]
- 5 5
_mn{iw@}l+/l{;ww}m
- n+1 n+1(S
1 t | t
conlfroleaia)) . L ko) #
_om_a Y _+ou)o /61 dt
“w eme) ) L ta(D)P

[ n+1 1
/o

1 (e’
L~ o

(u) Py
1

{m+¢yun+1

} du]
) /+ b
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=O{m}+o{m}

=0(1)+0(1), asn —
=0(1), asn — 0. (5.5)

Now by Riemann-Lebesgue theorem and by regularity condition of the method
of summability, we have

ol < [ 10 0] R 0] at
=0(1), asn — oo. (5.6)
Combining (5.1) to (5.6), we get
CIES —F(x) = o(1), asn — occ.

This completes the proof of Theorem 2.2.
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