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Abstract. In this paper, we introduce modified Ishikawa iteration for finding a common
element of the set of fixed points of quai-¢-nonexpansive mappings and the set of solutions
of an equilibrium problem. Our results are new and can be viewed as direct generalizations
and extensions of the corresponding results obtained in [11, 15]. And we give the problems
studied in [8, 9, 10, 12] some new conditions under which their results are still true. We also

provide some new estimation techniques in the proofs of the results.

1. INTRODUCTION

Let E be a real Banach space and C a nonempty closed convex subset of
E. Let f:C x C — R be a functional, where R is the set of real numbers.
The equilibrium problem is to find p € C, such that

f(p,y) >0, VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(f). Equilibrium problems
provide us with a systematic framework to study a wide class of problems
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arising in finance economics, optimization and operation research etc., which
motivate the extensive concern. In recent years, equilibrium problems have
been deeply and thoroughly researched. See, for example, (2, 4, 13].

Let E be a real Banach space, C' a nonempty closed convex subset of £ and
S : C — C a mapping. F(S) denotes the fixed point of S. Recall that S is
nonexpansive if

| Sz — Sy [|[<||z -yl Vo,yecC.

Sis said to be quasi-nonexpansive if F'(S) is nonempty and
| Sz —yl<llz—y| VzeClyeF(S).

S is said to be closed if for any sequence {z,} C C such that lim z, = g
n—o0

and lim Sz, = yg, then Szg = yo.
n—oo
Two classical iteration processes are often used to approximate a fixed point
of a nonexpansive mapping. The first one is introduced by Mann [7] and is
defined as follows:

Tpt1 = QnZp + (1 — ap)Sz,, n € NU{0}. (1.2)

where the initial guess zg is taken in C arbitrarily and the sequence {a;,}5
is in the interval [0,1].The second iteration process is referred to as Ishikawa’s
iteration process [5] which is defined recursively by

{ Yn = BnTn + (1 - 5n)sxna

1.3
Tl = QpTy + (1 - an)Syn7 ( )

where the initial guess ¢ is taken in C' arbitrarily, {a,}72; and {8,}22, are
sequences in the interval [0,1].

Generally, not much has been known regarding the convergence of the itera-
tion processes (1.2)-(1.3) unless the underlying space E has elegant properties.

Attempts to modify the Mann’s iteration method (1.2) so that strong con-
vergence theorems for equilibrium problems and fixed point problems have
recently been made. [12] proposed the following modification of the Mann’s
iteration (1.2) for equilibrium problems and a single relatively nonexpansive
mapping S in a Banach space

ro=x € C,

Yn = J HanJzn + (1 — ap)JSzy),

up € C,s.t., f(upn,y) + %(y — Up, JUup — Jyp) >0, YyeC
Cﬂ = {Z € C : ¢(Zvun) S ¢(Z’xn)}a
Qn=12€C:(xy—2Jx— Jz,) > 0},

Tnt1 = le,ng,r, n=0,1,...

(1.4)
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Then, [11] further improved the above theorem by considering equilibrium
problems and a pair of quasi-¢-nonexpansive mappings. They consider the
following iteration process:

( Vg € C,
C1=C,
xr1 = H01$07
yn = J HanJzn + Bnd Ty + 0 Sxy), (1.5)

unECustaf(unvy)+i<y_unv<]un_‘]yn> 207 vyec

Tn
Cn+1 = {Z eC: ¢(z7un) < ¢(Z,.’Iin)}
Tny1 = e, 0, n=1,2,...

Finally, [11] considered the problem of finding a common element in the
common fixed point set of a family of quasi -¢-nonexpansive mappings and in
the solution set of the equilibrium problem (1.1). That is, they considered the
following iteration method:

(Vg € C,
Ch=0C,
T = HC1x0)
N
Yn = Jﬁl(amojaﬁn + Z amJSixn), (1.6)
i=1
Un6Cas-t-af(unay)+i<y_una=]un_=]yn>207 Vyel
Cny1 ={2€C:0(z,un) < @(2,75)}
( Tnt1 =1lg, 00, n=1,2,...

Recently, [15] adapted the iteration (1.3) in Banach space. More precisely,
they introduced the following iteration process for equilibrium problem and a
relatively nonexpansive mapping:

( Yo € C,
2 = J Y Bpdxn + (1 — Bn)JSxy),
yn = J HanJzn + (1 — ay)JS2),
Up € Cys.t., fun,y) + i(y — Up, Jup — Jyn) >0, Vyel (1.7)
Co = {0 € C: $(v,un) < and(v,22) + (1 an)d(v, 20},
Qn={veC:{x,—vJr— Jr,) >0},

( Znt1 = e,ng,z0, n=0,1,...

Motivated by the work of [11], the purpose of this paper is to employ the
idea to modified process (1.7) to prove strong convergence theorems for equi-
librium problems and quasi-¢-nonexpansive mappings under some appropriate
conditions in Banach spaces. Our results are new and can be viewed as di-
rect generalizations and extensions of the corresponding results obtained in
[11, 15]. And we give the problems studied in [8, 9, 10, 12]et al. some new
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conditions under which their results are still true.We also provide some new
estimation techniques in the proofs of the results.

2. PRELIMINARIES

Let E be a real Banach space with norm || - || and let E* be the dual of E.
Denote by (-,-) the duality product. We denote by J the normalized duality
mapping from F to 28" defined by

Jr={f € E*:(z, f*) =| « |*=Il f* |},

for € E. A Banach space F is said to have the Kadec-Klee property if a
sequence {z,} of F satisfying that x,, = = and || z,, | =] z ||, then x,, — =.
We know the following:

(1) if E is smooth, then J is single-valued;

(2) if E is strictly convex, then J is one-to-one, that is, if Jz N Jy is
nonempty, then z = y;

(3) if E is reflexive, then J is onto;

(4) if E is smooth and reflexive, then J is norm-to-weak continuous, that
is, Jx,, — Jx whenever x,, — x;

(5) if E' is uniformly convex, then E has the Kadec-Klee property;

(6) the norm of E* is Fréchet differentiable if and only if E is a strictly
convex and reflexive Banach space which has the Kadec-Klee property; see
[14] for more details.

Let E be a smooth Banach space. The function ¢ : £ x E — R is defined
by

Sy, x) =l y II” =2y, Ja)+ || = ||
for z,y € E. It is obvious from the definition of the function ¢ that

Iy =l h?* < oly,a) <y ll+ =) (2.1)

forall z,y € £

A Banach space E is said to be strictly convex if w <lforal z,ye E
with || = [|=]] vy ||= 1 and z # y. It is also said to be uniformly convex
if nlg]go | ©n — yn ||= O for any two sequences {x,},{y,} in E such that

| @ [[=] yn =1 and lim w =1. Let U ={x € E:|| = ||= 1} be the
n—o0

unit sphere of . Then the Banach space E is said to be smooth provided
lim lz+tyll=llzl
t—0 t
if the limit is attained uniformly for z,y € U.

Following [1], the generalized projection IIo from E onto C' is a mapping
that assigns to an arbitrary point € E the minimum point of the functional

exists for each x,y € U. It is also said to be uniformly smooth
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o(x,y); that is, llcx = T, where T is the solution to the minimization problem
T,r) = min , T
¢(x, z) = min §(y, z)

If E is a Hilbert space, then ¢(y, ) =| x—v ||? and II¢ is the metric projection
of E onto C.

We know the following lemmas for generalized projections.

Lemma 2.1. ([1]) Let C be a nonempty closed convex subset of a smooth,
strictly convex and reflexive Banach space E. Then

QZS(ZL',HCQ) + ¢(Hcya y) < ¢($,y),Vl' € C7y ck.

Lemma 2.2. ([1]) Let C be a nonempty closed convex subset of a smooth,
strictly convex, and reflexive Banach space E, let x € E and let z € C. Then

z=lex <= (y—z,Jx — Jz) <0,Vy € C.

[6] also proved the following result. This plays an important role in the
proof of the main theorem.

Lemma 2.3. ([6]) Let E be a uniformly conver and smooth Banach space and
let {xn}, {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {z,} or
{yn} is bounded, then || x,, — yn ||— 0.

Let C' be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space F, let S be a mapping from C' into itself. We
denoted by F'(S) the set of fixed points of S. A point p € C is said to
be an asymptotic fixed point of S if there exists {x,} in C' which converges
weakly to p and nh_)ng@ | 2, — Sz, ||= 0. We denote the set of all asymptotic

fixed points of S by F(S). Following [19], a mapping S of C into itself is
said to be relatively nonexpansive if F'(S) is nonempty; ¢(u, Sx) < ¢(u,x),
Yu € F(S), z € C; F(S) = F(S). The asymptotic behavior of a relatively
nonexpansive mapping was studied in [8, 9]. S is said to be ¢—nonexpansive if
o(Sz, Sy) < ¢(x,y), Vo,y € C. S is said to be quasi-¢-nonexpansive if F(S)
is nonempty; ¢(u, Sz) < ¢p(u, x), Yu € F(S), z € C.

Remark 2.1. The class of quasi-¢-nonexpansive mappings is more general

than the class of relatively nonexpansive mappings which requires a (S) =
F(9).

Remark 2.2. Let Il be the generalized projection from a smooth, strictly
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convex and reflexive Banach space E onto a nonempty closed convex subset
C of E. Then Il is a closed and quasi-¢-nonexpansive mapping from E onto
C with F(Il¢) = C. See [5] for more details.

The following lemma is due to [11].

Lemma 2.4. ([11]) Let C be a nonempty closed convex subset of a smooth, uni-
formly convex Banach space E, and let S be a closed and quasi-¢-nonexrpansive
mapping from C into itself. Then F(S) is closed and convex.

For solving the equilibrium problem, let us assume that a bifunction f
satisfies the following conditions:

(A1) f(z,x) =0,Vx € C,

(A2) f is monotone, i.e. f(z,y)+ f(y,x) <0,Vx,y € C,

(A3) Vx,y,z € C,

lir?s(l)lp ftz+ (1 —=t)z,y) < f(z,y);

(Ad) Vz € C, f(z,-) is convex and lower semicontinuous.

We have the following result:

Lemma 2.5. ([3]) Let C be a closed convex subset of a smooth, strictly convez,
and reflexive Banach space E, let f : C'xC — R be a functional and satisfying
(A1)-(A4), let r >0 and x € E. Then, there exists z € C such that

1
flzy) + ;(y— z,Jz—Jx) >0,y € C.

The following lemma is from [11]:

Lemma 2.6. ([11]) Let C be a closed convezr subset of a uniformly convex
and smooth Banach space E, and let f: C x C — R be a functional , satisfy-
ing (A1)-(A4). Forr >0 and x € E, define a mapping T, : E — C' as follows:

Ty(@) = {z€C: f(oy) + -y — 2]z~ Ja) > 0,¥y € C)

for all x € E. Then, the following hold:

(1) T, is single-valued;

(2) T, is a firmly nonexpansive-type mapping, i.e., for all x,y € E, (T,x —
Ty, JTrx — JTy) < (Trx — Ty, Je — Jy);

(5) F(T,) = EP(f);

(4) EP(f) is closed and conver and T, is a quasi-p-nonerpansive mapping.

Lemma 2.7. ([12]) Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let f : C x C — R be a functional ,
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satisfying (A1)-(A4), and let r > 0. Then, for x € E and q € F(T,) ,
¢(q, Trx) + ¢(Trw,x) < ¢(q, )

3. MAIN RESULTS

Theorem 3.1. Let E be a uniformly smooth and uniformly conver Banach
space, and let C' be a nonempty closed conver subset of E. Let f : C X
C — R be a functional, satisfying (A1)-(A4) and let S, T be two closed quasi-
¢-nonexpansive mappings from C into itself such that F = F(S) N F(T)N
EP(f)#0. Let {z,} be a sequence generated by

( Vxo € C,
2 = J Ty + T2y + 00, ST0),
Yn = J HanJzn + BndT2n + Y Szn),
up € Cys.t., f(un,y) + %(y — Up, Jup — Jyn) >0, Vyel (3.1)
Crn={v€C:9(v,up) < and(v, ) + (1 — ) (v, 2) }
Qn={velC:(x,—v,Jrg— Jz,) >0},

Tn+1 = chanﬂl'(), n = O, 1, e

Where J is the duality mapping on E, {r,} C [a,00) for some a > 0, {ay,},

{Bn}; {m}, {&}, {nn} and {6,} are sequences in [0, 1] satisfying the following
restrictions:

(1) an+Bn+ym=1;
(4) &n + 1M+ 0 =1;
(737) lim &, =1, liminf 8, > 0, liminf~, > 0.
n— 00 n— 00 n—0o0
If S, T is uniformly continuous, Then, {xy} converges strongly to lpxqy, where
IIp is the generalized projection of E onto F.

Proof. We divide the proof of this theorem to 4 steps as below.

STEP 1. We show that C,, N @, is closed and convex for every n € NU {0}.
From the definition of C,, and @,, it is obvious that C), is closed and @, is
closed and convex for every n € NU {0}. We prove that C,, is convex. For
vi,v9 € Cp and t € (0,1), put v = tvg + (1 — t)ve. It is sufficient to show that
v € Cp. Next, we show

(v, un) < and(v, vn) + (1 — an)d(v, 2n). (3.2)
is equivalent to
20, (v, Jzp) + 2(1 — ) (v, Jzp,) — 2(v, Juy,)
2 2 2 (33)
<ap |z 7 +A —an) [ 20 7= [ un [

Indeed, from the definition of ¢(y,x) , one can get the above inequality.
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Then, by (3.3) we have C,, is convex. So, C),, N Q,, is closed and convex for
every n € NU{0}. Hence, Il¢,nq, is well defined.

STEP 2. We show that F' C C, N Q.

Let u € F. Putting u,, = T, yn, for all n € NU{0}, By Lemma 2.6(4), we have
that 7)., is quasi-¢-nonexpansive. Since S,7T are also quasi-¢-nonexpansive,
by the definition of quasi-¢-nonexpansive and the convexity of || - |? we have

P(u; un) = ¢(u, Ty, yn)
< o(u, yn)
= é(u, J N anJzn + Bud Tzn + ¥ J S2n))
=|lu ||2 —2(u, aopJxy + BpdTzp + Y J Szp)
+ || anJzn + Bud Tzp + Ynd Szn || (3.4)
<|lw || =20 (u, Jz) — 285 (u, JT2p) — 2 (u, JSz,)
+an || @n I +8n | Tz |12+ || Sz |2
< and(u, ) + Brd(u, T2p) + nd(u, Szn)
< and(u, y) + (1 — an)d(u, zy).
Hence, we have u € C),. This implies that
F c C,,Vn e NU{0}.

Next we show by induction that F C C,, N Qp,Vn € NU {0}. From Qo = C,
we have

FcCynQo

Suppose that F' C Cy N Qy, for some k € NU {0}. Then there exists xx11 €
Cr N Q} such that

zr+1 = loyng,®o
By Lemma 2.2, we have, for all z € C, N Q,
(Tpy1 — 2, Jxo — Japg1) > 0
Since F' C C, N Qg, we have
(xpy1 — 2z, Jxg — Japsq) > 0,V2 € F
and hence z € Qr41. So, we have
F C Cry1 N Qg1

Therefore we have F' C C, N Qy,¥n € N U {0}. This means that {x,} is
well-defined. From the definition of ),, and Lemma 2.2, we have z,, = Ilg, zo.
Using x,, = Ilg, o, from Lemma 2.1 we have

¢(x7h HZ()) = ¢(HanOa 1’0) < ¢(u7 1‘0) - (b(u? HanO) < ¢(u7 1‘0)
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forallu € F C Q,.Then, ¢(zy, o) is bounded. Therefore, {z,, },{Tz,}, {Szn}
are bounded. Since z,41 = Ilc,ng, 7o and x,, = Ilg, xo, from the definition
of Ilg, we have

¢(2n, x0) < ¢(Tns1,0)- (3.5)
Thus {¢(zn, o)} is nondecreasing. So, the limit of {¢(zp,x0)} exists. From
x, = Ilg,x0 and Lemma 2.1, we also have

= ¢(zpt1,11g,z0)
< ¢(@nt1,20) — ¢(g, o, o) (3.6)
= ¢(zny1,70) — ¢(2n, T0)

¢($n+1, IEn)

VYn € NU{0}. By (3.5) and (3.6)
lim ¢(xp41,2n) = 0. (3.7)

n—oo

It follows from Lemma 2.3 that x, — z,, — 0 as n — oo. Hence {z,} is a
Cauchy sequence. Since FE is a Banach space and C' is closed and convex, one
can assume that x, — p as n — oc.

STEP 3. We show that p € F.
Firstly, we show p € FI(S)N F(T). From 11 = Ilg,ng, 20 € Cp, we have
(Tnt1,Uun) = (Tnt1, TryYn) < G(@nt1,Yn)
< and(Tpni1,n) + (1 — an)d(xnt1, 2n), Vo € NU{0}.
Then by the convexity of || - [|2. We obtain
O(Tnt1,2n) = O(Tny1, J_l(gnJa:n + pJ Tz + 6nJSxy))
=|| i1 > =2(@ni1, EnJzn + Ty + 60 Szy)
+ || €nJ iz + Ty 4 60 Sy ||?
< Znsr 117 =260 (Tns1s Jzn) — 200 (Tpg1, JT )
— 20p(zn41, JSTR) + & || 20 ||2 1 || Ty, ||2 +0n || Szn ||2
= £nd(Tn+1,Tn) + M (Tnt1, Ton) + 0nd(Tn1, STn).

Since li_}m &, =1 and (3.7), we have

lim ¢(l‘n+1, Zn) =0. (3'8)
n—oo
So, we have
lim ¢(xn+layn) = lim ¢(l'n+lyun) =0. (3'9)

From (3.7)-(3.9), by Lemma 2.3, we obtain

Jim ([ 21 =z || = Hm [ 2pn = 20 [[= Im | 2n40 = yn || (5.10)

= nh_{go | Zny1 —un |=0
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Since J is uniformly norm-to-norm continuous on bounded sets we have

i || Japgn — T = lim | T s — Ty = 0.

And since

| 2n — 20 IS Zng1 — 2o |+ || Zog1 — 20 [,
| Zn = yn IS Znt1r — 2o || + 1| o — Yo |l

| 2n = un ||| Zng1 — 2 || + | Zogr —un || -

It follows from (3.10) that
lim ||z, — 2, ||= lim || 2y, —yp ||= lim || 2, —u, |[|=0. (3.11)
n—o0 n—0o0 n—o0

Hence by z, — p, we obtain, u,, — p. Noticing that
| Jxnt1 — Jyn || =|| Jxnt1 — (@nJxn + Bund T2y + Y0 JSzn) ||
> /877, H an—l—l - JTZn H +n H an—l—l - ‘]SZTL H

—ap || Jrn — Jxpi1 |,
We have that
1
| Japi1 — ISz || < 7(” Jxni1 — Jyn | +om || Jon — Jpga |)).
n
Since lim inf v, > 0, it follows that
n—oo

lim || Jzp41 — ISz, ||=0.

n—0o0

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we
obtain

lim || zp41 — Sz, [|=0. (3.12)

n—oo

It follows that
| ©n — Son [|<|| n — Tny1 | + | Tngr — Szn || + || Sz — Sy || -

Since S is uniformly continuous. It follows from (3.10)-(3.12) that lim ||
n—o0

Sty — @y, ||= 0. Then, in a similarly way, from (3.10)-(3.12) one can obtain
lim || Tz, —xy ||= 0. From the closeness of S and T, one has p € F(T')NF(S).

n—oo

Next, we show p € EP(f). Let u € EP(f), from (3.4), we have

¢(ua Un) < an¢(u7 ajn) + Bn¢(ua Tzn) + ’Yn(ls(ua Szn)

< an¢(u7 ajn) + (1 - an)¢(u’ Zn)' (3'13)
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And since
H(u, z) = p(u, T (EnTzn + o J Ty + 8, JS22,))
= w ||* —2(u, EnJ Ty + 9uJ Ty + 0,0 Sy))
+ || énJxp + Ty + 6, JSzy) ||?
< w||? =260 {u, Jzn) — 205 (u, JT2y) — 26, (u, JSz,)  (3.14)
+ & |l @ |7+ || Tan |* +65 || Sz |
< End(u, ) + Mud(u, Txy) + 0no(u, Sxy,)
< o(u, xy)
So, from (3.13) and (3.14), we have
o(u,un) < (u, zp).
Since

(;5(11,, $n) - ¢(uv un)

=l @n I? = [l un 1? =2(u, Jon — Jun)
<[z 12 = 1l wn 12 =2(u, Jon — Jup)
I | = Fun ] (F e |4 un D) +2 [T (] T2n = Jun ||

< wn = un (| (2 (| + [ un ) +2 [ w ([l Jzn = Jun ||
From (3.11) we have
lim (¢(u, zn) — O(u,uy)) = 0. (3.15)

n—oo

From u, = T, yn, (3.4), Lemma 2.7 , we have
A(un; Yn) = ¢(Tr, Yny Yn)

< d(u, yn) — d(u, Ty, yn)

< and(u, n) + (1 — on)p(u, 2n) — G(u, Tr yn)

< and(u, n) + (1 — o) p(u, on) — ¢(u, Tr yn)

= ¢(u, ) — d(u, up)
So, we have

nlgfolo (tn, yn) =0
Since FE is uniformly convex and smooth, we have from Lemma 2.3 that
nlgrolo | wp —yn ||=0. (3.16)

Since J is uniformly norm-to-norm continuous on bounded sets we have

Jim || Jup = Jyn [|= 0.
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From the assumption r, > a, one sees

o T = T |

n—00 Tn

=0. (3.17)
From u,, = T}, yn, we obtain

1

Tn
from (A2), we have

Iy = | =T Ly = )
> —f(un,y) 2 [y, un), Yy e C.
Letting n — oo, we have from (3.11), u, — p and (A4) that
fly,p) <0, VyeC.

Fortwith0<t<landyeC,lety, =ty+ (1 —1t)p. Sincey € C and p € C,
we have y; € C' and hence from (A3), f(y:,p) < 0. So, from (A1) we have

fyesyt)
<tf(yt, y) + (1 =) f(ye,p)
< tf(ye,y)-
Dividing by ¢, we have
flyy) 20,vy € C.
Letting t — 0, from (A3) we have

f(p,y) > 0,vy € C.

So, p € EP(f). This shows that p € F.
STEP 4. We show that p = Ilpxg. From x, = Ilg,xo, one sees

(xn — 2z, Jxg — Jxp) > 0,V2 € Q.
Since F' C @Q,, for each n > 1, we have

(xpn — 2z, Jzg — Jan) > 0,Vz € F.
By taking the limit, one has

(p—2z,Jxg— Jp) > 0,Vz € Q.

In view of Lemma 2.2, we obtain p = IIpzg. This completes the proof. O
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As some corollaries of Theorem3.1, we have the following results immedi-
ately.

Corollary 3.1. ([11]) Let E be a uniformly smooth and uniformly convex
Banach space, and let C' be a nonempty closed convex subset of E. Let f :
C x C — R be a functional , satisfying (A1)-(A4) and let S, T be two closed
quasi-¢-nonexpansive mappings from C into itself such that F = F(S)NF(T)N
EP(f)#0. Let {z,} be a sequence generated by

Vxg € C,

Yn = J_l(anjvfn + BpnJTxy, + ansxn)a

up € C,s.t., f(un,y) + %(y — Up, Jup — Jyn) > 0,Vy € C
Cn= {U €C: ¢(Uaun) < an¢(vv$n) + (1 - O‘n)(b(U»wn)}
Qn={velC:(x,—v,Jrg— Jz,) >0},

T+l = chanIE(), n = 0, 1, e

Where J is the duality mapping on E, {r,} C [a,00) for some a > 0, {a,},
{Bn}, {7} are sequences in [0,1] satisfying the following restrictions:
(Z') O‘n+ﬁn+’7n =1
(#1) liminf 3, > 0, liminf ~, > 0.
n—oo n—oo
Then, {x,} converges strongly to llpxzq, where I is the generalized projection
of E onto F'.

Proof. In Theorem 3.1, let &, = 1, then 2z, = z, and y, = J Y a,Jz, +
BndTxy, + v JSxy). The set C), reduced to the set C), in [11] and since our

proof is different from [11], so the condition lim inf v, 8, > 0, lim inf a7y, > 0

can be replaced by our condition (iz). Our @, can be replaced by C, without
affecting the main result. O

Corollary 3.2. Let E be a uniformly smooth and uniformly conver Banach
space, and let C' be a nonempty closed convex subset of E. Let f : CxC — R be
a functional , satisfying (A1)-(A4) and let S be a closed quasi-p-nonexpansive
mapping from C' into itself such that F = F(S)NEP(f) # 0. Let {x,} be a
sequence generated by

Vo € C,

yn = J HanJzn + (1 — ay)J Sy,
un6Cas't',f(unay)+%<y_una<]un_Jyn>207 VyeC
Co = {0 € C: p(0,un) < (0, 2))
Qn={veC:{xy,—v,Jrg— Jx,) >0},

Tn+1 :chan(E(), n=20,1,...

Where J is the duality mapping on E, {r,} C [a,o0) for some a > 0, {ay,} are

sequences in [0, 1] satisfying the restriction: limsup oy, < 1. If S is uniformly
n—oo
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continuous, Then {x,} converges strongly to pxy, where Il is the generalized
projection of E onto F'.

Proof. In Corollary 3.1, let T' = I, the identity mapping, then combining with
Theorem 3.1, we have the desired result. Il

Corollary 3.3. Let E be a uniformly smooth and uniformly conver Banach
space, and let C' be a nonempty closed convex subset of E. Let f : CxC — R be
a functional , satisfying (A1)-(A4) and let S be a closed quasi-p-nonexpansive
mappings from C into itself such that F = F(S) N EP(f) # 0. Let {x,} be a
sequence generated by

( Vg € C,

2n = J N T + (1 — &) JSxy),

yn = J YanJz, + (1 — an)JSz,),

up € Cys.t., flun,y) + %(y — Up, Jup — Jyn) >0, Vyel
Crn={v€C:9(v,up) < ang(v, ) + (1 — an)9(v, 2n) },
Qn={vel:(ry,—v,Jr— Jzx,) >0},

LTn4+1 = HCnﬁan(]a n=01,...

Where J is the duality mapping on E, {r,} C [a,00) for some a > 0, {an}
are sequences in [0, 1] satisfying the following restrictions:

(i) lim & =1,
n—oo
(i) limsup oy, < 1.
n—oo

If S is uniformly continuous.Then, {x,} converges strongly to pxy, where
[Ir is the generalized projection of E onto F'.

Proof. In Theorem3.1, let T = S, then by Theorem 3.1, we have the desired
result. O

Remark 3.1. Noticing that, Corollary 3.2, 3.3 generalize and extend the
Theorem 3.1 of [11] and Theorem 3.2 of [12] respectively. We go from relatively
nonexpansive mappings to more general quasi-¢-nonexpansive mapping; that
is we relax the strong restriction: F(S) = F(S).

Remark 3.2. In Theorem 3.1, if we set f(x,y) = 0,Vz,y € C, and r, = 1,
Vn > 1, then our Theorem offers some new conditions for the corresponding
problems discussed in [8], [9] and [10].

Remark 3.3. In Theorem 3.1, if F is a Hilbert space, then ¢(z,y) =|| x —
y ||2. All of the above results are still true which are also generalizations and
extensions of corresponding results.

Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach
space, let C be a nonempty closed convex subset of E. Let f : C x C —
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R be a functional satisfying (A1)-(A4) and Let S; : C — C be a closed
and quasi-p-nonexpansive mapping for each i € {1,2,..., N} such that F =
NN, F(S;) NEP(f) # 0. Let {z,} be a sequence generated by

(Vg € C,

N
Zn = J_l(ﬁn oJxy, + Z ant]szxn)a
1= 1

Yp = J 1 (om0 + Z aniJSizn),

=1

Up € C,s.t., flun,y) + = (y — Un, Jup, — Jyn) >0, VyeC,

Co={v € C: $(v,un) < an06(v, ) + (1 — A 0)6(v, 20},
Qn={vel:{(x,—v,Jxg— Jx,) >0},
Tn+1 :chﬂan(]v n:O,l,...,

(3.18)

where {ry} C [a,00), a is a positive real number and J is the duality mapping
on E. {anot, {ani},....{ann} are real sequences in [0,1], satisfying the
following restm'ctz'ons

(i1) hmlnfam >O Vi € {1 2,...,N}, li_>m Bno = 1.

If S; is umformly continuousVi € {1 2,...,N}, then {x,} converges strongly
to lpxg, where Ilp is the generalized projection of E onto F.

Proof. As in the proof of Theorem 3.1, we divide the proof of this theorem to
4 steps as following.

STEP 1. C,,NQ,, is closed and convex for every n € NU {0}. Similarly with
the stepl of Theorem3.1, we obtain the desired result.

STEP 2. We show that F' C C,, N Q.

Similarly with the step 2 of Theorem 3.1, we only need to show thatF' C C,.
Let w € F. From u,, = T},,y, for all n € NU {0}, By Lemma 2.6(4), we have
that T}, is quasi-¢-nonexpansive. Since .S; is also quasi-¢-nonexpansive, by
the definition of quasi-¢-nonexpansive and the convexity of || - ||* we have

d)(% Un) :¢(u> T Yn)

<¢(u, yn)
N
=¢(u, J (om0 20 + Y o iJ Sizn))
=1
N
= H U H2 _2<U, O‘n,Ot]%z + Z an,iJSiZn>
i=1
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N
+ | anodan + Y anidSizn |
=1

N
< l? —20m0(u, Jzn) =2 omi(u, JSizn)
=1
. , (3.19)
+ oo | zn 12+ o |l Sizn ||
i=1

N

San,Od)(u’ xn) + Z an7i¢(u7 Szzn)
=1

San,0¢(u7 xn) + (1 - Oén,())(Z)(U, Zn)-

Hence, we have u € C,,. This implies that
F c C,,Vn e NU{0}.

Therefore we have F' C C, N Qy,Vn € N U {0}. This means that {x,} is
well-defined. Similarly with the step 2 of Theorem 3.1 {z,,} and {S;z,} are
bounded and the limit of {¢(zp,x0)} exists. From z,, = Ilg,zo and Lemma
2.1, we also have

¢(xn+1a .In) :¢('In+1v HQan)
<é(Tnt1,20) — ¢(lg, 0, T0) (3.20)
=d(Tnt1,%0) — ¢(Tn, To)

Vn € NU{0}. This means that

lim ¢(zpt1,2,) =0. (3.21)

n—oo

It follows from Lemma 2.3 that x, — z,, — 0 as n — oo. Hence {z,} is a
Cauchy sequence. Since F is a Banach space and C' is closed and convex, one
can assume that x, — p as n — oo.

STEP 3. We show that p € F.
Firstly, p € ﬂf\LlF(Si). From x,41 = Ilg,ng,z0 € Cp and 7)., is quasi-¢-
nonexpansive, we have

¢(xn+17un) - d)(fzn—&-luTrnyn) < ¢($n+l7?/n)
< an,Od)(xn—&-la xn) + (1 - an,O)QZ)(l‘n—&-lv Zn)7 Vn e NU {0}
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Then by the convexity of || - [|2. We obtain

N
¢(xn+17 Zn) = ¢(xn+17 Jil (/Bn,Oan + Z ﬂn,zJSzxn))
=1

N
=l g1 1* =2(@ns1, BT Tn + D Bnid Siten)
i=1
N

+ H ﬁn,Oan + Zﬂn,zjszxn ||2
=1

N
SH Tn+1 ”2 _2/8n,0<mn+1a J$n> -2 Zﬁn,i<xn+la JS?,:ETL>
=1

| Sizn |I?

N
+Bn,0 H TIn ||2 +Zﬁn,z
=1

N
= /Bn,OQS(xn—‘rlv xn) + Z /Bn,i(b(:rn—i—ly Szxn)

=1

Since lim (3,0 =1 and (3.21), we have
n—oo

ILm &(Tn+1,2n) = 0. (3.22)
So, we have
lim A(Tps1,yn) = le d(Tpt1,upn) =0. (3.23)

From (3.21)-(3.23), by Lemma 2.3, we obtain

Jim [ zny =g || = lm [ 2pg0 = 20 (= T ]2 =y | 1)
= lim || zp41 —un ||=0.
n—o0

Since J is uniformly norm-to-norm continuous on bounded sets we have

i || Jaggr — T = lim | T s — Ty = 0.

And since
I @n =z [|<|| Zn1 — 20 || 4+ | Zngr — 20 ],
| Zn = yn < 2npr — 20 | + [ 2nsr —wn |,
| Zn —un < Zpg1 — 20 || + | Zg1 — us || -

It follows from (3.24) that

lim ||z, — 2, ||= lim || 2p —yn ||= lim || 2, —u, [|=0. (3.25)
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Hence by z,, — p, we obtain, u,, — p. Noticing that

N
| Jons1 = Jyn || =[| Jons1 — (oo zn + Z On,iJ Sizn) ||
i=1

N
:H an,O(an—l-l —Jry) + Zan,z’(t]$n+1 - JSizn) H
i=1
N
> ani | Jenes = ISizn || —ano || Jon — Jeni |-

i=1

We have that

1
| Joni1 — JSizn [|< o (I Jzn = Jyn || +ompo || Jon = Jonia [])-

n,t

Since liminf o, ; > 0, it follows that
n—oo

lim || Jopi1 — JSizn [|=0, Vie{l,2,...,N}.

n—o0

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we
obtain

lim || zpy1 — Sizn [|=0, Vie{l,2,...,N}. (3.26)

n—oo

It follows that

| 20 — Sizn || <l Tn — Tpi1 | + || Tny1 — Siza ||
+ || Sizn — Sixy ||, Vi€ {1,2,...,N}.

Since S; is uniformly continuous. It follows from (3.24)-(3.26) that ILm I
Sixn — xyn ||= 0. From the closeness of S;, one has p € ﬂiJLF(SZ-).

Next, we show p € EP(f). Putting u,, = Ty, yn, let u € EP(f), from (3.19),
we have

N

¢(ua Un) < an,0¢(ua $n) + Z an,i)¢(ua Szzn)
i=1

< an,0¢(uv xn) + (1 - an,0)¢(ua Zn)-

(3.27)
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And since

N
¢(U, Zn) :¢(u, J_l (ﬁn,Oan + Z Bn,lJSzxn))

=1

N
= || w* =2(u, BuoJzn + D Bnid Sin)

i=1

N
+ H Bn,(]']xn + Zﬁn,ijsixn H2

=1
N (3.28)
<l =2Bn0(u, Jzn) =2 Builu, JSizn)
=1
N
+ B0 | @n 17+ B || Siwn |I?
=1

N
=Bn0®(t, 2n) + Y Bnit(u, Sin)
i=1

S¢(U, .CCn)
So, from (3.27) and (3.28), we have
d(u, un) < d(u, zn).

Since

¢<u7xn) - ¢(u7un)

:H In H2 - H Up, ”2 _2<u7 Jx, — JUn)
<z 17 = 1 wn 17 =2(u, J2n — Jun)
< zn |l =T un Il (Tzn |+ T un )+ 21wl Jzn — Jus |

<l @n = un | (I 2 |+ un ) + 2 [ wll] Jon = Jun |-
From (3.25) we have
lim (¢(u, zp) — ¢(u,uy,)) = 0. (3.29)

n—oo

From u, =T}, yn, Lemma 2.7 , we have

¢(Un, Yn) = O(Tr, Y Yn)
< d(u,yn) — d(u, Ty, yn)
< and(u, o) + (1 — an)d(u, zn) — ¢(u, Tr, yn)
< and(u, o) + (1 — an)d(u, zn) — o(u, Tr, yn)
= ¢(u, Tp) — d(u, up).



384 Baoqing Liu and Congjun Zhang

So,we have
lim ¢(up,yn) = 0.
n—o0
Since E is uniformly convex and smooth, we have from Lemma 2.3 that

Jim || un —yn [|=0. (3.30)

Then, similarly with the proof of the step 3 of theorem 3.1, we have p € EP(f).
This shows that p € F.

STEP 4. We show that p = Ilpxg. From z, = Ilg,xo, one sees
(xy, — 2z, Jxg — Jxp) >0, Vz € Q.
Since F' C @, for each n > 1, we have
(xn — z,Jxg — Jxp) >0, Vz€F.
By taking the limit, one has
(p—2z,Jxg—Jp) >0, VzeQn.
In view of Lemma 2.2, we obtain p = [Ipxzy. This completes the proof. O

For a special case that N = 2, we can obtain the following results on a pair
of quasi-¢-nonexpansive mappings immediately from Theorem 3.2.

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach
space, and let C' be a nonempty closed convex subset of E. Let f:C x C —
R be a functional, satisfying (A1)-(A4) and let S,T be two closed quasi-¢-
nonexpansive mappings from C into itself such that F' = F(S) N F(T) N
EP(f) # 0. Let {x,} be a sequence generated by

( Vg € C,

2p = J YTy + Ty + 0, JST0),

Yn = J_l(Osz.Z‘n + BndTzn + ’}/nJSZn),

un € Cys.t., f(un,y) + %(y — Up, Jup — Jyn) >0, VyeC,
Cn = {U €C: ¢(U, un) < an¢(vaxn) + (1 - an)¢(v7 Zn)}7
Qn={veC:(xy,—v,Jug— Jz,) > 0},

Tne1 = le,ng,ro, n=0,1,....

Where J is the duality mapping on E, {r,} C [a,00) for some a > 0, {ay},
{6}, {m}, {&}, {nn} and {6, } are sequences in [0, 1] satisfying the following
restrictions:

(Z) n + B+ = 1;

(”) fn + Mn + On = 1;

(19i) lim &, = 1,liminf 3, > 0, liminf~,, > 0.

n—oQ n—oo n—oo

If S, T is uniformly continuous, Then, {x,} converges strongly to IIrz(, where
IIr is the generalized projection of F onto F'.
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Remark 3.4. If we set 8,0 = 1 in Theorem 3.2 and don’t consider the
framework of spaces, then our result generalizes and extends Theorem 2.1 of
[11]. We give new conditions which are different from [11] to get the desired
result.
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