Nonlinear Functional Analysis and Applications
Vol. 16, No. 3 (2011), pp. 387-399

http://nfaa.kyungnam.ac.kr/jour-nfaa.htm
Copyright © 2011 Kyungnam University Press

COMMON FIXED POINT THEOREMS IN GENERALIZED
ORDERED CONE METRIC SPACES

Shenghua Wang' and Moon Sook Park?

'School of Mathematics and Physics

North China Electric Power University, Baoding 071003, China
e-mail: sheng-huawang@hotmail.com

!Department of Mathematics and the RINS

Gyeongsang National University, Jinju 660-701, Korea
e-mail: sheng-huawang@hotmail.com

2Department of Mathematics Education
Gyeongsang National University, Jinju 660-701, Korea

Abstract. In this paper, we introduce the concept of generalized cone metric space and
give some propositions on the concept. Then we prove several common fixed point theorems

for a pair of mappings in generalized ordered cone metric spaces.

1. INTRODUCTION

Let F be a Banach space and P a subset of . P is called a cone if and
only if

(a) P is closed, nonempty and P # {0};

(b) a,b € R with a,b,> 0, x,y € P = ax + by € P;

(c) PN (=P)={0}.

For any cone P, a partial order < with respect to P is defined by z < y if
and only if y — x € P. While x <« y will stand for y — x € int P, where int P
denotes the interior of P. A cone P is called normal if there exists a number
K > 0 such that

0=xz=y = [z <Kyl
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for all z,y € E. The least positive number K satisfying the above condition
is called the normal constant of P.
In 2007, Huang and Zhang [5] introduced a concept called cone metric space:

Definition 1.1 ([5]). Let X be a nonempty set. Suppose that the mapping
d: X x X = F satisfies:

(al) 0 2 d(z,y) for all xz,y € X and d(x,y) =0 if and only if x = y;
(a2) d(z,y) = d(y,z) for all z,y € X;
(a3) d(z,y) 2 d(x,z) +d(y, z) for all x,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space.

It is easy to see that a cone metric is a general metric space if E = R and
P = R*™. Hence, the concept of a cone metric space is more general than
the one of a metric space. Since the concept of cone metric was introduced
by Huang and Zhang [5], many fixed point theorems have been proved for
mappings on normal or non-normal cone metric spaces (see, for example, [2-7]
and references contained therein). Recently, some existence theorems of fixed
points in ordered cone metric space were investigated by many authors (see,
for example, [8-10]). In [3], Altun and Durmaz gave the following theorem:

Theorem 1.2 ([3]). Let (X,C) be a partially ordered set and let d be a cone
metric on X (defined over a normal cone P with the normal constant K ) such
that (X, d) is a complete cone metric space. Let f : X — X be a continuous
and nondecreasing mapping with respect to T. Suppose that the following
conditions hold:

(a) there exists k € (0,1) such that d(fx, fy) 2 kd(x,y) for all x,y € X
with y C x;

(b) there exists xg € X such that xo C fxg.
Then f has a fixed point x* € X.

Let (X,C) be a partially ordered set and f,g : X — X be two self-maps.
The pair (f,g) is said to be weakly increasing w.r.t. C if fz T gfx and
gr C fgx for all x € X. f is called g-nondecreasing if for all z,y € X with
gxr C gy, then fz C fy. f and g are called weakly compatible if for all x € X
with fz = gz, then fgz = gfz. A sequence {z,} in X is called nondecreasing
ifey Cag C--- Ca, C -+, In [4], Altun, Damnjanovié¢ and Djorié¢ proved
the following theorem:

Theorem 1.3 ([4]). Let (X,C) be a partially ordered set and let d be a cone
metric on X (defined over a cone P with int P # 0) such that (X,d) is a
complete cone metric space. Let f,g : X — X be self-mappings such that
(f,9) is a weakly increasing pair with respect to C. Suppose that the following
conditions hold:
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(a) there exist o, B,y > 0 such that o+ 28 + 2y < 1 and

d(fx, gy) 2 ad(z,y) + Bld(z, fz) + d(y, gy)] + y[d(z, gy) + d(y, )]
for all comparable r,y € X;

(b) f or g is continuous or

(b") if a nondecreasing sequence {xy,} converges to x € X, then x, C x for
all n.

Then f and g have a common fized point x* € X.

Very recently, Kadelburg, Pavlovi¢ and Radenovié¢ [6] extended Theorem
1.3 and obtained the following result:

Theorem 1.4 ([6]). Let (X,C,d) be an ordered complete cone metric space.
Let (f,g) be weakly increasing pair of self-mappings on X with respect to C.
Suppose that the following conditions hold:

(a) there exist p,q,r,s,t > 0 satisfyingp+q+r+s+t<1andqg=r or
s =t, such that
d(fx, gy) 2 pd(z,y) + qd(z, fx) + rd(y, gy) + sd(z, gy) + td(y, fz)
for all comparable x,y € X;

(b) f or g is continuous or

(b") if a nondecreasing sequence {x,} converges to x € X, then x,, C x for
alln > 1.

Then f and g have a common fized point x* € X.

In 2006, Mustafa and Sims [10] introduced a new concept called G-metric
space which is a generalization of ordinary metric space.

Definition 1.5 ([10]). Let X be a nonempty set and G : X3 — [0,00) be a
function. Then G is called a G-metric if for oll x,y,z,a € X, the following
hold:

(gl) 0 =2 G(x,y,2) =0 if and only if t =y = z;

(g2) G(z,y,2) = G(z,2z,y) = G(y,z,x) = --- (- symmetry in all three
variables);

(g3) G(z,y,2) % G(z,a,a) + G(a,y,z) for all x,y,z,a € X (: rectangle
inequality).
The pair (X, G) is called a generalized metric space.

Some existence theorems of fixed points in G-metric space were obtained
(see, for example, [11-14]).
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In this paper, we introduce a concept called generalized cone metric space
that is a generalization of G-metric space of Mustafa and Sims [10], and prove
some fixed point theorems in ordered generalized cone metric space.

2. PRELIMINARIES

Now, in this section, we give some definitions and lemmas for the main
results in this paper.

Definition 2.1. Let X be a nonempty set and P be a cone on a real Banach
space E. Suppose that the mapping D : X x X x X — P satisfies the following
conditions:

(d1) 0 < D(x,y,z) =0 if and only if z = y = z;

(d2) D(z,y,z) = D(z,z,y) = D(y,z,2) = --- (: symmetry in all three
variables);

(d3) D(z,y,z) =< D(z,a,a) + D(a,y,z) for all z,y,z,a € X (: rectangle
inequality).
Then D is called a generalized cone metric and the pair (X, D) is called a
generalized cone metric space.

Example 2.2. Let E = R2 P = {(z,y) € E : z,y > 0}, X = [0,1] and
D(z,y,z) = (max{|z — yl|, |y — 2|, |z — 2|},0). Then (X, D) is a generalized
melric space.
Example 2.3. Let E=R? P = {(z,y) € E:z,y >0}, X = [0,1] and define
the function D : X x X x X — F by

D("'Ij7 y7 Z) = (07 max{x7 y7 Z})7 vl‘, y7 z G X7

where

|0, if x =y=z2,
maz{z,y, 2} = { max{z,y,z} else.

It is easy to check that D satisfies (d1)-(d3) and hence (X, D) is a generalized
cone metric space.

Example 2.4. Let (X,d) be an ordinary cone metric space. Then (X, D)is a
generalized cone metric space, where

Example 2.4 shows that an ordinary cone metric space can define a gen-
eralized cone metric space. Conversely, an ordinary cone metric also can be
obtained by a generalized cone metric. In fact, if (X, D) is a generalized cone
metric space, then an ordinary cone metric (X, d) can be defined by

d(r,y) = D(z,y,y) + D(y,z,z), Vz,y€ X.
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It is easy to check that d satisfies the definition of an ordinary cone metric.

Proposition 2.5. Let (X, D) be a generalized cone metric. For all x,y,z,a €
X, the following hold:

(p1) D(z,y,y) = 2D(y, z,x);
(p2) D(z,y,2) X D(z,a,a) + D(y,a,a) + D(z,a,a);
(p3) D(z,y,2) = 2[D(z,y,y) + D(z,2,2)];

Proof. 1t follows from (d2) and (d3) that
D(z,y,y) = D(y,z,y) < D(y,xz,x) + D(z,x,y) = 2D(z,x,y).
Hence (pl) holds. For (p2), by (d2) and (d3), we have
D(z,y,z) =< D(z,a,a)+ D(y,a,z)
< D(z,a,a)+ D(y,a,a) + D(a,a,z)

= D(z,a,a) + D(y,a,a)+ D(z,a,a).

For (p3), By (d3) and (pl), we get

D(x,y,z) = D(z,y,y)+ D(2,9,y)
= D(z,y,y) + D(z,z,2) + D(x,y,y)
= 2[D(z,y,y) + D(z, z,2)].
O

Definition 2.6. Let (X, D) be a generalized cone metric space. Let {z,} be
a sequence in X and x € X. If for every ¢ € E with 0 < ¢, there exists a
positive integer N such that, for all m,n > N, D(z,x,, zm) < ¢, then {z,}
is said to be convergent to x. Write x,, — x or lim,, o x, = .

Lemma 2.7. Let (X, D) be a generalized cone metric space and P be a normal
cone with normal constant K. Let {x,} be a sequence in X and x € X. Then
{zn} converges to x if and only if D(x,zn,x,) — 0 or D(z,x,2,) — 0 as
n — oo.

Proof. Suppose that {z,} converges to z. For any real number € > 0, choose
c € E with 0 < ¢ and K||c|| < e. Since z,, = = as n — oo, there exists a
positive integer N such that, for all n > N, D(x, z,,z,) < ¢, which implies
that D(z,zp,x,) — 0 as n — oo. It follows from (pl) that D(z,z,x,) =
2D(z, xp, xy). Hence D(x,z,z,) — 0 as n — oo.

Conversely, suppose that D(z,z,,x,) — 0 as n — oo. For all ¢ € E with
0 < ¢, there exists r > 0 such that, for any y with [|y|| < r, one has y < 3c.
Since D(z, xy,, xy) — 0 as n — oo, there exists a positive integer N such that

|D(z, xpn, xn)|| <
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for all n > N, which implies
1
D(z,xn,x,) < =c

2
for all n > N. It follows from (p3) that

D(z,xp, xm) = 2[D(x, pn, xn) + D(x, Ty, )]

Hence, for all n,m > N, one has D(x,xzy,z,) < c¢. This shows that {z,}
converges to z. Noting that, by (pl), we have

D(z,xp,xy) = 2D(x,x,2y)

and hence we can conclude that {z,} converges to z from D(z,z,x,) — 0 as
n — 0. O

Lemma 2.8. Let (X, D) be a generalized cone metric space, P is a normal
cone with normal constant K. Let {x,} be a sequence in X. If {x,} is
convergent, then the limit point of {xy,} is unique.

Proof. Assume that there exist x € F and y € F such that x, — = and
Tn — y. We prove that £ = y. From Lemma 2.7, for any ¢ € E with 0 < c,
there is a positive integer N such that, for all n > N, D(x,z,,x,) < ¢ and
D(zp,y,y) < c. It follows (d3) of Definition 2.1 that

D(z,y,y) < D(x,2p, n) + D(zn,y,y) < 2c.
Since c is arbitrary, one has D(z,y,y) = 0. This shows that x = y. O
Definition 2.9. Let (X, D) be a generalized cone metric space and {z,} be a
sequence in X. For any ¢ € F with 0 < ¢, if there exists a positive integer N

such that, for all m,n,l > N, D(zy,, zn,x;) < ¢, then {x,} is called a Cauchy
sequence in X.

Definition 2.10. Let (X, D) be a generalized cone metric space. If every
Cauchy sequence in X is convergent, then (X, D) is called a complete gener-
alized cone metric space.

Lemma 2.11. Let (X, D) be a generalized cone metric space and P be a cone
with non-empty interior. Let {xy,} be a sequence in X. Then {xy} is a Cauchy
sequence if and only if D(zp, n,x;) = 0 as m,n,l — oo.

Proof. The necessity is obvious by the Definition 2.9. Now, we prove the
sufficiency. Suppose that 0 < ¢ is arbitrary. Since ¢ € int P, there exists a
neighborhood of 0,

Ns(0) ={y € E: |yl <6}, § >0,

such that ¢ 4+ Ns(0) C int P. Since D(zy,, zpn,x;) — 0 as m,n,l — oo, there
exists a natural number N such that

| = D(@m, zn, x1)|| < 0.
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Then —D(xy,, Ty, x;) € N5(0) for all m,n,l > N. Hence ¢ — D(xy, xp,x;) €
¢+ N;s(0) C int P. Thus we have

D(zp, xn, 1) < ¢, Y m,n,l>N.

This shows that {z,} is a Cauchy sequence. O

3. MAIN RESULTS

In this section, we denote the set of all positive integers by N and Ny =
N U {0}. The following are the main results of this paper.

Theorem 3.1. Let (X,C, D) be an ordered complete generalized and normal
cone metric space with a cone P with non-empty interior. Let (S,T) be a
weakly increasing pair of self-mappings on X with respect to C. Suppose that
there exist a,b,c,d,e > 0 witha+b+c+d+e < i such that

D(Sz, Ty, Ty) = aD(z,y,y) +bD(z,Sz,Sx)+ cD(y, Ty, Ty)

+dD(z,Ty,Ty) + eD(y, Sz, Sx) (3:1)

for all comparable x,y € X. If S or T is continuous, then S and T have a
common fixed point in X.

Proof. Let xg € X be an arbitrary point. Define a sequence {x,} by x2,4+1 =
Sxon and wopto = Txonsy for all n € Ny. Using that the pair of mappings
(S,T) is weakly increasing, it can be easily shown that the sequence {xz,} is
nondecreasing with respect to C, ie, 2 T 21 C - - Caxp T axpp1 E -0 In
particular, xo, and za,41 are comparable and so, if we apply (d3) and (3.1),
then we obtain

D(x2n11, Tont2, Tany2)

D(Szon, Txont1, TT2n+41)

aD(xon, Tont1, Tant1) + bD(xon, STon, S2y,)
+eD(xon i1, Txop g1, To2n41)

+dD(xon, Txont1, TTont1) + eD(x2n11, Sxon, Sxap)
aD(xon, Tont1, Tant1) + 0D (Ton, Tont1, Tont1)
+cD(22n 41, T2n42, T2n42)

+dD(x2p, Tant2, Tant2) + €D(Tan+1, Tan+1, T2nt+1)
aD(zon, Ton+1, Tont1) + 0D (Ton, Tont1, Tont1)
+cD(Tan+1, Tan42, Tant2)

+d[D(T2n, T2nt1, T2nt1) + D(T2n 41, Tony2, Tant2)]

LA

PN

This shows

(1 — ¢ —d)D(w2n+1, Tan+2, T2n+2) = (a + b+ d)D(22n, T2n+1, T2n+1),
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at+b+d
D(z2n+1, Tan+2, T2n+2) ] D(xon, on+1, Tont1)- (3.2)

<
“1—(c+d

Similarly, by (d3) and Proposition (pl), we have

I TA

IN

PN

D(xon42, Tant3, Tant3)

2D(x2043, T2n+2, T2n42)

2D (Sxon2, TTont1, TTont1)

2aD(x2n+2, Tont1, Tant+1) + 20D (z2n42, STont2, STant2)
+2¢D(x2p41, Twont1, TTon41)

+2dD(xon42, TTont1, Txons1) + 2eD(Ton41, STont2, STont2)
4aD(x2n+1, Tan+2, Tont+2) + 20D (xon+2, Tants, Tant3)b
+2¢D(T2n+1, Ton+2, Tant2) + 2D (Ton+1, Tont3, Tan+3)
4aD(xon+1, Tant2, Tont2) + 20D (xon+2, Tant3, Toan+3)
+2¢D(x2141, Tont25 T2n42)

+2e[D(Ton+1, Tan+2, Tant2) + D(on42, Tont3, Tan+3)].

This shows

D(x2n12, Tont3, Tant3) =

4a + 2¢c + 2e

1-20b+e) . (33
T30t o) Dt T, Tnga). (33)

Thus it follows from (3.2) and (3.3) that

D(xon+2, Ton+3, Tan+3)

<4@—}—20—}—2(3 a+b+d
~1-2(b+e) 1—(c+d

] D(xon, Ton+t1, Tan+1)-

(3.4)
Now, by (3.2), (3.4) and induction, we get
D(x2n41, Tant2, Tant2)
b+d
= 1a_JEcid) D(x2n, T2n+1, T2n+1)
a+b+d | 4a42c4+2e | _atb+d
S 1o(erd) | 1-2(64¢) 1_(c+d)D(x2nf2v5521%1"”2%1)
atbtd (dat2c+2e | atbtd \"p
S 2 e 120t 1—(c+d)) (w0, 21, 21)
and
da42c+2
D(z2n+2, T2n+3, Tants) = %D(wznﬂ, L2012, T2n+2)
n+1
4a+2c+2e | _a+b+d
= = <172(b+e) lf(chd)) D(xo,x1,21).

Let A = datletle ) B — atbtd Sincea+b+c+d+e<i,onehas

1—-2(b+e) 1—(c+d)

da+2b+2c+4e<1, a+b+c+2d<1.
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Hence AB < 1. Now, for n < m, by (d3), we have

D(2on+1, 2m+1, T2m+1)

= D(z2n+1, Ton+t2, Tant2) + D(T2nt2, om+1, L2m+1)
= D(Zon+1, Ton+t2, Tant2) + D(Zont2, Tont3, T2n43)

+D (22043, T2m+1, T2m+1)
= D(x2n+1, Ton+2, Ton+2) + D(T2n42, T2nt3, T2n+3)

+D (22143, Tam+1, T2m+1) + - -+ + D(T2m, Tam+1, Tam+1)
= (AXISNAB) + Y, 1 (AB)) Dlxo, a1, 1)

A(AB)™ B)n+1

=< (4255 + 52 ) Clav, o1, )

= (1+ B)Al(ffgnD(a:o,xl,xl).

Similarly, we get

(AB)"

1-AB
(AB)"
1-AB

D(zon, Zom+1, Tamt1) = (1 4+ A) D(xg,z1,21),

D(xon, Tom, Tam) = (1 4+ A) D(xo,z1,x1)

and
A(AB)"

D(x2n+17x2m7x2m) = (1 + B)m

D(.QZ(), I, 371).

Hence, for n < m, one has

D(xp, T, Tm) = max{(l—l—B)’L‘l(ff]);,(l—I—A)(l’ii);}D(xo,wl,xl)

= )\nD(xo, X1, 331),

where A\, — 0 as n — oo, which implies

D(xp, Ty, ) = 0 (Mm,n — 00). (3.5)
It follows from (d3) that, for any n,m,l € N,
D(xy, m, 1) = D(xn, Tm, Tm) + D(21, T,y T (3.6)

Thus, by (3.5) and (3.6), we get

lim  D(xp,xm,x) =0,
m,n,l—o0
which implies that {x,} is a Cauchy sequence in X. Since (X, D) is complete,
there exists #* € X such that x,, — z* as n — oo.
Suppose that S is a continuous mapping. then we have that Sxo, — Sz*
as n — o0o. Since Sxo, = Topt1 — =¥ as n — 0o, we have Sz* = z*. Now,
since x* C z*, by (3.1), we have

D(Sz*,Tx*,Tx*) =< aD(z* z* z*) 4+ bD(z*, Sz*, Sx*) + cD(z*, Tx*, Tx*)
+dD(x*, Tx*, Tx*) + eD(x*, Sx*, Sx*).
(3.7)
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Since Sz* = z*, (3.7) implies that

D(z*,Tx*, Tx*) =< (c+d)D(x*, Tx*, Tx").
Since ¢+ d < 1, it follows that Tx* = z*. Hence z* is a common fixed point
of S and T.

The proof is similar when 7" is a continuous mapping. This completes the
proof. O

Corollary 3.2. Let (X,C, D) be an ordered complete generalized and normal
cone metric space with a cone P with non-empty interior. Let S : X — X
be a self-mapping such that x © Sz for all x € X. Suppose that there exist
a,b,c,d,e >0 witha+b+c+d+e< i such that

D(S™x,S™y,S™y) =< aD(z,y,y)+ bD(x,S"x,S"x) + cD(y, S™y, S"y)
+dD(z, S"x, S"x) + dD(y, S™y, S™y)
for somem,n € N withm <n and all comparable x,y € X. If S is continuous,

then S has a fixed point in X.

Proof. The desired result follows from Theorem 3.1 by putting S™ = S and
St=T. O

Corollary 3.3. Let (X,C, D) be an ordered complete generalized and normal
cone metric space with a cone P with non-empty interior. Let S : X — X
be a self-mapping such that x © Sz for all x € X. Suppose that there exist
a,b,c,d,e >0 witha+b+c+d+e< i such that

D(Sz,Sy,Sy) = aD(z,y,y)+bD(z, Sz, 5x) + cD(y, Sy, Sy)
+dD(x, Sz, Sz) + dD(y, Sy, Sy)
for all comparable x,y € X. If S is continuous, then S has a fized point in X.
Proof. The desired result follows from Corollary 3.3 by puttingm =n=1. O

Theorem 3.4. Let (X,C, D) be an ordered complete generalized and normal
cone metric space with a cone P with non-empty interior. Let (S,T) be two
self-mappings on X such that there exists a point xo € X with Txg E Sxg.
Suppose that S and T satisfy

D(Sz, Sy, Sy) X kD(Tx, Ty, Ty) (3.8)
for all x,y € X satisfying Tx T Ty, where k € (0,1). Assume that the
following conditions hold:

(a) T(X) is closed in X;
(b) S is T-nondecreasing and S(X) C T(X);

(c) if {Txn} is a nondecreasing sequence and converges to a point Tz, then
Te, °TTz and Tz CETTz.
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Then S and T have a coincidence point. Further, if S and T are weakly
compatible, then they have a common fixed point in X.

Proof. Let g € X be an given point. Since S(X) C T'(X), we can construct
a sequence {x,} satisfying Sz, = Tx,+1 with the initial point zg. Since
Txog C Sxg =Tz and S is T-nondecreasing, we have

Szg C Szy - C Swp C Swpyg E -
and
Ty ETag E - ETap ETxpyo E -
Now, by (3.8), we obtain

D(Szy, Stpi1,Stnt1) =X kD(Txp, Txpi1, Tani1)
= kD(Szp—1,STn, Sxy)

and so it follows that

D(Szy, Stpt1, STpni1) 2 k" D(Sxo, Sz1, Sz1),
for all n > 1. For m,n € N with m > n, by (d3), one has

D(Szy, ST, STm) D(Szy, Stpi1, Stnt1) + D(Sxni1, ST, Stim)

D(Szy, Stpt1, Stnt1) + D(Sxpi1, Stpyo, STpio)
+D(Szpt2, STm, STm)
D(Sl‘na an+la Swn+1) + D(an+la an+27 anJrZ)
+--+ D(Szpm—1,STm, Sty)
(K" + k"t 4o BN D(Swg, Sz1, ST1)
%D(Sazo,Swl,Sz‘l) —0 as m — oc.

LA TA

PN

A TA

It follows from (d3) that, for all n,m,l € N,
D(Szy, Stpm, Sx;) = D(Sxpn, ST, STm) + D(STp, STm, Sz1) — 0,

as n,m,l — oco. This shows that {Sz,} is a Cauchy sequence in X and so is
{T'z,}. Since (X, D) is complete and T'X is closed, there exists * € X such
that T'xz,, — Tx* as n — oo and, also, Sx,, — Tz* as n — oc.
Next, we prove that Sz* = Tz*. By (c), we have Tz, C T'z* and further
from (3.8) we get
D(Sxy, Sz*,Sx™) < kD(Tx,, Tx*,Tz*) - 0 (n— 00).

This shows that Sz, — Sx* as n — oco. Hence Sx* = Tx*, that is, the point
x* is a coincidence point of two mappings S and 7.
Now, suppose that S and T are weakly compatible. Then

STz* =TSax* = SSx* =TTx".
By the assumption (c), Tz* C TTz* and it from (3.8) follows get
D(Sz*,STx*,STz*) R kD(Tz*,TTx*,TTx") = kD(Sz*, STxz*, STx").
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This shows that D(Sz*, STx*, STz*) = 0 and hence Sz* = STz* = SSx*,
which implies that Sx* is a fixed point of S. Since Tz* = Sx* and SSz* =
TTz*, we have Txz* = TTx*, which implies that Tx* is a fixed point of T'.
Therefore, Sx* = Tx* is a common fixed point of S and T'. This completes
the proof. O

Example 3.5. Let X = [0,1] and the order relation T be defined by
xCy <= {(z=y)or (z,y€l0,1] with z <y)}.
Let E = (—00,00), P =[0,00) and define the mappings S,T : X — X by
1

S(x) = 5% T(x)=2z, VxelX.

Let D : X x X x X — FE be a function as defined in Example 2.3. Take
ke (%, 1). It is easy to check that all the conditions on S and T are satisfied.
Further, * =0 is a common fized point of S and T.

Corollary 3.6. Let (X,C, D) be an ordered complete generalized and normal
cone metric space with a cone P with non-empty interior. Let S be a self-
mappings on X such that there exists a point xg € X with xo C Sxg. Suppose
that the mapping S satisfies the following:

D(Sw, Sy, Sy) < kD(z,y,y)

for all x,y € X satisfying x C y, where k € (0,1). Assume that the following
conditions hold:

(a) S is nondecreasing;

(b) if {xn} C X is a nondecreasing sequence and converges to a point z € X,
then x, C z.

Then S has a fized point in X.

Proof. The desired result is obtained directly from Theorem 3.4 by setting
T = I, where I is the identity mapping on X. O

REFERENCES

[1] M. Abbas and G. Jungck, Common fized point results for noncommuting mappings
without continuity in cone metric spaces, J. Math. anal. Appl. 341 (2008), 416-420.

[2] M. Abbas, B. E. Rhoades and T. Nazir, Common fized points for four maps in cone
metric spaces, Appl. Math. Comp. 216 (2010), 80-86.

[3] I. Altun and G. Durmaz, Some fized point theorems on ordered cone metric spaces,
Rend. Circ. Mat. Palermo. 58 (2009), 319-325.

[4] I. Altun, B. Damnjanovié, D. Djorié, Fized point and common fized theorems on ordered
cone metric space, Appl. Math. Lett. (2009) doi:10.1016/j.am1.2009.09.16.

[5] L. G. Huang and X. Zhang, Cone metric spaces and fized point theorems of contractive
mappings, J. Math. Anal. Appl. 332 (2007), 1468-1476.



[6]

[10]

[11]

[12]
[13]

[14]

Fixed point theorems in generalized cone metric spaces 399

Z. Kadelburg, M. Pavlovi¢ and S. Radenovié¢, Common fixed point theorems for ordered
contractions and quasicontractions in ordered cone metric spaces, Comp. Math. Appl.
(2010). doi:10.1016/j.camwa.2010.02.039.

D. lli¢ and V. Rakocevié¢, Common fized points for maps on cone metric space, J. Math.
Anal. Appl. 341 (2008), 876-882.

Z. Mustafa, H. Obiedat and F. Awawdeh,Some fized point theorem for mapping on
complete G-metric spaces, Fixed Point Theory and Applications, vol. 2008, Article ID
189870, 12 pages, 2008.

Z. Mustafa, W. Shatanawi and M. Bataineh, Fxistence of fixed point results in G-metric
spaces, Fixed Point Theory and Applications, vol. 2009, Article ID 283028, 10 pages,
2009.

Z. Mustafa and B. Sims, A new approach to generalized metric spaces , J. Nonlinear
and Convex Anal. 7 (2006), 289-297.

Z. Mustafa and B. Sims, Fized point theorems for contractive mappings in complete
G-metric spaces, Fixed Point Theory and Applications, vol. 2009, Article ID 917175, 10
pages, 2009.

S. Radenovi¢, Common fixed points under contractive conditions in cone metric spaces,
Comput. Math. Appl. 58 (2009) 1273-1278.

S. Rezapour and R. Hamlbarani, Some note on the paper cone metric spaces and fixed
point theorems of contractive mappings, J. Math. Anal. Appl. 345 (2008), 719-724.

S. Radenovi¢ and B.E. Rhoades, Fized point theorem for two non-self mappings in cone
metric spaces, Comput. Math. Appl. 57 (2009), 1701-1707.



