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Abstract. We use our new idea of recurrent functions to provide a new semilocal conver-
gence result for a Newton—type method (NTM) for solving a nonlinear operator equation in
a C-normed space setting. Using more precise majorizing sequences than before [3], [8], we
show how to expand the convergence domain of (NTM) under the same computational cost
as before [3], [8]. A numerical examples shows how to solve an equation in cases not covered

before.

1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally
unique solution z* of equation

F(x)+ G(z) =0, (1.1)

where, F, G are defined on a closed ball U(zg, R) centered at some point
xo of a Banach space X with R > 0, and with values in X. Operator F' is
differentiable, whereas the differentiability of G is not assumed.

A large number of problems in applied mathematics and also in engineering
are solved by finding the solutions of certain equations. For example, dynamic
systems are mathematically modeled by difference or differential equations,
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and their solutions usually represent the states of the systems. For the sake
of simplicity, assume that a time—invariant system is driven by the equation
& = T(z), for some suitable operator T', where x is the state. Then the equi-
librium states are determined by solving equation (1.1). Similar equations are
used in the case of discrete systems. The unknowns of engineering equations
can be functions (difference, differential, and integral equations), vectors (sys-
tems of linear or nonlinear algebraic equations), or real or complex numbers
(single algebraic equations with single unknowns). Except in special cases,
the most commonly used solution methods are iterative—when starting from
one or several initial approximations a sequence is constructed that converges
to a solution of the equation. Iteration methods are also applied for solving
optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the
same recursive structure, they can be introduced and discussed in a general
framework.
We propose the Newton—type method (NTM)

Tni1 = T — F'(20) 7! (F2n) + G(an)) (n20) (1.2)

to generate a sequence approximating x*. A survey of local as well as semilo-
cal convergence results for (NTM), under Lipschitz or Holder type continuity
conditions can be found in [3], [4], [8] (see also [1]-[21]).

This study is motivated by the elegant works in [8], [20], and optimization
considerations, where X is a real Banach space ordered by a closed convex
cone K. Note that passing from scalar majorants to vector majorants enlarges
the range of applications, since the latter uses the spectral radius which is
usually smaller than its norm used by the former.

In [3], Argyros used tighter vector majorants than before [8] and provided
under the same hypotheses:

(a) Sufficient convergence conditions which are always weaker than before.
(b) Tighter error bounds on the distances involved, and an at least as
precise information on the location of the solution x* are provided.

Some applications are also provided in [3]. In particular Argyros showed as
a special case that the famous Newton—Kantorovich hypothesis is weakened.

Here, we extend the convergence domain of (NTM) even further than [3],
[8] using our new idea of recurrent functions. Numerical examples are also
provided to show that our results apply to solve equation but not earlier ones.

2. SEMILOCAL CONVERGENCE ANALYSIS FOR (NTM)

In order to make the study as self-contained as possible we need to reintro-
duce some concepts involving K-normed spaces [3], [8], [20].
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Let X be a real Banach space ordered by a closed convex cone K. We say
that cone K is regular if every increasing sequence

AL <A <A, <
which is bounded above, converges in norm. Moreover, If

A<\ <A oand  lim A2 = lim AL = A%

n—oo n—oo

then the regularity of K implies lim A, = \*.

n—oo

Let o, 8 € X, then we define the conic segment (o, 5) = {\ : a <\ < S8}
An operator @ in X is called positive if Q(A\) € K for all A € K. Denote by
L(X, X) the space of all bounded linear operators in X, and Leym (X2, X) the
space of bilinear, symmetric, bounded operators from X? to X. Using the
standard linear isometry between L£(X?, X), and L(X, L(X, X)), we consider
the former embedded into the latter.

Let D be a linearly connected subset of K, and ¢ be a continuous operator
from D into L(X,X) or L(X,L(X,X)). We say that the line integral of ¢ is
independent of the path if for every polygonal line L in D, the line integral
depends only on the initial and final point of L. We define

r 1
/ (t) dt = / o((1—s)rg+sr)(r—rg) ds. (2.1)
o 0
We need the definition of K—normed space:
Definition 2.1. Let X be a real linear space. Then X is said to be K—normed
if opemtor] . [ X — X satisfies:

lz[ >0 (z€X);

lz[=0&2=0;
(2.2)
Juz[ =lpl]z[ (zeX peR);
Je+y[ <Jz[+ Jy[ (@yeX)
Definition 2.2. Let zg € X and r € K. Then we denote
U(zo,r) ={z € X ]z —zo| <r}. (2.3)

Using KK—norm we can define convergence on X. A sequence {y,} (n > 0)
i X is said to be

(a) convergent to a limity € X if
nh_)rgo]yn—y[:0 in X (2.4)
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and we write
(X) = lim y, = y;
n—oo

(b) a Cauchy sequence if
lim ]ym —yn[ =0.

m,n— 00
The space X is complete if every Cauchy sequence is convergent.
We use the following conditions:
F' is differentiable on the K-ball U(xg, R), and for every r € S = (0, R),
there exist positive operators wo(r), @W(r) € Lsym(X?, X) such that for all
z € X and for all z,y € U(xg,7):

J(F'(z) = F'(20)) (2)[ < wolr) (J& — o[, ]2]) (2.5)
and
J(F'(z) = F'(y)) (2)[ <@(r) (Jo —yl,]2]) (2.6)
where operators wp, @ : S — Leym(X?, X) are increasing, with wy(0) =
w(0) = 0. Moreover, the line integral of w (similarly for wp) is independent of
the path, and the same is true for the operator w : & — L(X, X") given by

w(r) = / (1) dt. (2.7)
0
Note that in general
wo(r) <w(r) forallres, (2.8)

and - can be arbitrarily large [4].
wo

The Newton—Leibniz formula holds for F on U(zg, R):
y
F) = Fly) = [ F'(2) d. (2:9)
for all segments [z,y] € U(zo, R); for every r € S there exists a positive
operator wi(r) € L(X, X) such that:
|G(z) = Gly)| Swi(r) (Jo —y[) forall z,y € U(zo,r), (2.10)

where, w1 : § = L(X, X), is increasing, w;(0) = 0, and the line integral of w;
is independent of the path;

Operator F'(zg) is invertible and satisfies:
|F'(zo)(y)[ <b]y[ forall yeX (2.11)
for some positive operator b € L(X, X).

Let
n =] F'(x0) " (F(x0) + G(z0))[. (2.12)
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Define operator f : § — & by:
fry=n+ b/ w(t) dt+b / wi(t) dt. (2.13)
0 0

Using the monotonicity of operators w, wi, we see that f is order convex,
ie, forall r, 7€ S, withr <7,

f((A=s)r+s7)<(1—s) f(r)+s f(r) forall se]l0,1]. (2.14)
We will use the following results whose proofs can be found in [8]:
Lemma 2.3. (a) If Lipschitz condition (2.6) holds then

JF (@ +y) = F'(@)) (2)[ < (wir+]y]) —w(r)(=z]) (2.15)

forallr, r+ ]yl €S8, x € U(xg,7), 2 € X.

(b) If Lipschitz condition (2.10) holds then
]yl
|Gz +y) — G(x)] < / wi (t) dt (2.16)
forallr, r+ Jy[ € S, x € U(xo,r).

Lemma 2.4. Denote by Fix(f) the set of all fized points of the operator f,
and assume:

Fix(f) # 0. (2.17)

Then there is a minimal element r* in Fix(f), which can be found by ap-
plying the method of successive approximations

r=f(r) (2.18)
with 0 as the starting point.
The set
B(f,r*)={reS: le )y =r*} (2.19)
is the attracting zone of r*.
Remark 2.5. ([8]) Let r € S. If
fir)y<r (2.20)
and
0,7y NFix(f) = {r*} (2.21)
then
0,7y C B(f,r"). (2.22)

Note that the successive approximations

Entr =0(n) (e0=71) (RnEN) (2.23)
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converges to a fixed point €* of f, satisfying 0 < s* < r. Hence, we conclude
s* = r*, which implies r € B(f,r%).
In particular, we have:
0,(1=s) r*+sr)C B(f,r) (2.24)
for every r € Fix(f), with (0,r) NFix(f) = {r*,r}, and for all X € [0,1).
In the scalar case X = R, we have
B(f,r*)=10,71U{reS r<r f(q¢)<gq, (r"<q<r)} (2.25)
We will also use the notation
E()= |J Ulzo,r). (2.26)
reB(f,r*)

Returning back to method (1.2), we consider the sequences of approxima-
tions

Tng1 =10 — (b wo(rn) —2)" (f(rn) —m) (ro =0, n>0) (2.27)
and
Tnt1 =T = (bw(Tn) =)' (f(Tn) =Tn) (o =0, n>0) (2.28)
for the majorant equation (2.18).
Lemma 2.6. ([3]) If operators
Z—buwy(r), rel0o,r) (2.29)

are invertible with positive inverses, then sequence {r,} (n > 0) given by (2.27)
s well defined for all n > 0, monotonically increasing and convergent to r*.

Remark 2.7. If equality holds in (2.8), then sequence {7,} becomes {r,}
(n > 0) and Lemma 2.6 reduces to [8, Lemma 3, p. 555].
Moreover as it can easily be seen using induction on n

Tn4+l — Tn < Thtl —Tn (2'30)

and
T < Tp (2.31)

for all n > 0. Furthermore if strict inequality holds in (2.8) so does in (2.30)
and (2.31). If {r,} (n > 0) is a majorizing sequence for method (1.2), then
(2.30) shows that the error bounds on the distances || x,4+1 — z,, || are tighter.
It turns out that this is indeed the case.

We can show the semilocal convergence theorem for method (1.2).

Theorem 2.8. Assume hypotheses (2.6), (2.7), (2.9)-(2.11), (2.17) hold,
and operators (2.29) are invertible with positive inverses.
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Then sequence {xn} (n > 0) generated by (NTM) is well defined, remains in
the K=ball U(xg,7*) for all n > 0, and converges to a solution x* of equation
(1.1) in E(r*), where E(r*) is given by (2.26).

Moreover the following error bounds hold for all n > 0:

|Znt1 — xn| < rpg1 — o, (2.32)
and
Jo* — zp[ <7 =1, (2.33)
where sequence {ry,} is given by (2.27).
Proposition 2.9. We first show (2.32) using induction onn >0 (by (2.12)).
Forn =0;
|21 — zo[ = |F'(z0) "L (F(z0) + G(x0))[ =1 =71 — 0. (2.34)
Assume:
lep — x| < rp — 11, k=1,2,---,n. (2.35)
Using (2.35) we get

— x| < Z T — Tp—1] < (rk —Tk—1) = Tn. (2.36)
k=1
Define operators Q, : X — X by
Qn = —F'(20) H(F'(2n) — F'(20)). (2.37)
By (2.5) and (2.11) we get
QuA = TF(a0)™ (F/(an) ~ F'(a0))(2)] 2.35)
< B (F'(zn) — F'(0))(2)[< b wo(ra)(]2]), '
and
JQL(2)[ < (bwol(ra))'(J2]) (12 1). (2.39)
Hence
Z Z (b wo(rn))* (J2])- (2.40)
i=0 §=0

That is, series ZQ%(Z‘) 1s convergent in X. Hence operator T — Qy, is in-

=0

(T = Q)M () < (T = bwo(ra)) ™" (2] (2.41)
Operator F'(xy,) is invertible for all n > 0, since F'(x,) = F'(x0) (Z — Qn),
and for all x € X we have:

JF () " ()]

vertible, and

(T = Qn)™" F'(zo) " (a)]
(Z = bwo(rn))” 1(]F’ z0) " ()]) (2.42)
(Z = b wo(rn))~H (b J[).

INIA I
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Using (2.3) we obtain the approximation
|
= |F'(20)"" (F(2n) + G(zn)) (2.43)
— F'(n) ™" (F'(2n-1) (@ = @n-1) + F(zn-1) + G(zn-1))[.
It now follows from (2.5)-(2.11), (2.18), (2.27) and (2.43)

]xn—l—l - xn[
< () " (F(2n) = Fap—1) — F'(2p-1) (25 — 2p-1)]
HF (20) " (G(wn) — G(zn-1))

<(Z- bWOl(T’n))_l

x{b / (F'(1 = Nxp—1 + Azp) — F'(p-1)) (xn — Tp1)d) [}
0
+HZ = bwo(ra)) ™! (b 1G(zn) = Glen-1)])

< (T—bwo(rn)) ™ {b/o (@((1 = Nrp—1+Arn)

o)) (P —n1)dn} + (T — b wolra)) ! (b / ") dt)

= (T—buwy(rn)) ! {b / w(t) dt —b w(rp—1)(ry — rn_1) (2.44)
+0b / wi (t) dt}
=(Z-0 WO(TR))_l(f(TN) — flrn—1) = bw(rp—1)(rn — rn-1))
=(Z-0 WO(rn))_l((f(rn) —1n) = (f(rn-1) = Tn-1)
—(bw(rn-1) = I) (rn — Tn-1))
=(Z-0 WO(rn))_l ((f(rn) —rn) = (f(rn—1) = Tn-1)
—(bw(rn-1) = Z)(rn — rn-1))
<(Z-b WO(Tn))_l((f(rn) —1n) = (f(rn-1) = Tn-1)
—(bwo(rn—1) = I)(rn — rn-1))
= (I -b WO(Tn))_l(f(rn) - Tn)

= Tn-i—l — Tn.

By Lemma 2.5, sequence {r,} (n > 0) converges to r*. Hence {z,} is a
convergent sequence, and its limit is a solution of equation (1.1). Therefore
I converges to x*.

Finally (2.33) follows from (2.32) by using standard majorization techniques
([4], [10]). The uniqueness part is omitted since it follows exactly as in [8,
Theorem 2.

This completes the proof of Theorem 2.8.
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Remark 2.10. It follows immediately from (2.44) that sequence
to =to, t1 =1, ,
tnp1 —tn=(Z—0 wo(tn))_l{b / w(t)dt — bw(tn—1)(tn — tn-1)

tn—1

(2.45)
tn
+b / wl(t)dt} (n>1)
tn—1
is also a tighter majorizing sequence of {z,} (n > 0) and converges to some
t* in (0,7%).
The proof of Theorem 2.8 was also essentially given in [3], but the iteration
tn
(2.45) uses wi (tn) (tn, — tn—1) instead of / w1 (t) dt.

tnfl
Moreover the following hold for all n > 0

Jx1 — zo[< t1 — to =11 — 710, (2.46)
|Tnt1 — T[S tpp1 — tn < g1 — T, (2.47)
Jo* — zp [< =ty <7 =1y, (2.48)
ty <, (2.49)
and
<. (2.50)

That is, {t,} is a tighter majorizing sequence than {r,} and the information
on the location of the solution z* is more precise. Therefore, Argyros [3]
remarks that if studying the convergence of {t¢,} without assuming (2.17) can
lead to weaker sufficient convergence conditions for (NTM). In Theorem 2.8,
Argyros responds to this question.

We need the following definition of some operators.
Definition 2.11. Define operators:
fry By P+ [0,1) — X
and
q:1,= [11_17] x[0,1)* — X, ~el0,1)
by

- 1 1_,}/71—1 1 )_ (1_,}/71—1 ))
p=v{ [ (w52t n) —o(2 ) ) a
_ ~An—1 AN
+w1<11j7 77>JF7W0(11_77 77)}%

(2.51)
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n
v
1_,yn+1 1_,771
(55 ) e ()}
— 1_,7

L=y

—2w((— +tv”)n>> dt

AN 1— n—1 1— n+1
+2w 7 n|—w Ln - 7

11— 1—7x 1—-7v

1 n+1 1— n—1 1—
+| wi T ) o L) 2w n

1—7 1-—- 1-—

s
)

pn(rY) =b ]Tn(’Y)’ (2'53)

_l’_
)
N
€
(e}
VR
=1

3
=¥
[\&]
=
N—
_l_
&
o
VR
i
|
qﬁf
3
N————
|
[\)
&
()
N
—
=

q(v1,v2,v3,v4,7)

= 01 <w((v1 vy + vs + tvg) n) + w((vr +t vg) M)
2 w((v1 +va +t v3) n)) dt
(201400 ) = (o1 1) = 01+ v+ ) )
(a0 00) )+ n(on ) = 2 n(0n 4 02) ) )
+v <UJO(('U1 +v2 +v3 +v4)n) + wo((v1 +v2)7n)

—2 wo((v1 + v2 + v3) 77)>v

q(v1,v2,v3,v4,7) = b q(v1,v2,v3,v4,7), (2.54)
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where, 7 is given by (2.12). Moreover, define function f : [0,1) — X by

fooly) = lim  fu(7). (2.55)
It then follows from (2.51), and (2.55) that
Joo) = (@(3 ) + 7 wn(72) ) =7 (2:56)
1—7 11—
It can also easily be seen from (2.51)—(2.54) that the following identities hold:
fre1(¥) = fu(¥) + hn(7), (2.57)
hn1(7) = ha(7) +pa(7), (2.58)
and for
n—2
= 9, v=9""" wg=19" v=9"", (2.59)
i=0
we have
q(vl72}2’1}3av4’7) :pn(’)/) (260)

We need the following result on majorizing sequences for (NTM).

Lemma 2.12. Assume:
Operator T — b wo(n) is positive, invertible, and with a positive inverse;
there exists o € (0, 1), such that:

4 < R; (2.61)
-1 1
0< (I— b W0(77)> b </0 w(t n) dt —w(0) —|—w1(0)> < aT; (2.62)
q(v1,v2,v3,0v4,7) 20 on I, (2.63)
hi(a) >0, (2.64)
and
foo() <0, (2.65)

where, 0 and I is the zero endomorphism and the identity opertor on X,
respectively. Then iteration {t,} (n > 0) given by (2.45) is non—decreasing,
bounded from above by

n
= , 2.66
T— o (2.66)
and converges to its unique least upper bound t* satisfying
t* e (0,7). (2.67)

Moreover the following error bounds hold for all n > 0:

0<tpy1—tn <a(th —th—1) <a"n, (2.68)
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and

£ =ty < 5 . —a". (2.69)
Proposition 2.13. Estimate (2.68) is true, if
0

< <I—bwo(n)> _1b</01w(tn1+t(tn—tn1))dt—w(tn1)+w1(tn1)> (2.70)
<al

hold for allm > 1.
In view of (2.62), and (2.66), estimate (2.70) holds for n = 1. We also have
by (2.45), and (2.70) that
OStQ—tl Sa (tl—to).
Let us assume that (2.68), and (2.70) hold for all £ < n. Then, we have
1—a”
l-«a
Using the induction hypotheses, and (2.70), we have by Lemma 2.4 that (Z —
b wo(ty)) ™! exists, and is positive. Moreover, (2.68) and (2.70) shall hold if

1 1— n—1 1— n—1
b{/ <w<(a +ta™ ) n)—w<a 77>> dt
1 —an ! 1—a" )
() ()} e
1l -« l—a

Estimate (2.72) motivates us to define functions f,, (for v = «), and show
instead

th <

7. (2.71)

fn(a) <0. (2.73)
We have by (2.57)—(2.60), (2.63) and (2.64) that
fn—l—l(a) > fn(a) (2'74)

In view of (2.55) and (2.74), estimate (2.73) shall hold, if (2.65) is true.
The induction is completed. It follows that iteration {¢,} is non—decreasing,
bounded from above by t** (given by (2.66)), and as such it converges to t*
satisfying (2.67).

Finally, estimate (2.69) follows from (2.68) by using standard majorizing
techniques ([4], [10]). That completes the proof of Lemma 2.12.

We also state a result from [3], so we can compare with Lemma 2.12.

Lemma 2.14. ([3]) Assume there exist parameters n > 0, 6 € [0,2) such that
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(I) Operators

T—buwy <2 2T-0617)" (I— <52I>n+1> n) (2.75)

be positive, invertible, and with positive inverses for all n > 0;

(IT)
1
2(Z — b wo(n))™* (b wi(n)+0b /0 w(sn) ds—b w(O)) <6 7; (2.76)

(111)

o[ wfoersn (5 (7)o () 0)

anror-en (5 (5) "))

—|—2bw1< (2T —61)" ( (2> 77) (2.77)
n+1

svasuz-on(z- (%2 "))

§2b/0 w(s 1) ds —2 b w(0) +2 b wi(n) + 6 buwo(n),

for all n > 0. Then iteration {t,} (n > 0) given by (2.45) is non—decreasing,
bounded above by

t*=202Z-67) ', (2.78)
converges to some t*, such that
0 <t <™. (2.79)
Moreover the following error bounds hold for all n > 0:
5T ST\
0 < tn+2 - tn+1 < 7 (tn+1 - tn) < (2> n. (280)

We can show the main semilocal convergence theorem for (NTM).

Theorem 2.15. Assume:
hypotheses (2.5)—(2.7), (2.9)-(2.11), hypotheses of Lemma 2.12, (2.75)-
(2.77) hold, and

™ <R, (2.81)
where t** is given by (2.66).
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Then sequence {x,} (n >) generated by (NTM) is well defined, remains in
the KC—ball U(xo,t*) for all n > 0 and converges to a solution x=* of equation
(1.1), which is unique in E(t*).

Moreover the following error bounds hold for all n > 0:

]anrl - ZEn[ S tn+1 — tn (282)

and
Jo* — x| <t —ty, (2.83)
where sequence {t,} (n > 0) and t* are given by (2.45) and (2.79) respectively.

Proposition 2.16. The proof is identical to Theorem 2.8 with sequence t,
replacing r, until the derivation of (2.45). But then the right hand side of
(54) with these changes becomes tp41 —t,,. By Lemma 2.14, {t,} converges to
t*. Hence {x,} is a convergent sequence, its limit converges to a solution of
equation (1.1). Therefore, {x,} converges to x*. Estimate (2.83) follows from
(2.82) by using standard magjorization techniques ([4], [10]). The uniqueness
part is omitted since it follows exactly as in [8, Theorem 2|. That completes
the proof of Theorem 2.15.

3. SPECIAL CASES AND APPLICATIONS

Remark 3.1. The hypotheses of Lemma 2.12 are easier to verify than Lemma
2.14.

Application 3.2. Assume operator | [ is given by a norm || - ||, and set
G(z) =0 for all x € U(xg, R). Choose for allr € S:

w(r)y==~0r, (3.1)
wo(r)=4or (3.2)

and
wi(r) =0. (3.3)
That is, we are consider Lipschitz and center—Lipschitz conditions of the form:
| F'(z) = F'(y) 1< ¢ ==yl (3.4)

and
| F'(z) = F'(zo) < lo [l @ — a0 |, (3.5)

for all z, y € U(xo, R).
Remark 3.3. Let X =R, z¢p = 0, and define function F' on X by
F(z) = coxr + 1 + ¢ sine®”, (3.6)
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where ¢;, i = 0,1,2,3 are given parameters. It can easily be seen by (3.4),

14

(3.5) and (3.6) that for c3 large and ¢y sufficiently small 7. can be arbitrarily
0

large.

Remark 3.4. The sufficient convergence condition in [8] using (2.13) resuces
to the famous for its simplicity and clarity Newton—Kantorovich hypotheses
for solving nonlinear equation [10]:

1
hK:ﬁfngi. (3.7)
Moreover, the conditions of Lemma 2.14 becomes for 6 =1 [3]:
L+ £y 1
= < —. .
ha=p 5 1535 (3.8)
Furthemore, the conditions of Lemma 2.12 give for
47
a= , 3.9
O+ 2 +8 4y f (39)
- 1
hag=p4n< 3 (3.10)
where,
-1
E=§<€+4€0+\/€2+8€0£). (3.11)
It follows that . ) )
hK§§:>hA§§:>hAH§§ (3.12)

but not vice versa unless if £ = £.

Hence, we have expanded the applicability of (NM) under the same com-
putational cost as in [3], [8].

Note that in practice the computation of ¢ requires that of /5. Hence, (3.5)
is not an additional hypothesis.

Example 3.5. Let X = R?, be equipped with the max-norm, and
1
zo=(1,1)T, D={z:|z—z0||<1-a}, ac [0,2>.

Define function F' on D by
F(l‘) = (é% —a, 5;’ - (I), T = (51552)7—’-

The Fréchet—derivative of operator F' is given by

2
S Y
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Using (3.7), we obtain:
2 1 1
thg(l—a) (2—0/)>§ for all a€|:0,2)

That is no guarantee that (NM) converges to the solution * = (Va, Va)?
of equation F'(x) = 0, starting at x.
However from (3.8), we get:

hA:é(l—a) B—a+2(2-a)<

which improves (3.7).
Finally, by (3.10), we get that

forall aely= [Hﬁ 1)

2 2

N

1
ha < forall a€lqy = {4500339002, 2) D 14.

1
2
Remark 3.6. The results obtained here hold under even weaker conditions.
Indeed, since (2.6) is not "directly” used in the proofs above, it can be replaced
by the weaker condition (2.15) throughout this study. As we showed in Lemma
2.3
(2.6) = (2.15)
but not necessarily vice versa unless if operator w is convex [21, p. 674].

CONCLUSION

Using our new idea of recurrent functions, and a combination of
Lipschitz/center—Lipschitz conditions, we provided a semilocal convergence
analysis for (NTM) to approximate a locally unique solution of nonlinear
equations in -normed space. In the particular case of Newton’s method, our
analysis has the following advantages over the work in [8]: weaker sufficient
convergence conditions, and larger convergence domain. Numerical examples
further validating the results are also provided in this study.

REFERENCES

[1] I. K. Argyros, Newton—like methods in generalized Banach spaces, Funct. Approx. Com-
ment. Math. 22 (1993), 13-20.

[2] L. K. Argyros, On a new Newton-Mysovskii—type theorem with applications to inezact—
Newton-like methods and their discretizations, IMA J. Numer. Anal. 18 (1997), 37-56.

[3] I. K. Argyros, A convergence analysis and applications for the Newton-Kantorovich
method in K -normed spaces, Rend. Circ. Mat. Palermo (2) 53 (2004), 251-271.

[4] 1. K. Argyros, Convergence and applications of Newton—type iterations, Springer—Verlag,
2008, New York.



[5]
[6]
[7]

(8]

[9]
[10]

[11]

[12]

[13]

[14]
[15]

[16]

A Newton—type method in K-normed spaces 417

I. K. Argyros and S. Hilout, Efficient methods for solving equations and variational
inequalities, Polimetrica Publisher, Milano, Italy, 2009.

I. K. Argyros and S. Hilout, Enclosing roots of polynomial equations and their applica-
tions to iterative processes, Surveys Math. Appl. 4 (2009), 119-132.

I. K. Argyros and F. Szidarovszky, The Theory and Applications of Iteration Methods,
C.R.C. Press, Boca Raton, Florida, 1993.

D. Caponetti, E. DePascale and P. P. Zabrejko, On the Newton—Kantorovich method in
K-normed spaces, Rendiconti del circolo matematico di Palermo, Ser. II, Tome XLIX,
(2000), 545-560.

J. A. Ezquerro and M. A. Herndndez, Generalized differentiability conditions for New-
ton’s method, IMA J. Numer. Anal. 22 (2002), 187-205.

L. V. Kantorovich and G. P. Akilov, Functional Analysis, Pergamon Press, Oxford,
1982.

M. A. Krasnosel’skii, G. M. Vainikko, P. P. Zabrejko, Rutiskii, Ya. B., Stetsenvo
and V.Ya., Approximate Solution of Operator Equations, Wolters—Noordhoff Publisher,
Groningen, 1969.

P. W. Meyer, A unifying theorem on Newton’s method, Numer. Funct. Anal. Optimiz.
13 (1992), 463-473.

P. A. Potra, On the convergence of a class of Newton—like methods. Iterative solution
of nonlinear systems of equations (Oberwolfach, 1982), Lecture Notes in Math., 953,
Springer, Berlin—New York, 125-137, 1982.

F. A. Potra, On an iterative algorithm of order 1.839--- for solving nonlinear operator
equations, Numer. Funct. Anal. Optimiz. 7 (1984/85), 75-106.

F. A. Potra, Sharp error bounds for a class of Newton-like methods, Libertas Mathe-
matica 5 (1985), 71-84.

P. D. Proinov, General local convergence theory for a class of iterative processes and its
applications to Newton’s method, J. Complexity 25 (2009), 38-62.

P. D. Proinov, New general convergence theory for iterative processes and its applications
to Newton—Kantorovich type theorems, J. Complexity 26 (2010), 3—42.

J. S. Vandergraft, Newton’s method for convex operators in partially ordered spaces,
SIAM J. Numer. Anal. 4 (1967), 406-432.

T. J. Ypma, Local convergence of inexact Newton methods, STAM J. Numer. Anal. 21
(1984), 583-590.

P. P. Zabrejko, K—metric and K-normed linear spaces: A survey, Collect. Math. 48
(1997), 825-859.

P. P. Zabrejko and D. F. Nguen, The majorant method in the theory of Newton approz-
imations and the Ptak error estimates, Numer. Funct. Anal. and Optimiz. 9 (1987),
671-684.



