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Abstract. Let {S;}/L, be N strict pseudo-contractions defined on a closed convex subset
C' of a real Hilbert space H. Consider the problem of finding a common element of the
fixed point set of these mappings and the solution set of generalized equilibrium problems by
parallel and cyclic algorithms. In this paper, we propose new iterative schemes for solving

this problem and prove these schemes converge strongly by monotone hybrid methods.

1. INTRODUCTION

Let H be a real Hilbert Space with the inner product (-,-) and || - ||, respec-
tively. Let C' be a nonempty closed convex subset of H.

Recall that a mapping S : C' — C is said to be a k-strict pseudo-contraction
if there exists a constant x € [0, 1) such that

|52 — Syl> <l — yI> + Kl - Sz — (I - Sy, Vay € C.

Clearly, the class of strict pseudo-contractions strictly includes the class of
nonexpansive mappings which are mapping S on C such that

1Sz = Syl <[l —yll, Yo,y € C.

That is, S is nonexpansive if and only if S is a 0—strict pseudo-contraction.
In this paper, we use F'(S) to denote the fixed point set of S (i.e., F(S) =
{r e C: Sz =uz}).
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A nonlinear mapping A : C' — H is said to be a-inverse-strongly monotone
if there exists a constant o > 0 such that

(Az — Ay,z — 1) > al|Az — Ay|?, Vz,y € C.

Recall that the classical variational inequality problem, denoted by VI(C, A),
is to find u € C' such that

(Au,v —u) >0,Vv € C. (1.1)

Given x € H and y € C, then y = Pox if and only if there holds the
relation:

(x —y,y—2) >0 forall ze€C,

where Po denotes the metric projection from H onto C. From the above we
see that u € C is a solution to problem (1.1) if and only if u satisfies the
following equation:

u = Po(u— pAu), (1.2)
where p > 0 is a constant. This implies that problem (1.1) and (1.2) are
equivalent. This alternative formula is very important from the numerical
analysis point of view.

Let A: C' — H be an a-inverse strongly monotone mapping, F' a bifunction
from C' x C to R, where R is the set of real numbers. We consider the following
generalized equilibrium problem.

Find z € C such that F(x,y) + (Az,y —z) >0, Vy € C. (1.3)

In this paper, the set of such an = € C is denoted by EP(F, A).

Next, we give two special cases of problem (1.3).
(i) if A =0, then problem (1.3) is reduced to the following equilibrium prob-
lem:

Find = € C such that F(z,y) >0, Vy € C. (1.4)

In this paper, the set of such an = € C is denoted by EP(F).

(ii) if ' =0, then problem (1.3) is reduced to the variational inequality prob-
lem (1.1).

Problem (1.3) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, mini-max problems, Nash equi-
librium problem in noncooperative games and others; see, for instance, [2, 4,
5, 6].

For solving the equilibrium problem, let us assume that the bi-function F'
satisfies the following conditions:

(Al) F(x,z) =0 for all z € C}

(A2) F is monotone, i.e.F(x,y) + F(y,z) <0 for any =,y € C;

(A3) for each z,y,z € C, limsup,_,o F(tz+ (1 —t)z,y) < F(z,y);

(A4) F(z,-) is convex and lower semicontionuous for each z € C.
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Recently, Takahashi and Takahashi [9] considered the problem (1.3) by an
iterative method. To be more precise, they proved the following theorem.

Theorem 1.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bi-function from C x C to R satisfying (A1)-(A4). Let
A : C — H be an a-inverse-strongly monotone mapping of C into H and let
S be a nonexpansive mapping of C into itself such that F(S)NEP(F,A) # (.
Letuw e C and x1 € C and let {z,} C C and {x,} C C be sequences generated
by

Tnt1 = Bpn + (1 - Bn)s[anu + (1 - an)zn]7 Vn > 1,
where {ay,} C [0,1], {Bp} C [0,1], and A, € [0,2¢], satisfy
0<ce<B,<d<1l, 0<a< ), <b<2aq,

{ F(Zn7y)+ <A33my_zn> +i<y_zmzn—$n> 2 O,Vy S C?

nlLH;O(An — Ant1) =0, nhﬁnolo ap =0, andz:lozn = 00.

Then {xn} converges strongly to z = Pr(s)ngp(F,A)U-

Very recently, Qin, Kang and Cho [8] further considered the generalized
equilibrium problem (1.3). They obtained the following result in a real Hilbert
space.

Theorem 1.2. Let C' be a nonempty closed convex subset of a real Hilbert
space H and f a contraction with the T € [0,1) of C into itself. Let F\ and
Fy be two bi-functions from C x C to R satisfying (A1)-(A4), respectively. Let
A : C — H be an a-inverse-strongly monotone mapping and B : C — H a
B-inverse-strongly monotone mapping. Let T : C — C be a k-strict pseudo-
contraction with a fized point. Define a mapping S : C — C by Sx = kx +
(1 —k)Tz, Vo € C. Assume that F = EP(Fy,A) N EP(Fy,B) N F(T) # 0.
Let we C, x1 € C, and {x,} C C be sequences generated by
Fy(up,u) + (Axp, u — up) + %(u — Up, Uy, — Tp) > 0,Vu € C,
Fy(vp,v) + (Bn, v — vn) + 1(v — vy, 0 — ) > 0,V € C,
Yn = YnlUn + (1 - ’Yn)vna
Tnt1 = ann + (1 - ﬂn)S[anu + (1 - an)ynLvn > 17
where {an }, {Bn}, and {yn} are sequences in (0,1), r € (0,2a) and s € (0,205).
If the above control sequences satisfy the following restrictions
(a) limy oo atp =0 and Y2 | oy, = 00;
(b) 0 < liminf, o By, < limsup,,_,. Bn < 1;
(¢) limp—o0 1 =7 € (0,1),
then {xy,} will converge strongly to z € F, where z = Ppu.
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In 2008, Takahashi et al. ([10] Theorem 4.1) proved the following theorem
by a new hybrid method.

Theorem 1.3. Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T be a nonexpansive mapping of C' into itself such
that F(T) # 0 and let xg € H. For C; = C and u1 = Pe,xo, define a sequence
{un} of C as follows:

Yn = At + (1 — ap)Tup,
Cnt1={2€ Cn : [lyn — 2|| < |lun — 2|},
un+1 = Fo, ,,®o,n € N,

where 0 < ay, < a < 1 for allm € N. Then, {u,} converges strongly to
zZ0 — PF(T)xO'

In this paper, motivated by [1, 8, 9, 10], applying parallel and cyclic algo-
rithms, we obtain strong convergence theorems for finding a common element
of the fixed point set of a finite family of strict pseudo-contractions and the
solution set of the problem (1.3) by the monotone hybrid methods.

We will use the notations:

1. — for the weak convergence and — for the strong convergence.

2. wy(rn) = {x : 3wy, — v} denotes the weak w—limit set of {x,}.

2. PRELIMINARIES

We need some facts and tools in a real Hilbert space H which are listed
below.

Lemma 2.1. Let H be a real Hilbert space. Then the following identities hold.

(i) |z —y|* = Hﬂil2 - Hylli —2(z — y,zg/%V%y N
(i) [[tz+(1=t)yl* = t]lz|*+ 1 =8)[[y[* =t =t)[lx—y|]* vt € [0,1], v,y € H.

Lemma 2.2. [7] Let C be a nonempty closed convexr subset of H. Let {xy}
is a sequence in H and uw € H. Let ¢ = Pou. Suppose {x,} is such that
ww(zn) C C and satisfies the condition

|z = ull < |lu—ql| for all n.
Then x, — q.

Lemma 2.3. [3] Let S : C — H be a k-strict pseudo-contraction. Define
T:C— HbyTx=Ax+(1—\)Sx for each x € C. Then, as A € [k,1), T is
a nonexpansive mapping such that F(T) = F(S).

Proposition 2.4. [1] Assume C' is a nonempty closed convex subset of a real
Hilbert space H.
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(i) If T : C — C is a k-strict pseudo-contraction, then T satisfies the
Lipschitz condition

1++x
1—=x

Tz — Tyl < |z —yl, Yo,y € C.

(ii) If T : C — C is a k-strict pseudo-contraction, then the mapping I —T
is demiclosed (at 0). That is, if {xn} is a sequence in C such that
Ty =z and (I —T)x, — 0, then (I —T)x = 0.

(iii) If T : C — C is a k—strict pseudo-contraction, then the fized point
set F(T) of T is closed and convex so that the projection Pp(ry is well
defined.

(iv) Given an integer N > 1, assume, for each 1 <i < N, T; : C — C be a
Ki-strict pseudo-contraction for some 0 < k; < 1. Assume {)\i}f\il s a
positive sequence such that Zfil Ai = 1. Then Zi\il AT is a k-strict
pseudo-contraction, with k = maz{r; : 1 <i < N}.

(v) Let {Ti}}¥, and {\;} be given as in (iv) above. Suppose that {T;}Y,
has a common fized point. Then

N N
F(Y AT = () F(T).
=1 =1

Lemma 2.5. [2] Let C be a nonempty closed convex subset of H, let F be
bi-function from C x C to R satisfying (A1)-(A4) and let r > 0 and x € H.
Then there exists z € C' such that

F(z,y)+ %(y—z,z—az) >0, foralyeC.
Lemma 2.6. [4] Forr >0, x € H, define a mapping T, : H — C' as follows:
T(x) = {z € C|F(z,y) + %(y Ca—2) >0, VyeC)
for all x € H. Then, the following statements hold:

(i) T, is single-valued;
(ii) T is firmly nonexpansive, i.e., for any xz,y € H,
HTTCC - Try||2 < <Trl‘ - Ty, o — y>§
(i) F(T,) = EP(F);
(iv) EP(F) is closed and conver.

3. PARALLEL ALGORITHM

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let Fy and Fy be two bi-functions from C x C to R satisfying
(A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping and
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B : C — H a B-inverse-strongly monotone mapping, respectively. Let N > 1
be an integer. Let, for each 1 < i < N, S; : C — C be a k;—strict pseudo-
contraction for some 0 < k; < 1. Let k = maz{r; : 1 < i < N}. Assume
that

Q=nY,F(S;))NEP(F,A) N EP(F,, B) # 0.
Assume also that {ngn)}f\il is a finite sequence of positive numbers such that

Zi]\il nl-(n) =1 for alln € N and inf,> 771-(”) >0 for all1 <1 < N. Let the
mapping V, be defined by

N
=1

Given x1 € C = C, let {x,} be a sequence generated by the following algo-
rithm:

Fi(up,u) + (Azp,u — uy) + %(u — Up, Uy, — Tp) > 0,Vu € C,
Fa(vp,v) + (B, v — vy) + %(U — VUp, Up — Tp) > 0,YVv € C,
Zp = YnlUn + (1 - ’Yn)vny
VA = Ad 4 (1 = M)V, (3.1)
Yn = QpTy + (1 - an)vn)\nzna
Cnpr={2€Cn: lyn — 2l < |z — 2|},
Tn+1 = Po, 21,
where {an}, {1} and {\,} are sequences in (0,1), r € (0,2a) and s € (0,205).
If the above control sequences satisfy the following restrictions:
(i) apn C [0,a] witha < 1;

(ii) limp o0 ym =7 € (0,1);

(iii) Ay € [K,0], k<b< 1.
Then {x,} converges strongly to z* = Pox;.

Proof. First, we claim that the mappings I —rA and I — sB are nonexpansive.
Indeed, for each x,y € C, we have

I = rA)a = (I = rA)y|* = ||z -y — r(Az — Ay)|?
= ||z —ylI” = 2r(z —y, Az — Ay) +r?| Az — Ay|®
< |lz = yl* — 2raf Az — Ay||* + r*|| Az — Ay||?
= llz = ylI* = r(2a — )| Az — Ay|]*.

It follows from the condition r € (0,2«) that the mapping I — rA is nonex-
pansive, so is I — sB. Note that w, can be rewritten as u, = T,,(I —rA)z,
and v, can be rewritten as v, = Ts(I — sB)x,, for each n > 1. Let p € Q, it
follows from Lemma 2.3 and Proposition 2.4 that

p=T,(I —rA)p=Ts(I —sB)p=V,p= VTZ\”p.
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Thus we have
|un —pll < llzn —pll and [lv, — pl| < [J2 — pl|-

The proof is divided into seven steps.

Step 1. Show that {z,} is well defined.

Indeed, Cy,41 is the intersection of C), with the half space {z € C': 2(x,, —
Un, 2) < HanQ — |lynlI?}. Since C; = C is closed and convex, it is obvious that
C,, is closed and convex for each n € N.

Take p € €, since Vn)‘" is nonexpansive, we have

lyn —pll = lonwn + (1 — an)V,{\"zn —pll
< apllrn —pll + (1 - O‘n)HV/\"Zn -7l

< apllzn —pl + (1 — an)llzn — p| (3.2)
= an|zn — pll + (1 — an)[¥nun + (1 = vn)vn — pl|
< anllzn = pll + (1 = an)[mllun = pll + (1 = ) l[vn — pl]
< [|#n = pll
for all n € N. So p € C,, for all n. Hence Q2 C C}, holds for all n > 1.
Step 2. Show that
lxn — x1]] < ||lz1 — 2¥||, where z* = Pqz. (3.3)

Notice the facts Q2 C C), and x,, = Pc,x1 imply
|zn — z1]] < ||x1 — pl| for all p € Q.

Then {x,} is bounded and (3.3) holds. From (3.2) and Proposition 2.4, we
also obtain {u,}, {vn}, {zn}, {yn}, {Sizn} and {V,x,} are bounded. From
the nonexpansivity of V. it follows that {V*x,} is also bounded.
Step 3. Show that

|Xnt1 — znl — 0. (3.4)
Since z, = Pc,x1,Znt1 = Pc, ;71 and Cyy1 C Oy, by the property of the
projection, we have

0< <331 — InyIn — xn+1>

= (1] — T, Ty, — L1 + T1 — Tpy1)

IN

~llzn = 21 + ll2n — 21lll21 = 24,

that is, ||z, — x1]| < ||z1 — Zp+1]|- The sequence {||z, — x1]|} is nondecreasing.
Since {||x,, — z1]|} is bounded, lim,_so ||xy — 1] exists. Moreover,

2041 = 2nl? = |Zng1 — 21 = (20 — 21) |7
= [|#n41 — x1H2 = llzn — $1||2 = 2(Tnt1 — T, Tn — 21)

< lzns = 21ll* = l2n — a1,
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Then (3.4) holds.
Step 4. Show that

|Azy, — Ap|| — 0 and ||Bz,, — Bp|| — 0.
By zny1 = Pe, 1, it follows that

1Yn = Znall < ll2n = Znia

3.5
o — 2ll < o — s | + I — ngall < 2en — @wpa w0, )

For each p € Q, we have

yn = plI* = llomzn + (1 — an)V;2" 20 — p||®
< ap |z, — p”2 + (1= ap)|lzn — p”2
= anllzn = plI* + (1 — o) [yntin + (1 = vn)vn — p|?
< apllzn = plI* + (1 = an) [ynllun — plI* + (1 = yn)llon — plI”]
anllzn — pl* + (1 = an) [yl T (I = rA)zy — p||?
+ (L= y)ITs(I = sB)z, — p||?]
< apllzn — plI* + (1 = an) [ llan — p — r(Az, — Ap)
+ (1 = v)l|lzn — p — s(Bxn — Bp)|’]
= anllzn = plI*> + (1 — )y (llzn — plI* = 2r(zy — p, Az, — Ap)
+ 2| Az, — Ap|)?)
+ (1= an)(d =) (lzn — plI* = 2s(zn — p, Bx,, — Bp)
+ s*|| By, — Bp|*)
< anllzn = pl* + (1 = an)ynlllzn — pll* = r(2a — )| Az, — Apl|’]
+ (1= an)(X = )l|lzn — plI* = s(28 — 5)|| Bz, — Bp||’]
= [lan = plI> = (1 — o) yur(2a — )| Az, — Ap|?
— (1= an)(1 = m)s(28 — s)||Bxn, — Bp|*.

I

(3.6)
This implies that

(1= an)var(2a = r)||Azn — Apl|? < ||lzn — plI* = llyn — plI?
< Hyn - 55n”(||$n _pH + ”yn _p”)'

From the conditions (i), (ii) and (3.5), we see that

li_)rn |Az,, — Ap|| = 0. (3.7)
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Similarly, from the conditions (i), (ii), (3.5) and (3.6), we obtain that
lim || Bz, — Bpl|| = 0. (3.8)
n—oo
Step 5. Show that
|Vaan — xn|| — 0. (3.9)
By u, = T,,(I — rA)x,, it follows that
= plI* = I T:(1 = rA)z — To(I = rA)p®

< (I —-rA)zx,— I —-rA)p,u, —p)
= ST = r )z — (7 = r AP + o — p?
I =AYz~ (T = rA)p— (u ~ )]
< gllen = ol + un = I = lln — un — r(Aa — A

1
wan _pH2 + [Jun — sz — ([lzn — un”2 = 2r(xy — Uy, Az, — Ap)
+ 77| Az, — Ap|?)].

[un = plI* < llzn = Pl = 20 = wnll* + 2r|l2n — un || Az — Apl|.  (3.10)
Similarly, we can obtain that

lvn = plI* < llen = plI* = |20 — vall* + 28]l — vall| Bzy — Bpll. ~ (3.11)
From (3.6), we get

lyn =2l < anllan =l + (1 = an) byllun = plI* + (1= 70) l[on = pl|*). (3.12)

Substituting (3.10) and (3.11) into (3.12), we see that
lyn = pI® <llzn = plI* = (1 = an)ymllzn = unl® = (1 = an)(1 = y0)llzn — va)|*
+ 2rf|lzn — un || Az — Apl| + 25[lzn — valll| B2y — Bpl|.

(3.13)
It follows that

(1 — an)vnllzn — un||®
<l = plI? = llyn = pI* + 2rllzn — unl|l| A2y — Apll
+ 2s{jzn — vn|[|| Bzn — Bp||
< lyn = znll(lzn — Il + llyn — pI) + 2rllzn — unll|| Az — Ap||
+ 2s||zp, — vu|||| Bz, — Bp||.
From the conditions (i), (ii), (3.5), (3.7) and (3.8), we obtain that
lim ||z, — uy,|| = 0. (3.14)

n—oo
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Similarly, from (3.13), the conditions (i), (ii), (3.5), (3.7) and (3.8), we have
that
lim |z, —v,|| = 0. (3.15)
n—oo
On the other hand, we have
2 — Znll = |10t + (1 — Y)vn — 24|
< Yollun — zpll + (1 = n)l[vn — 24|

In view of the condition (ii), (3.14) and (3.15), we obtain that

lim ||z, — x| = 0. (3.16)
n—oo
Since
|y — 20l = lanzn + (1 — O‘n)Vn)\nzn — Ty |

=(1- an)HVnAnzn — Zn|.
From condition (i) and (3.6), we obtain
VA 2 — || — 0. (3.17)
It follows that
|zn — V7z>\n$n|| <|lzn — Vf{\nan + ”VnAnZn - V7z>\nxn||
< [lzp — VnAnZnH + [lzn — znll-
From (3.16) and (3.17), we see that
nh_}ngo |zn — Virra,|| = 0.
Since \
V" zn — xpll = [[Ann + (1 = An) Vazn — 20|
= (1 - )\n)Hann - an
> (1 =0)||Vazn — x4l
Condition (iii) implies
lim ||V,z, —z,| =0. (3.18)
n—oo
Step 6. Show that
W (Tn) C Q. (3.19)

We first show wy,(z,) C NN, F(S;). To see this, we take w € wy(x,) and
assume that Tp; ~wasj— oo for some subsequence {mn]} of x,,.
Without loss of generality, we may assume that

ngnj)—wh (as j = o), 1 <i < N. (3.20)
It is easily seen that each n; > 0 and Zf\i 1mi = 1. We also have
Vi, — Va (as j — oo) for all x € C,
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where V = sz\i 1 m:S5i. Note that by Proposition 2.4, V' is k—strict pseudo-
contraction and F(V) =NX, F(S;). Since
|’V$nj - m”j” < anjmnj - Vxnj” + anjxnj - xngH

N
< ST = il |+ [V, @y —
i=1
we obtain by virtue of (3.9) and (3.20)
IVan, —zn,| — 0.

So by the demiclosedness principle (Proposition 2.4 (ii)), it follows that w €
F(V)=nY,F(S;) and hence the fact that wy(z,) C NN, F(S;) holds.
Next, we define a mapping R : C — C by
Rr =~T,.(I —rA)x+ (1 —)Ts(I — sB)z, Vx € C,

where (0,1) 2 v = lim;, 00 ¥,. From Proposition 2.4 (iv), we see that R is a
nonexpansive mapping with
F(R) = F(T,(I — rA)) N F(Ty(I — sB)) = EP(Fy, A) N EP(Fy, B).
Note that
|zn — Ran|| < [l2n — anll + [[2n — Ran||
= |lzn — @n|l + IYnun + (1 — Y0)vn — [y + (1 — 7)va]||
< llzn = @nll + [vn = vIM,
where M is an appropriate constant such that M > sup,,i{||un| + [Jvall}-

This implies that
lim ||z, — Rzy,|| = 0.
J]—00

In view of Proposition 2.4 (ii), we obtain that w € F(R). That is,
w € EP(F1, A)NEP(Fy, By NN, F(S;).

Hence (3.19) holds.

Step 7. Show that z,, = x* = Pqox1.

From (3.3), (3.19) and Lemma 2.2, we conclude that z,, — z*, where z* =
Pax,. O

4. CycLIC ALGORITHM

Let C be a closed and convex subset of a Hilbert space H and let {S;}¥ !
be N k;—strict pseudo-contractions on C' such that the common fixed point
set

N-1
M F(S) #0.
=0
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Let 29 € C and let {a,};2, be a sequence in (0,1). The cyclic algorithm

generates a sequence {z,}°°; in the following way:
Ir1 = Qg2 + (1 — Oéo)S()(lZo,

xo = aqxy + (1 — aq)S11,

xy =any-12y-1+ (1 —an_1)SN_1ZN_1,

TN+1 = QNTN + (1 — OzN)So:EN,

In general, x,41 is defined by
Tpt1 = QnZn + (1 — an)Spp T,
where Sj,) = 5, with i =n (mod) N, 0 <i< N —1.

Theorem 4.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let Fy and Fy be two bi-functions from C x C to R satisfying
(A1)-(A4). Let A: C — H be an a-inverse-strongly monotone mapping and
B : C — H a B-inverse-strongly monotone mapping, respectively. Let N > 1
be an integer. Let, for each 0 <i < N —1,.5;: C — C be a k;—strict pseudo-
contraction for some 0 < k; < 1. Let k = max{k; : 0 < i < N — 1}. Assume
that Q = NN 1F(S;) N EP(Fy, A) N EP(Fy, B) # 0. Given g € C = Cy, let
{z,} be a sequence generated by the following algorithm:

Fi(un,u) + (Axp, u — uy) + %(u — Up, Uy, — Tp) > 0,Vu € C,
Fy(vp,v) + (B, v — vp) + 2(v — v, v — ) >0,V € C,
Zn = YnlUn + (1 - ’Yn)vn7

An
S[n] - )\nI + (1 - )\n)S[n}7 (4.1)
UYn = QpTp + (1 - an)S[)T\;]LGa
Crt1={2 € Cy: lyn — 2|l < |lzn — 2|},

Tn+l = C’n+1x07

where {an}, {vn} and {\,} are sequences in (0,1), r € (0,2a) and s € (0,205).

If the above control sequences satisfy the following restrictions:
(i) apn C [0,a] with a < 1;
(i) limp—sooyn =7 € (0,1);
(iii) Ay € [r,0], k<b< 1.
Then {x,} converges strongly to z* = Poxy.

Proof. The proof of this theorem is similar to that of Theorem 3.1. The main

points are:
Step 1. The sequence {z,} is well defined.
Step 2. ||z, — x| < ||z* — x0]| for all n, where z* = Pox;.
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Step 3. ||zp+1 — xn|| — 0.

Step 4. ||Az, — Ap|| — 0 and ||Bz,, — Bp|| — 0.

Step 5. HS[MIn — :En” — 0.

To prove the above steps, one simply replaces V;, with Sy, in the corre-
sponding step of Theorem 3.1.

Step 6. wy(x,) C Q.

Indeed, let w € wy(xy,) and x,,, — w for some subsequence {x,, } of {z,}.
We may assume that | = n,, (mod N) for all m. Since by ||zn+1 — zn|| — 0,
we also have z,,,,+; — w for all j > 0, we deduce that

|Znm+5 = S5 Tnm+ill = | Znm+s5 = Spm+i]Tnm+ill = 0.
Then the demiclosedness principle implies that w € F(S4;)) for all j. This
ensures that w € NN, F(S;).
The proof of w € EP(Fy, A) N EP(F3, B) is similar to that of Theorem 3.1.
Step 7. The sequence x, converges strongly to z*.

The strong convergence to z* of {x,} is the consequence of Step 2, Step 6
and Lemma 2.2. 0
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