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1. INTRODUCTION

Set-valued analysis [1] which was studied by Jean-Pierre Aubin and Helene
Frankowska, is a useful extension of the mathematics analysis, have wide appli-
cations to many fields including, for example, control, differential games, game
theory, variational inclusions, optimization, nonlinear programming, econom-
ics, and engineering sciences [2]-[7]. Specially, various variational inclusions
which have been intensively developed by Bella [8], Huang-Tang-Liu [9] and
Jeong [10] and studied by Ding [11], Verma [12], Huang [13], Fang and Huang
[14], Lan-Cho-Verma [15], Fang-Huang-Thompson [16], Zhang et al. [17] and
the authors [18]-[32] in recent years, is an important context in the set-valued
inclusions problem, and is an important application of set-valued analysis.

On the other hand, the influence and function of Hausdorff metric spaces
theory is extensive and profound in many fields such as topology, geometric,
topology, set-valued analysis, variational inclusions, optimization, game the-
ory, nonlinear programming and economics [33]-[42]. Further, to develop a
theory of supper Hausdorff metric spaces for expressing the distance between
the two set classes, set classes convergence and fixed point, is inevitable and
useful in mathematics theory and application because of needing to solve the
practical something.

For example, in the age of big data, that how to intelligently and efficiently
discover domain users knowledge has been becoming a key problem in current
research in the today, the age of big data. Since big data always is huge,
heterogeneous, sparse, high dimensional, dynamic and real-time so that aim-
ing at the above features of big data, some noes propose a multi-granularity
data mining model for processing big data based on both data feature, users
requirements and the multi-granularity cognitive mechanism of human being.
Aiming at the above features of big data, this project will propose a multi-
granularity data mining model for processing big data based on both data
feature, users requirements and the multi-granularity cognitive mechanism of
human being. The main contents of this research project include [43]-[47]. A
multi-granularity automatic preliminary classification model be established for
multi-source heterogeneous data is important. The preliminary classification
process for big data can be expressed as follows:

Let R be real, and E = {z;|z; € R,1 <1i < n} be a big data set(the n is a
enough big natural number).

1. To make class of subset of F, E :{a(l) C E|a(1) be family of nonempty
closed subset of E'} for founding domain users knowledge, where according to
a metric of multi-granularity framework in big data, every set a(!) is produced
by the element x1,x9,- - -, z,.
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2. Further, to make set class of some subsets of E,
F =U,mcpi{a®]a® C aM}, a® be family of nonempty closed subset of
a® } for mining knowledge in big data, where according to a supper Hausdorff
metric of set class in IU';, every set @ is produced by the element in al).

3. To discover domain users knowledge by analyzing a element S in every
set class {a®|a(?) C oM}, where some metric h(B, {a®|a? C aM},) < 6
and 6 > 0 is a granularity valued.

It is meaningful to deal with the above process and to change one into a
mathematical model.

Let (X,d) be a metric space as d metric, 2% = {a|a C X,a # 0} be the
family of all nonempty subset of X, CB(X) C 2% be family of all nonempty
bounded closed subset of X, p(2X) = {A|A C 2%, A # 0} be family of all
nonempty class of subset of X, Q(X) = {A|A C CB(X)} C p(2¥X) be the
family of nonempty bounded closed subset of X and (CB(X), H) be a Haus-
dorff metric space induced by (X,d) as H Hausdorff metric, then it is very
necessary and interesting to establish and study super Hausdorff metric spaces
(Q(X),h) on the Hausdorff metric space (CB(X), H).

Therefore, we introduce super Hausdorff metric spaces (2(X), #) and study
basic properties of the (2(X), ) in this work, and refer to [1]-[49] and refer-
ences contained therein.

Inspired and motivated by recent research work in this field, in this paper,
a super Hausdorff metric is introduced and constructed, and the completeness
of super Hausdorff metric space is studied. a new concept, the trajectory of
set valued mapping is introduced, and by using the trajectory condition, the
existence theorems for the set-valued fixed point and the fixed point of a new
class of set valued mappings is proved. The obtained results seem to be general
in nature.

2. SUPER HAUSDORFF METRIC SPACES AND COMPLETENESS OF ONES

Let (X,d) be a metric space, 2% = {ala C X,a # 0} be the family of
all nonempty subset of X, CB(X) C 2% be family of all nonempty bounded
closed subset of X, C'(X) C CB(X) be family of all nonempty compact subsets
of X, p(2X) = {A|]A C 2%, A # ()} be family of all nonempty class of subset
of X and denote the closure of a set o(C X) as @. For z € X and a € 2%,
let d(x,a) = ;Ielg d(z,y). We denoted by H a Hausdorff metric induced by the
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metric d of X:

H(a,p) = max{supd(asjﬁ),supd(y,oz)} (2.1)

TEQ yep
for a, 3 € 2X and @, B € CB(X).
Through this paper we will use the following concepts and notations.

Definition 2.1. Let (CB(X), H) be a Hausdorff metric space induced by
(X,d). Let a, € CB(X)(n = 1,2,...), « € CB(X). If li_}rn H(ap,a) =0,
n—oo

then the {a,}$°, the subset sequence of X is side to be convergence to « in
Hausdorff metric H{(.,.).

Let {0, }$° C 2% that's a,, € X(n =1,2,...) or {0, }$° € p(2%), then we
write the following concepts introduced by Kuratowski:

Definition 2.2. Let the P be a cone of X. P is said to be a normal cone
if and only if there exists a constant N > 0 such that for § < x < y, holds
llz|l < Nly||, where the N is called normal constant of P.

Definition 2.3. ([33]) Let {a,}5° C 2%, then
(i) The Kuratowski limit superior of {a,}5° is

Kls(ay) = {:U r e X, 1irr_1>infd(w,an) = 0};

(ii) The Kuratowski limit inferior of {a,}$° is

Kli(ay) = {x ' r € X, limsupd(z,an) = 0};
n—oo
(iii) The Kuratowski limit of {a,,}3° is
Kl(ay,) = Kls(ay,) if and only if Kis(a,) = Kli(ay,).

Lemma 2.4. ([34]) Let {a,}3° C 2%, then

0 Kista) = 0 (U )

1<i<oo \i<k<oo
= {z|z € X, V open neighbourhoods U of x, exist infinitely many
natural numbers n such that U N ay, # 0};
(i) Kli(a) ={zlz e X, z = nan;oxn, Tn € an(n=1,2,..)}
= {z|x € X,V open neighbourhoods U of x, exists a natural number N
such that U Nay, # 0 forn > N}.

We mention that for sequence of closed sets, convergence in Hausdorff metric
implies convergence in the sense of Kuratoski. But for sequence of bounded
closed sets, both types of convergence are equivalent provided the limit set is
nonempty. Therefore, the following result holds:
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Lemma 2.5. ([38]) Let (X,d) is complete metric space, o, € C(X)(n =
1,2,...) and a € C(X). li_}rn an = a if and only if Kli(ay,) = Kls(ay) =

Kl(ap) = a.

Lemma 2.6. ([38]) The metric space (CB(X), H) is complete provided (X, d)
is complete.

Now, we will introduce some new concepts for p(2% ), the nonempty set class
of X.

Definition 2.7. Let (X,d) be a metric space, 2% = {aa C X, a # 0} be the
family of all nonempty subset of X, CB(X) C 2% be family of all nonempty
bounded closed subset of X, C'(X) C CB(X) be family of all nonempty com-
pact subsets of X, p(2¥%) = {A|A C 2%, A # 0} be family of all nonempty
class of subset of X. Let A € p(2%X), then

(i) Let A, B € p(2%X), then

AUB ={ala € A or o € B},
ANB={ala € A and a € B},and
A — B ={ala to belong to A and « not to belong to B},

is said to be union, intersection and difference for A and B, respec-
tively;
(ii) the set A’ is said to be a set-valued limit point set of A, if A’ =

« ’ if a= klim ap exists, YV {ap}® C A}, where the subset «
—00

of X is called a set-valued limit point of A;

(iii) the set A is said to be the closure of A, if A = A|JA’;

(iv) A is said to be a closed subset class of X, or a closed subset of 2%, if
A=A

(v) A is said to be a open subset class of X, or a open subset of 2% if
A =X — B for B = B to be a closed subset class of X;

(vi) A is said to be a bounded subset class of X, or a bounded subset of
2X if

a = sup {b ) b=supd(0,z) < +oco, 0 is zero element in X}
acA TEQ
and a < +oc;

(vii) A is said to be a nonempty bounded closed subset class of X, or a
bounded closed subset of 2%, if A is bounded and closed;
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(viii) Q(X) = {A|A C OB(X)} C p(2¥) is said to be the family of nonempty
bounded closed subset class of X, if A is a nonempty bounded closed
subset of 2% for any A € Q(X);

(ix) A is said to be a compact subset class of X, or a compact subset of
2% if A C O(X) and for any {a,,}$° C A, there exists subsequence
{an, }7° € {an }1° such that o = lim oy, and o € A;

(x) 2(X) = {A]A C C(X)} C p(2¥) is said to be the family of nonempty
compact subset class of X, if A is a nonempty compact subset of 2%
for any A € ¥(X);

(xi) Let B € Q(X), {Ax}3® € Q(X) be a sequence, a € CB(X) and
h(a, B) = ﬁirelgH(a,B). Then

the Kuratowski Li limit superior of {A}5° is

KLIs(Ap) = {a

a € CB(X), liminfh(a, Ag) = 0}; (2.2)
k—o00
the Kuratowski Li limit inferior of {A;}$° is

KLIi(Ay) = {a

a € CB(X), limsuph(a, Ag) = 0}; (2.3)

n—oo

the Kuratowski Li limit of {Af}5° is
KLI(Ay) = KLli(Ag) = KLIs(Ay), (2.4)

if and only if
KLis(Ag) = KLli(Ag). (2.5)

The following conclusions are obvious.

Lemma 2.8. Let (X,d) be a metric space, CB(X) C 2% be family of all
nonempty bounded closed subset of X, C(X) C CB(X) be family of all nonempty
compact subsets of X, {Ar}3° C Q(X), then

(i) C(X) C CB(X) and £(X) C Q(X);

(i) KLis(A)= N (U A

1<i<oo \i<k<oo
= {a]a € CB(X), Y open neighbourhoods U of x, exist infinitely
many natural numbers n such that U N Ay, # 0};
(i) KLli(A) = {aja € CB(X), a= kh—g)lo ag, o € A, (k=1,2,...)}

={ala € CB(X), V open neighbourhoods U of CB(X), exists
a natural number N such that U N A # 0 for k > N};
(iv) KLli(Ay) C KLIs(Ag).

Proof. The proof directly follows from Definition 2.2, Lemma 2.2 and Defini-
tion 2.6 (xi). H
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In the future, we will introduce super Hausdorff metric and study the com-
pleteness of super Hausdorff metric space.

Definition 2.9. Let (X,d) be a metric space, 2¥ = {aJa C X, a # 0} be the
family of all nonempty subset of X, CB(X) C 2% be family of all nonempty
bounded closed subset of X, p(2X) = {A|A C 2%, A # 0} be family of all
nonempty class of subset of X, Q(X) = {A|A C CB(X)} C p(2¥) is said to be
the family of nonempty bounded closed subset of X. If h(«, B) = 61r€11fB H(a, )

for « € CB(X) and B € p(2%), denote super Hausdorff metric induced by h
as h(.,.):

h(A, B) = max { sup h(a, B), sup h(A4, ﬁ)} (2.6)
acA peB

for A, B € Q(X). Then (Q(X), h) is side to be a super Hausdorff metric space

induced by CB(X).

Obviously, h(a, B) < h(A, B) for any a € A and A, B € Q(X).
Definition 2.10. Let (2(X),h) be a super Hausdorff metric space induced
by CB(X). Let A, € Q(X)(n =1,2,...), A € Q(X). If ILm h(An, A) =0,

that’s Ve > 0, 3N such that h(A,, A) < € for any n > N, then the subset
class sequence {4, }7° of X is side to be convergence to A in super Hausdorft
metric A(.,.).

Lemma 2.11. Let (X, d) be a metric space, Q(X) be the family of nonempty
bounded closed subset class of X. For any a € CB(X) and any B € Q(X),
then h(a, B)=0 if and only if a € B.

Proof. For any B € Q(X) and any o € CB(X), if @ € B, then H(a,a) =0
for (2.1), and so h(a, B) = ﬁin}fBH(a,ﬁ)zo.
€

On the other hand, since h(«a, B) = ﬁi}n}fg H(a, ) =0 for B € Q(X) so that
€
for n =1,2,..., exists a B, € B, respectively, such that

1 1
0< H(a,pp) < —+h(a,B) < —.
n n

Therefor, lim H(«,$,) =0 and lim (3, = a in H(.,.) metric. It follows that
a € B € Q(X) from Definition 2.6 (ii)-(iv). O

Theorem 2.12. Let (X,d) be a metric space, Q(X) be the family of nonempty
bounded closed subset of X, H be a Hausdorff metric induced by the metric d
of X. If h is a super Hausdorff metric of X induced by (2.5), then for any
A,B,C € Q(X), the following propositions hold:
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0;

nB, A);

=0, if and only if A = B;

< WA, C) + h(C, B);
—h(B8,B)| <hA,B), VpeCB(X).

Therefore, ( h), super Hausdorff metric space induced by CB(X) is a

metric space.

Proof. (i) and (ii) are clear. For (iii), i(A, B) = 0if and only if sup h(«, B) =0

acA
and sup h(8, B) = 0, and if and only if A C B and B C A hold for Lemma
BeB

2.8. Therefore, A = B.
Let A,B,C € Q(X). For any a € A, € B, € C, by H Hausdorff metric
of X, we have H(«, 3) < H(a,7) + H(v, ) and

{0, B)} < Inf (H(ay) + T 9} < Inf (7,5} + H(e,7)
It follows that h(«, B) — h(v, B) < H(«,~) and
inf {h(a, B) — h(y, B)} < inf {H(a,7)},
yel veC

and
inf {h(a, B)} — sup{h(~, B)} < inf {H(a,7)}.
yeC ~veC ~yeC
Therefore,
h(a, B) < sup{h(, B)} + h(a, C).
veC
Then holds
sup h(a, B) < sup{h(v, B)} + sup h(¢, C). (2.7)
acA yel acA
In as same,
sup h(A, B) < sup{h(A4,v)} + sup h(C, 3). (2.8)
BeB ~eC BeB

It follows from (2.5)-(2.8) that (iv) holds. Therefore, i is a metric in Q(X)
and (2(X), h), super Hausdorff metric space induced by C'B(X) is a metric
space for (i)-(iv).

For any 8 € CB(X), since

h(g,4) = inf {H(f,0)} < H(B, @) < H(B,7) + H(e,7)
for any v € B, so that
h(8,A) — H(8,v) = H(a,7),

and hence
h(3,A) — H(B8,7) < h(4,7)
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or

h(B,A) < h(A,7) + H(B,7).
Then

h(B,4) <h(A,v) + H(8,7) < (A, B) + H(B,7).

We can have

h(B,A) < h(A,B) +h(3,7)
for g € B, that is

h(5,A) < h(A,B) +h(8, B).
In same way,

h(8,B) < (A,B) +h(5, 4)

holds. It follows that

[h(8,A) —h(B, B)| < h(A, B)
for any € B. O

Corollary 2.13. Let (X, d) be a metric space, C(X) be the family of nonempty
compact subset of X, then (> (X),h), super Hausdorff metric space induced
by C(X) is a metric space.

The following result holds obviously.

Lemma 2.14. Let A € p(2%), then A is a bounded set class if and only if
exists a constant r > 0 such that h(A,{{0}}) < r, where 0 is zero element in
X.

Theorem 2.15. Let A, € Q(X)(n=1,2,...) and A € QX), if nh_)rrolo A, =A
exists, then the limit A of the sequence {A,}5° is unique.
Proof. Let nh_)ngo A, = A and nh_)rrgo A,, = B are limits of the sequence {4, }5°,
by Theorem 2.9 (i)-(iv) and Definition 2.7, we have

0 < h(A,B) < h(An, A) + (A, B) = 0(n — o).
Then A = B. O

Theorem 2.16. Let A, € Q(X)(n =1,2,...) and 1i_>m A, =A e QX), let
B, € Q(X)(n=1,2,...) and li_>m B, = B € Q(X). Then li_>m W An, Byn) =
(A, B), that is h(-,-) is continuous in the Q(X) x Q(X).
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Proof. By using Theorem 2.9, we have
hAn, By) < h(An, A) + h(A, B) + (B, B)
and
(A, B) < (A, An) + h(An, By) + h(By, B).
Therefore,
|h(An, Bn) — (A, B)| < h(A, Ap) + h(By, B).
Then lim h(A,,B,) = h(A, B) holds, that is, Ai(:,-) is continuous in the

n—oo

Q(X) x Q(X). O

Lemma 2.17. If lim A, = A, then {Ax}° C Q(X) is a bounded set class
sequence. e

Proof. The proof directly follows from Definition 2.6. O

Definition 2.18. Let (2(X), #) be a super Hausdorff metric space induced by
CB(X). If for every € > 0, there exists an open covering of Q(X) by finitely
many e-balls, then the space (X)) is called totally bounded.

Lemma 2.19. If (CB(X), H) is totally bounded, then Q(X), super Hausdorff
metric space induced by CB(X) is totally bounded.

Proof. Select ¢ > 0. Take a finite open cover C' of CB(X ) by e-balls Cy, =
Ci(ag,e) € CB(X) which center is {ay,as,- - -, an}, respectively, for k =
1,2,---,n. Then

a = {Ck<ak7 6)}]:%:1

U< = UHCrlan,e)}ioy = CB(X).

Note, Cx = Ci(ag,e) € Q(X) for k = 1,2, - -,n. For any element A €
Q(X), 0 # A C CB(X), then there exist some C},; such that A C U{C}, }

and Cp, NA # ) for j = 1,2,---,N < n. Let Dy = {Ck} ', € QX )
then A € B(D4,¢) which B(D4,¢) is a e-ball of Q(X) and Q(X) is covered
by set class of X, open e-ball class {B(Da,¢)|A € Q(X)}. Since Dy =
{Cx, };VZI C {Ck(ag,e)}}_, so that the number of different D4 is not more
than 2". Therefore, {B(Dy,¢)|A € Q(X)} is a finite open cover of (X)), and
obviously, i(A,B(D4,¢)) < e. O

and

It follows that the following theorem from Lemma 2.18.

Theorem 2.20. If (X, d) is totally bounded, then Q(X), super Hausdorff met-
ric space induced by CB(X) is totally bounded.
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Proof. Since if X is totally bounded, then the induced Hausdorff space CB(X)
is totally bounded [34], and Lemma 2.18 so that the result holds. O

Theorem 2.21. Let (X, d) be a complete metric space, then Q(X) is a com-
plete space for the super Hausdorff metric h(-,-).

Proof. Let (X,d) be a complete metric space, then (CB(X), H) is a complete
metric space by Lemma 2.5.
Let {A,}22, C Q(X) be a Caushy sequence in A(-,-), that is Ve > 0,

n=1

AN > 0, h(A,, Am) < € holds as n,m > N, where
h(Am Am) = Inax { sup h(Am 6m)7 sSup h(/gm Am)}
Bm€EAm Br€An

Obviously, Caushy sequence {A,}7°, be bounded, and then h(A,,5,) =
info, ca, {H(an, Bm)} < € and 3 &, € A, such that H(&n,Bm) < 2¢ for
n,m > N and any B,, € A,,. In the same theory, 3 B € Ay such that
H(Bm,ozn) < 2¢ for n,m > N and any «, € A,, then H(Bm,dn) < 2¢ holds
for &,, € A, and Bm € Ap. {@n}52 selected from the sequence {A4,}°2, is a
Caushy sequence for the Hausdorff metric H (-, -) in CB(X), and there exists a
a= nh_>ngo Gy, € C(X), because CB(X) is the complete space for the Hausdorff

metric H(-,-). Therefore,
A= KLIli(A,) = {ala= 1i_>m Gplam € Ap} #0
and A € Q(X).
Next, we show that li_>m (A, A,) = 0.

Let h(Ap, A) = max{sup,c 4 h(Ay,, a),sup,, c4, h(on, A)}, and A = KLIi(Ay).
Then Ve > 0 and Vo € A, 3 &, € A, such that o = lim &, and so that there
n—o0

exists a N > 0, H (&, «) < € holds as n > N. Then h(A,,«) < ¢ and

h(ap, (A, A)) = max{ sup h(A4,, ), sup h(an, A)} <e
acA an€An

as n > N. Therefore, ILm h(An, A) = 0. O

It follows that the following corollaries from the proof process of Theorem
2.20.

Corollary 2.22. Let X be a complete metric space, let {Ap}>2; C Q(X) be a
Cauchy sequence for super Hausdorff metric h(-,-), then {A,}>2 is bounded.

Corollary 2.23. Let X be a complete space and lim A, = A € Q(X), then
n—oo

{A,}5° is a Cauchy sequence in h(-,-).
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Theorem 2.24. Let (2(X),h) be a complete space, A, € QX)(n =1,2,...)
and A € Q(X), then 1i_>m Ay, = Ain b if and only if KLIi(Ay,) = KLIs(A,) =
A.

Proof. Let A, € Q(X)(n = 1,2,...) and A = l1m Ay in h, then {A,}5°
is a Cauchy sequence in (2(X),h) for Corollary 2 22, and hm A, = A=
KLli(Ay) C KLIs(Ay,), because of Theorem 2.19 and Lemma 2 7 (iv). Let

B=KLls(A,) = | U 4.

1<k<oco \k<n<oco

We will show that B = A. Since {4,}72; C Q(X) in A(-,-), so that Ve > 0,
AN > 0, h(A,, An) < € holds as n,m > N, where

h(AnaAm) :maX{ sup h(Anaﬁm)a sup h(ﬁnaAm)}

ﬁm EA’"L B’IL eAn

Then Ve > 0, IN; > 0, sup,, ¢4, h(an, A) < € holds as n,m > Np, and
Vag, € Ay, h(ay, An) =inf,,, ca,,{H (an, am)} < € holds as n,m > N. It fol-
lows that Va,, € A,, &, € A, such that H(ay, &,) < € holds as n,m > Ny
and {Gm}pesy, is a Caushy sequence in H on C'B(X) if which is complete.
Setting a = n%gnoo G, then a € KLIi(A,) C B and 77}i_]f)ﬂooH(dm,oz) = 0,

and Vo, € A, H(ap,a) < € holds as n > Nj. Therefore, Va,, € A,
inE{H(an, a)} =h(ap, B) <e¢, and sup,, ¢4, h(an, B) < e holds as n > Nj.
ae

On the other hand, for any o € B, then exists a sequence {ozp};‘;k C

U A, for & > 1 such that o = hm 0 ap, where o, € A,,. For any € > 0
k<n<oo
and any o, € Ay, exists Ny > 0, and exists ay, € A, such that H(ap,ap) < €
and H(an,a) < H(an,op) + H(ap,a) < 2e holds as n,p > Na. Therefore,
for any ¢ > 0 and any « € B, exists Ny > 0, and exists «,, € A, such that
H(ap,a) < ¢ holds as n > Ny, then sup,cgh(A4,,a) < ¢ holds as n > Na.
We have prove that for any ¢ > 0, exists N > 0 such that A(A,, B) < ¢ holds
as n > N = max{Ny, No}, that is B = nh_}ngo A,,. Therefore, if A = nh_}rgo A, in

h, then K Lli(Ay,) = KLIs(A,) = A.
If KLIi(A,) = KLIs(Ay), Kuratoski Li limit of sequence {Ay}72, exists,
then let A = KLIi(A,), and belong to Q(X) for KLIs(A,) € Q(X). For

any a € A, there exists a,, € A, such that @« = lim «, it follows that
n—oo

lim A(A,, A) =0. O

n—oo
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Corollary 2.25. If X is a complete space, then nonempty compact subset
space C(X) of X is a complete space, and hence, nonempty compact subset
class space ¥(X) of X is a complete space.

3. SET-VALUED FIXED POINT THEOREM
BASED ON THE SUPER-TRAJECTORY IN X(X)

Definition 3.1. Let (X,d) be a metric space, (C(X),H) be a nonempty
compact subset metric space of X, X(X) = {A|A C C(X)} C p(2¥) be the
super Hausdorff metric space of X in A, and 0 be zero element in X. Let
P : 2% — p(2%X) defined by P(z) = a € 2X (Va2 € X) be a set-valued mapping.
Then

(i) A set class sequence {A,}7°, in X is bounded, if

a=  sup {an a, = sup H({0},ay) < +o0, n:1,2,---}
AnE{An}zo:l an€An
and a < +oc;
(ii) P is said to be a a-compact mapping, if Pa = {P(y)|y € a} € X(X)
for o € C(X);

(iii) P issaid to be a class compact mapping, if Pa = {P(y)|y € a} € £(X)
for any a € C(X);

(iv) z is said to be a fixed point of the set valued mapping P in X, if
x € P(x) for x € X;

(v) « is said to be a set valued fixed point of the set valued mapping P in
X if a € P(a) for a € 2%;

(vi) {an}52 is side to be supper-trajectory of set valued mapping P at
ap in 2% if a,y1 € P(ay) and H(ay11,0n) = h(P(ay), o) for n =
1,2, -+, denote by Op(ap,0,00);

(vii) P is side to be continuous at a in 2% if nh_{glo h(P(ay,), P(a)) = 0, or
lim P(ay,) = P(a) in A
n—oo

(viii) « is side to be set-valued limit point of {a,}5° ; if there exists a sub-
sequence {ay, 132, such that lim A(oy,,a) =0, or lim o, = o in
7 k—o0 k—o0

Lemma 3.2. Let (C(X), H) be a complete metric space. If a sequence {15,
is bounded, then there exists a set-valued limit point of {o, }22, at last.

Proof. Let a set sequence {ay}o; be bounded for the Hausdorff metric H,

then |J «, is bounded, and {z,}5%(xn € anp,n = 1,2,--+) is bounded.
k<n<oo
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Therefore, there exists a limit(cluster) point y of {z,}°2 ; at last, that is there
is a subsequence {z,, }32, of the sequence {x,}72; such that klim Tp, =Y.
— 00

Let
a:{y‘y:kli_{goxnk, Tp, € Qn,, k::1,2,-~-},

then a # 0 and o € C(X). Then « is a set-valued limit point of {a, }22,. O

Lemma 3.3. Let (3(X),h) be a complete metric space. If a set class se-
quence {A,}02 1 in X(X) is bounded, then there exists a set class limit point

of {An}5%, at last.

Proof. Let a sequence {A,}5°; be bounded for the Hausdorff metric H, then
U A, is bounded by the Definition 3.1, and {ay }22 (o, € Apy,n =1,2,-)

k<n<oo

is bounded. Therefore, there exists a cluster point 5 of {a,}7°; at last,

that is there is a subsequence {ay, }7°, of the sequence {a,}>2; such that

lim xz,, =y. Let

k—oo

A= {ﬁ ‘ ﬁ:kli_{goank, an, € Ay, k= 1,2,--},
then A # () and A € C(X). Then A is a set-valued limit point of {A,}>2,. O

It follows easily that the result from the conditions for C'(X) made up by
compact subset of X and completeness of (C(X), H).

Theorem 3.4. Let (C(X),H) be a complete metric space, (3(X),h) be a
super Hausdorff metric space induced by (C(X),H). Let P : C(X) — 3(X)

induced by P : X — C(X) be a continuous set-valued mapping at any o €
C(X). For any o, € C(X), let

h(P(a), P(B))
1 } (3.1)

< (et 8), W P(@). (5. P(5), b, P(5))+h(5. Pla)]
hold as o # B. If there exists a oy € C(X) such that the supper-trajectory
Op(ag,0,00) has a set-valued limit point «, then « is a set-valued fized point
of set-valued mapping P.

Proof. Let {ay,}72 ; be super-trajectory of set-valued mapping P at o in 2X.
If for ko, ag, = oy+1, then ag, = agyr1 € P(ag,), that is ay, is a set-valued
fixed point of the mapping P.

Without loss of generality, let o, # 41 forn # 0,1, 2, -+, by the conditions
of super-trajectory of set-valued mapping P at «p, and (3.1), then by using
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the Definition 2.8 and the Definition 3.1 (vi), we can have for n > 1,
H (o, ant1) = h(P(an), an)
< W(P(an-1), P(om))
< max{H (an_1, ), h(an_1, P(an_1)), h(an, P(ay)),
S (a1, Plan) + (o, Plan1))]}
< max{H (an—1,0n), H(an, ni1)}.
Since apt1 € P(ay) and H(ant1,0n) = h(P(ay), o) for n=1,2,- -, so that
H(ant1,0n) < H(ay,ap—1). Therefore, lim H(apt1,00) = a > 0 exists.

Because the super-trajectory sequence {an} >, has a set-valued limit point
for the Lemma 3.2, denote by «, then there exists subsequence {ap, }72, C
{an}92, such that klim ap, = o We need to prove a € P(a). By using

— 00

Theorem 2.11 (vi), we have
|H (g, any1) = h(a, P(a))]
< [H(eny,; any41) = h(any,, P(a))] + [h(an,, P(@)) = h(anm, P(an))|
= [an,, P(an,)) = h(an,, P(a))| + [h(an,, P(a)) = h(a, P(a))|
< h(P(an,, P(@)) + [h(an,, P(a)) = h(a, P(a))],

that is
|H (any,, oy +1) — h(a, P(a))]

< h(P(an,, P(@)) + [h(an,, P(@)) = h(a, P(a))],
lim h(P(ay,, P(a)) = 0 for the continuousness of P and lim |h(ay,, , P(a))—

(3.2)

k—oo k—oo

h(o, P(a))| = 0, then
khm H(ap,, an,+1) = h(a, P(a)) =a (3.3)
—00

holds.

On the other hand, klim h(P(a), oapy41) < klim h(P(a), P(ay,)) = 0 and
—00 —o0

P(a) € ¥(X) is compact, must be hounded and clouded for completeness of

Y(X), then exists a subsequence {yp, }32, € P(a) € X(X) such that for each

k=1,2,--, exists a yp,,

1
H(Oénka’Ynk) S % + h(P(Oé), ank"!‘l)
holds for h(P(a),an,+1) = inf {H(an,,7)}, then lim H(an,+1,V,) = 0
~EP(a) k—o0

and {vyn, }?2, is hounded, and then there exists a subsequence {Vnkj e, C
{172, such that lim Ty, = € € P(a) for compactness of P. Therefore,
J—00

lim H(ank +1,8) =0.

]—>
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Redoing (3.2) and (3.3), we have
lim H(an, 11, +2) = h(& P(E)) = a (3.4)
J—00 J J

and it follows that

a=h(¢, P(§)) = h(a, P(a)) = H(, a) (3.5)
from (3.3)-(3.5), and lim H(opt1,0p) = a and lm H(ap, +1,0m, +2) =
n—00 J—00 J J

H(g 0) = a.
Further, for £ € P(a), if « = £ € P(a), then it is all right, but it is not, by
using (3.1), we consider

h(P().€) < K(P(€), P(a))
< max { H(a. &), e, P(a), (s, P(O) 5lh(a, P() + his. Pla))] |

< maX{H(an—ly an)a H(ana an-i—l)}-

Since a # £ € P(a) so that h(P(£),€) < h(a, P(a)), and a = h(P(§),§) <
h(a, P(a))) = a. This is a contradiction. Hence, a € P(«). O

Lemma 3.5. Let (CB(X), H) be a metric space, (Q(X),h) be a super Haus-
dorff metric space induced by (CB(X),H). Let P: CB(X) — Q(X) induced
by P : X — CB(X) be a continuous set-valued mapping. Then a € P(«) if
and only if exists a xo € a such that o = P(xg) for a € Q(X).

Proof. The proof directly follows from Definition 3.1, so it is omitted. g

Theorem 3.6. Let (X,d) be a complete metric space, (3(X),h) be a super
Hausdorff metric space induced by (C(X), H) which is induced by (X,d). Let
P : C(X) — X(X) induced by P : X — C(X) be a continuous set-valued
mapping at any o € C(X). For any o, f € C(X), let

h(P(a), P(B))

<maX{H(a,ﬁ%h(a,P(a))vh(ﬁ,P(ﬁ)) ~[h(a, P(8)) + h(3, P (am} -

2
hold as o # . If there exists a ag € C(X) such that the super-trajectory
Op(ap,0,00) has a set-valued limit point o, then there is a fized point of set-
valued mapping P in X. And there is a fized point of set-valued mapping P
in the set-valued limit point set of the super-trajectory Op(ap,0,00) at lest.

Proof. 1t follows directly that the result from Theorem 3.3 and Lemma 3.4. [
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