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Abstract. We present a local convergence analysis for a family of cubically convergent
methods in order to approximate a locally unique solution of a nonlinear equation in a
Banach space setting. We only use hypotheses on the first Fréchet-derivative. The local
convergence analysis in [6, 15] used hypotheses up to the second Fréchet derivative. Hence,
the application of the methods is extended under less computational cost. This work also
provides computable convergence ball and computable error bounds. Numerical examples

are also provided in this study.

1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally
unique solution z* of the nonlinear equation

F(z) =0, (1.1)

where F is a Fréchet-differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space Y. Using mathematical mod-
eling, many problems in computational sciences and other disciplines can be
expressed as a nonlinear equation (1.1) [2, 5, 14, 16]. Closed form solutions of
these nonlinear equations exist only for few special cases which may not be of
much practical value. Therefore solutions of these nonlinear equations (1.1)
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are approximated by iterative methods. In particular, the practice of Numer-
ical Functional Analysis for approximating solutions iteratively is essentially
connected to Newton-like methods [1]-[20]. The study about convergence mat-
ter of iterative procedures is usually based on two types: semi-local and local
convergence analysis. The semi-local convergence matter is, based on the in-
formation around an initial point, to give conditions ensuring the convergence
of the iterative procedure; while the local one is, based on the information
around a solution, to find estimates of the radii of convergence balls. There
exist many studies which deal with the local and semi-local convergence anal-
ysis of Newton-like methods such as [1]-[20].

We present a local convergence analysis for the cubically convergent family
methods defined for each n =0,1,2,--- by
Yn = Tn — F’(mn)_lF(:cn),
Tnp1l = Tn— AN — A)F (2,) 7 F(zy), (1.2)

n

where zg is an initial point, «, 6 € (—00,00) are given parameters and

An = OF"(20) " F(yn) + (1 — 20) F' () ' F' <yn ; mn) +61.

If & = 1, method (1.2) specializes to the method studied in [6, 15]. Moreover,
if we choose 6 = 0, %,% and i in turn, we obtain, respectively, the midpoint
Newton method proposed by Traub [18], the arithmetic Newton’s method
introduced by Weerakoon and Fernando [20], Hasanov’s, Nedzhibov’s method
[12]. We shall use the conditions (C):

(C1) F(a*) =0, F'(a*)"! € L(Y, X);

(C2) ||F'(x*)"Y(F'(x) — F'(x*))|| < Lo||x — x*|| for each = € D;

(C3) [IF"(z*) " (F'(2) — F'(y)l| < Lllz — y|| for each z,y € D;

(Ca) IF(z*) 1 (F"(z) — F" ()|l < Kl|lw — y|| for each z,y € D.

In particular, the local convergence of method (1.2) for & = 1 was studied
under condition (C1), (C3) and (C4) in [15]. It was then later improved in
[6] under conditions (C1)—(C4). Notice that in the earlier results the very
restrictive condition (Cy4) is used although the second derivative is not used
in ‘lchg method. As a motivational example, let us define function F on X =
[_57 §] by

w3nz? 4+ 25 — 2t if 2 #0,
F(x):{o, ifxio. .
We have that
F'(x) = 32% Inz? 4 52* — 42® 4 222
and
F'(z) = 6zInz? + 2023 — 1222 + 10z.
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Then, obviously, function F' cannot satisfy condition (C4). In the present
paper, we only use hypotheses on the first Fréchet derivative (see conditions
((2.9)-(2.12)). This way, we extend the applicability of method (1.2) and
under less computational cost than in [6], [15] (and for o not necessarily only
1).

The rest of the paper is organized as follows. The local convergence of
method (1.2) is given in Section 2, whereas the numerical examples are pre-
sented in the concluding Section 3.

2. LOCAL CONVERGENCE ANALYSIS

We present the local convergence analysis of method (1.2) in this section.
Let U(v,p) and U(v,p) denote the open and closed ball in X, respectively,
with center v € X and of radius p > 0. Let Lg > 0, L > 0, M > 0,3 >
0,7 >0 and o, 6 € (—o0,+00) be given parameters. It is convenient for the
local convergence analysis that follows to define some functions on the interval

[0, £-) by
Lr

0 B L)

0| Lo(1 4 3g1(r))r |1 —6|M
2(1 — L()’I”) 1-— L()T' ’

g2(r) =y +11 -0+

ha(r) = Bga(r) — 1,

(101 + |1 — 26)) M

g93(r) = 1— Lor

+101,

iy ol M+ a(r)
) =00 T B~ Lo

and
ha(r) = ga(r) — 1.
Define
2
rA = 1oLy (2.1)

It follows from the definition of function g; and (2.1) that
0<gi(r) <1 for each r € [0,74).

Suppose that
B(y+(1+M)1-0]) <1. (2.2)
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We have that ha(0) < 0 by (2.2) and ha(t) — oo as t — Lio_. It follows from
the intermediate value theorem that there exist zeros of function hs in the
interval (0, 7 o ). Denote by ra the smallest such zero.

Suppose that

BlafM (14 (|0] + 11 =20 )M + |0]) + B(v+ (1 + M)|1—-0|) <1. (2.3)
Notice that (2.3) implies (2.2). We get by (2.3) that hs(0) < 0 and hy(t) —
+oco ast — Lio_. It follows from the intermediate value theorem that function

hy has zeros in the interval (0, L%) Denote by r4 the smallest such zero. Then,
we have that
0<g4(r) <1 foreach r€|0,ry).

Define
r* =min{ra,re,r4}. (2.4)
It follows that
0<gi(r) <1, (2.5
OSﬁQQ(T) < 17 (26
0 < g3(r),
and
0<ga(r) <1, (2.8)

for each r € [0,7%).
Next, we present the local convergence analysis of method (1.2).

Theorem 2.1. Let F' : D C X — Y be a Fréchet-differentiable operator.
Suppose that there exist x* € D, Ly > 0, L >0, M > 0,58 > 0,v > 0 and
a, § € (—o0,400) such that condition (2.3) holds and for each x € D

F(z*) =0, F'(z")" € LY, X), [|[F'(z") 7| < 8, |l = F'(a")] <7, (2.9)
|/ (%) (F' () — F'(2*))|| < Lollz — =™, (2.10)
IF' (%) " (F(2) = F(«*) = F'(2)(x — 2*))|| < gllm —a*|1%, (2.11)
|F/(z*) " F (@) < M (2.12)

and
U(z*,r*) C D, (2.13)

where m* is defined by (2.4). Then, the sequence {x,} generated by method
(1.2) for g € U(x*,r*) — {a*} is well defined, remains in U(x*,r*) for each
n=0,1,2,--- and converges to x*. Moreover, the following estimates hold for
eachn=0,1,2,---,

1gn = 2% < gr(llan — 2" Dllzn — 27| < [len =27 <, (2.14)



Local convergence for a family of cubically convergent methods 267

* * * 1
1F(z") = A(zn) || < g2(llan — 2™[])llzn — 27| < 5 (2.15)
[A(@n) || < gs(llzn — ™)) (2.16)
and
[2nt1 — 2" < galllzn — 2" [Dllwn — 2™, (2.17)
where the “g” functions are defined above and

Alw) = OF'(2)"'F'(x — F'(2)" ' F(a))
(1_29 F/ 1F,<2$—F (x>>
D.

+601 for each x €

Furthermore, suppose that there exists T € [r, 2 s ) such that U(z*,T) C D,
then the limit point x* is the only solution of equation F(x) =0 in U(z*, R).

Proof. Using (2.10), the definition of 7* and the hypothesis zo € U(z*,r*) —
{z*} we get that

IF (a%) "} (F(z0) — F(z*))| < Lol|lwo — 2*|| < Lor* < 1. (2.18)

It follows from (2.18) and the Banach Lemma on invertible operators [3, 16]
that F'(z0)~! € L(Y, X) and

|F (o) ' (2)| < 1 1 (2.19)

< .
’ - 1—LOH.T0—.CE*” 1— Lor*

Hence, from the first substep of method (1.2) for n = 0, (2.5), (2.11) and
(2.19) we get that

yo — 2" = —F'(x0) " F' (") F' (") T [F(20) — Fla*) — F'(z0)(x0 — 2)],

lyo — 2| < |[F'(wo) T F' (@) |[|F' (27) " [F (o) — F(¢*) = F' (o) (wo— )] |
L|jzg — z*|?
2(1 = Lollzo — z*[])

= gillzo — 2"[Dllwo — 2™ < [0 — =¥ <7,

IN
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which shows (2.14) for n = 0 and yo € U(z*,r*). We have by the definition of
Ao

|F'(z*) — Ao|| = ||[F'(z*)—1+1-61
O ) F )~ (1 20)F ) (2550 |
= |[(F'(z)-1)+(1—-0)I

—|—9F’(:C0)71 (F/ (?/0"2‘130) . F/(Z/O))

—(1 = 0)F' ()" F <y°”°> H

Using (2.6), (2.9), (2.10), (2.12) and the definition of r* (since |22 —z*| <
%(Hyo — || + ||lxo — 2% < %(’F* +7*) =1r*), we get that

17" (2") = Aol
< IF'(2) = I + | F'(27) 7 (F' (o) — F' (@)l

e ((252) )

1= 011 oo P [Py ()

HL = 0]+ 0] (o)~ F' ()|

0] Ly
< 1—6 Lo o .
Sy+-0+ 1= Lojlzo —*| \ 2 (lyo — «*|| + [lzo — 2*[|)
1-6|M
Lollyo — =* |
+ OH?JO x H) + 1—L0||x0—l‘*||
101 Lo ) .
LT ) P A R
M1 —0)
1 — Lollzo — 2|
01 Lo(3g1(||lwo — *||) + 1) ||lzo — 2* M|1—6
§7+‘1_9’+| [ Lo(391([[z0 — ™)) *)H 0 — || 11— 0] *
2(1 — Lo||lzo — z*])) 1— Lo||zo — ||
X 1
= go(|lzo — 2*||) < 3 (2.20)

which shows (2.15) for n = 0. It follows from (2.20) and the Banach lemma
on invertible operators that A ! exists and
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_ s
Agtl < : 2.21
e P (T} (220
Moreover from the definition of Ay, g3, (2.19) and (2.12) we have that
Aol < OIIF (o)™ F' () I E" (=*) " F" (3o
- « *y— Yo + o
H1 = 20/ F' (o) = F' (@) Il F"(27) ' (Z—=) 1 + 1]
6| M |1 —20|M
< : il
1= Lollwo —2*|| ~ 1= Lollzo — 2|
= g3(llxo — 7)), (2.22)

which shows (2.16) for n = 0. Furthermore, using the last substep of method
(1.2) for n = 0, we get from (2.12), (2.14), (2.18), (2.20), (2.21) and the
definition of function g4 and r* that

[ — ™|

< llyo = @*[| + lo[| A5 |1 + [[ Aol

|| (o)~ F' ()] H /01 F/(2*) L (2" + t(zo — o)) (w0 — x*)dtH

BM |1 + g3(llzo — =*[])
(1= Bga(llzo — 2*[))(X = Lollzo — 2*))
= gallzo — z*[Dllwo — 27| <%,

< |g1([lwo — 2™[]) +

] a0 — |

which shows (2.17) for n = 0 and z1 € U(z*,r*). By simply replacing zg, yo, 21
by Tk, Yk, Tx+1 in the preceding estimates we arrive at (2.14)-(2.17). Then,
from the estimate ||xg1 —2*|| < ||zp —x*|| < ¥, we deduce that limy_, o zp =
z* and x4 € U(x*, 1),

Finally, to show the uniqueness part, let Q = fol F'(y* + t(z* — y*)dt for
some y* € U(x*,T) with F(y*) = 0. Using (2.10), we get that

1
IF' (@)1 Q — F'(@)| < / Lolly™ + (2" —y*) — «™[|dt
0

IN

1
/0 (1— t)lle" — y*|ldt
L
< 70T<1. (2.23)

It follows from (2.23) that @ is invertible. Then, from the identity 0 = F'(z*)—
F(y*) = Q(z* — y*), we deduce that z* = y*. 0
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Remark 2.2. 1. In view of (2.10) and the estimate

IF' (") F (2)| = [[F'(2) " (F'(2) = F'(«*) + I
< L4 ||F/(a) 7 (F (2) — F'(a"))]]
< 1+ Lol — =¥

condition (2.12) can be dropped and be replaced by
M(r) =1+ Lor.

Moreover, condition (2.11) can be replaced by the popular but stronger con-
dition (C3) or

IF" (@) F (2" + t(z — 2) = F'(2))| < L~ )]z — 2|
for each z,y € D and t € [0, 1].

2. The results obtained here can be used for operators F’ satisfying autonomous
differential equations [3, 5, 14] of the form

F'(z) = T(F(x)),

where T is a continuous operator. Then, since F'(z*) = T(F(z*)) = T(0), we
can apply the results without actually knowing z*. For example, let F(x) =
e®? — 1. Then, we can choose: T'(z) = x + 1.

3. The local results obtained here can be used for projection methods such as
the Arnoldi’s method, the generalized minimum residual method (GMRES),
the generalized conjugate method(GCR) for combined Newton/finite projec-
tion methods and in connection to the mesh independence principle can be
used to develop the cheapest and most efficient mesh refinement strategies
(2, 5].

4. The parameter 74 given by (2.1) was shown by us to be the convergence
radius of Newton’s method [2, 6]

Tyl = Ty — F'(2,) " F(2,) foreach n=0,1,2,--- (2.24)

under the conditions (2.10) and (Cs). It follows from (2.2) that the convergence
radius 7* of method (1.2) cannot be larger than the convergence radius 74 of
the second order Newton’s method (2.24). As already noted in [2, 5] 74 is at

least as large as the convergence ball given by Rheinboldt [18]
r — i
LAY

In particular, for Ly < L we have that

TR <TA
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and

TR 1 L()
— = = — — 0.
a3 L

That is our convergence ball 4 is at most three times larger than Rheinboldt’s.
The same value for rr was given by Traub [19].

5. It is worth noticing that method (1.2) is not changing when we use the
conditions of Theorem 2.1 instead of the stronger (C) conditions used in [6, 15].
Moreover, we can compute the computational order of convergence (COC)

defined by
(Ll (el
(e [#n—1 — a*|
or the approximate computational order of convergence
o= (el (il ),
|2 — Tn—1]| [Zn—1 — Zn—2|

This way we obtain in practice the order of convergence.

3. NUMERICAL EXAMPLES

We present numerical examples in this section.

Example 3.1. Let X =Y =R3, D = U(0,1),z* = (0,0,0)”. Define function
F on D for w= (x,y,2)" by

e—1 T
F(w) = (e‘r—l, Tyz—f-y, z> .
Then, the Fréchet-derivative is given by
e’ 0 0
F'v)=] 0 (e=1y+1 0
0 0 1

Notice that using the (C) conditions, we get Ly = e — 1,L = M = e. Then,
for « = 0.1121,0 = —1.6388, 8 = 1,7 = 0, we have r4 = 0.3249, rp =
0.2453, 19 = 0.5067, 14 = 0.2736, 7 = 0.2736

&1 =0.9991, € = 0.9992.

Example 3.2. Returning back to the motivational example at the introduc-
tion of this study, we have using the (C) conditions, Ly = L = 146.6629073, M =
101.5578008. Then, for a« = 0.0025, § = —1.1039, 5 = %, v = 0, we have
ra = 0.0045, rgr = 0.0045, ro = 0.0069, r4 = 0.0021, r* = 0.0021

&1 = 1.0000, £ = 1.0000.
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