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Abstract. In this paper, the existence and uniqueness of local mild solution to quasilinear
equation with additive cylindrical Wiener process in a separable Hilbert space are established
using contraction mapping principle. Here we employ the technique used by Pazy to treat
homogeneous quasilinear evolution equations. We first show the existence of mild solution
of the corresponding linear part, using which we define a contraction map on a suitable
complete metric space. The fixed point then obtained using contraction mapping principle

is the mild solution of the quasilinear equation.

1. INTRODUCTION

In recent decades there has been a tremendous emphasis on understanding
and modeling nonlinear processes which are often governed by nonlinear sto-
chastic differential equations. The reason for this growing interest is because
the field of stochastic processes forms a bridge between central mathematical
issues and practical applications. It arose initially from the study of Brownian
motion by Wiener and was extended by It6, Levy, Kolmogorov and others,
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to a general theory of stochastic differential equations (SDEs). In the case of
ordinary differential equations (ODEs), this type of stochastic equations has
been well developed since It6 introduced the stochastic integral equations in
the mid-1940s (see [9],[8]). Until the 1960s, most of the work on stochastic dif-
ferential equations had been confined to stochastic ODEs. Since then, spurred
by the modern applications, partial differential equations (PDEs) with ran-
dom parameters, such as the coefficients or the forcing term, have begun to
attract the attention of many researchers.

Before the 1970s, there was no general framework for the study of stochastic
PDEs. Later, by recasting stochastic partial differential equations (SPDESs) as
stochastic evolution equations or stochastic ODEs in Hilbert or Banach spaces,
a more coherent theory of SPDEs, under the cover of stochastic evolution
equations, began to develop steadily. For study of ODEs one can refer [13] (see
also [20]). Since then the SPDEs are more or less, synonymous with stochastic
evolution equations. The study of SPDEs in Hilbert space goes back to Baklan
[1]. He proved the existence of solutions for a stochastic parabolic equation or
parabolic It6 equation with the aid of the associated Green’s function. This
technique is a precursor to what is now known as the semigroup method and
the solution in the It6 sense is called a mild solution. For further reading on
this, one can refer to [3] and[4].

Semigroup theory is an important part in mathematics having several con-
nections with theory of partial differential equations. Semigroups have been
successfully applied to treat both semilinear and quasilinear equations. A sys-
tematic study of deterministic quasilinear equations of evolution can be seen
in [10], [11], [12] and [14]. The assumption that the linear part of the equation
is an infinitesimal generator of a linear semigroup, is equivalent to the mini-
mal requirement that the studied equation, in its simplest form, has a unique
solution continuously depending on the initial data. Semigroup formulation
allows a uniform treatment of parabolic, hyperbolic and also delay equations.
In numerous situations results obtained by more specialized SPDE method
can be recovered by semigroup approach.

The Cauchy problem for stochastic semilinear equation in Hilbert space X
is given by,

de(t) + A@t)z(t)dt = f(t,x(t)dt + o(t,x(t))dW(t), te (0,T],
z(0) = . (1.1)

where (€2, P, F) is a complete probabiltiy space with a filtration {F}ici0,1)-
The operators {A(t)}¢cpo,r] are unbounded and with domains which may be
time dependent. The functions f: [0,T] xX — X and ¢ : [0,T] x X — L(Y, X)
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(Y is another Hilbert space) are measurable and adapted. W (t) is cylindrical
Wiener process on Y with respect to the filtration {7 };c(o,77-

Dawson [6] used semigroup methods to study (1.1) in the autonomous case
(A is constant). This work has been further developed by Da Prato and
Zabczyk and their collaborators (see [4], [5] and references therein). In [17],
Seidler considered the non-autonomous case with D(A(t)) constant in time.
An extension to non-autonomous setting with D(A(t)) depending on time was
given in [15] and [21]. In [7], Fernando studied stochastic counterpart of Kato’s
quasilinear partial differential equations seen in [12] using semigroup approach
with A depending on time and space and taking S™¢ in the place of o(t,),
a > 2 and proved the existence and uniqueness of mild solutions using Ba-
nach fixed point theorem. Fixed point theorems play a vital role in proving
existence (see [18] and [19]) and also controllability of solutions of various dif-
ferential equations (see [2]). In this paper, we consider Lipschitz perturbation
to stochastic quasilinear partial differential equation with additive cylindrical
Wiener process considered in [7].

2. PRELIMINARIES

We consider X and Y to be separable Hilbert spaces with norms || - [|x and
|| - ||y respectively. L(X,Y) denotes the space of all bounded linear operators
from X to Y with norm || - || ¢x,v)-

For B, M € R, let G(X, M, ) denote the set of all linear operators A in X
such that —A generates a Cy semigroup {e *4},>0 with
—tA
le" HL(X,X) < MePt, te[0,00).
In particular, A is m-accretive if A € G(X,1,0), in which case {e 7?4 };>¢ is a
contraction semigroup. A is quasi-m-accretive if A € G(X, 1, 5). Moreover if
A is quasi-m-accretive, then A is stable with stability index 1,3 (see [10]).

Let (2, F,P) be complete probability space with a filtration {F;}.cpo077-
W (t) be a cylindrical Wiener process with respect to the filtration {F;};c(o,m
on X. Consider the Cauchy problem for stochastic quasilinear equation with
additive cylindrical Wiener noise

dz(t) + A(t,z(t) x(t)dt = f(t,z(t))dt + 2dW (t), te(0,T],
z(0) = xo (2.1)

in X. Here z(t,w) is the unknown taking values in X and ¢ is Fp measurable.
{A(t, 2(t),w) }ejo,mwen is a family of possibly unbounded operators on X and
f is a semilinear nonlinearity. From now on, we do not mention the dependence
on the probability space explicitly unless necessary.
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For a fixed X-valued stochastic process z € E, we consider the corresponding
linear equation to (2.1),

de(t) + At 2(0) z()dt = f(t,2(t))dt + &AW (1), ¢ e (0,T],

z(0) = . (2.2)

Here we make the following assumptions,

(H1)

(H2)

(H4)

(H5)
(H6)

(H7)

Let B be an open ball in Y with center a and containing xg a.s. There-
fore, it is possible to choose ¢ such that |z — al|? < 7y a.s. For some
T < T (to be determined later) we denote E to be the set of all
strongly measurable functions z : Q x [0,7 A 7n] — Y, such that for
all t € [0,T A7x], ||2(t) — ||} < 7o as., and t — 2(t) is continuous as
X-valued functions a.s., where 7 is stopping time defined later.

X be a separable Hilbert space. Y is another separable Hilbert space
which is densely and continuously embedded in X and there exists an
isomorphism S : Y — X. The norm of Y is chosen such that S is an
isometry from Y to X, i.e., we have [|S]|vx) = S oy = 1.
A(t,z) is a linear operator on X and V(t,2) € [0,T] x E, A(t,z) €
G(X,1,p) and

SA(t,2)S™! = A(t,2) + B(t, 2)

where B(t, z) € L(X,X) with || B(t, 2)||Lx,x) < C1. The above relation
is satisfied in the strict sense, including the domain relation. Therefore,
x € D(A(t,2)) if and only if S~z € D(A(t,2)) and A(t,2)S~tx € Y.
Y C D(A(t,z)) for (t,z) € [0,T] x E so that ¥(t,z) € [0,T] x E,
A(t, z) restricted to Y belongs to L(Y,X) with [|A(Z, 2)[/(vx) < Co.
Also, Vz € E, t — A(t, z) is continuous in L(Y,X) norm and V¢t €
[0,T], z — A(t, z) is Lipschitz continuous in L(Y,X) norm,

[A(t, 21) — A(t, 22) |l v x) < Lallzr — 22

V(t,z) € [0,T] x E, we have A(t, z)a € Y with || A(t, 2)a|ly < Cs.

f be a bounded function on [0,7]x E — Y with || f(¢, 2)|ly < Cs. Also,
Vz € E,t — f(t, z) is continuous in X-norm and V¢ € [0,T], z — f(¢, z)
is X-Lipschitz continuous

1£(t, 21) — f(t,22)lIx < La||21 — 2a|x-

The operator ® satisfies HS”@H%S < M < o0, for n = 1,2. L% is
Hilbert-Schmidt space, same as defined in [4].
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The constants 3, Cy, Cy, Co, C3, L1, Ly in the assumptions depend on z(t). Let
us define the stopping time 7y by,

™N ::%gg{t:/BVCO\/CI\/C2\/C3\/L1\/L2ZN}-

Remark 2.1. Let X (¢, s) and Xa(¢, s) be evolution operators on 0 < s <t <
T, associated with operators A;(¢) and Aa(t) on 0 < ¢ < T (satisfying assump-
tions (H3) and (H4)) respectively. Assume that Y C D(A;(t)) N D(Ax(t)), for
0<t<T. Then Vy €Y we have,

t
0
X1(t,s)y — Xa(t,s)y = —/ EXl(t,r)Xg(r,s)ydr

_ / X1(hr) [As(r) — Ay(r)] Xo(r, s)ydr. (2.3)

Remark 2.2. We have the following elementary inequality for any m,n € N
and a; > 0
n m n
<Z ai) <pml Z a;’. (2.4)
i=1 i=1

3. EXISTENCE THEOREM

In this section, we prove the the existence of mild solution to the linear
equation (2.2) corresponding to the quasilinear equation (2.1). We denote
A(t,z(t)) by A*(t) and similarly for f and B and rewrite (2.2) as follows,

de(t) + A% (t) z(t)dt = f*(t)dt+ @dW (), te (0,17,
z(0) = wxo. (3.1)

Lemma 3.1. Fort € [0,T], t — A*(t) is continuous in L(Y,X) norm a.s.
Proof. Consider,

IA%(t) — A*() | v x)

= [|A(t, 2(t)) — A, 2(t) | evx)

< [JA(t, 2() = At 2(t) Loy + A 2(E) — A, 2(E) ] Loy x)

< Lullz(t) = 2(t)lIx + [ A(t, 2(t) — A(, 2(¢) |l .(v,5%)-

Using hypothesis (H4) and the assumption ¢ — z(t) is continuous a.s. we
obtain the desired result. O
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Lemma 3.2. Fort € [0,T], t — B*(t) is weakly continuous and hence strongly
measurable as an operator valued function a.s.

Proof. By hypothesis (H3), we can write
STIB*(t)yy = A*(t)S™ly — ST A*(t)y, VYyeY.

Since, S~'y € Y we have the right hand side of the above equation is continu-
ous in X-norm a.s., using Lemma 3.1. Hence the same is true for left member
and therefore we have, Vy € Y, t — S™1B?(t)y is continuous in X-norm a.s.
Using hypothesis (H3), we obtain [[S™'B*(#)|| pxx) < C1[lS™ || 1x,x) and fur-
ther since Y is dense in X we have Vz € X, t — S™1B?(t)z is continuous in
X-norm a.s. Since,

157 B (el < 157 o 1B Oz lellx < Cilllx < Calaly,

we have ¢t — S~!B?(t) is bounded in Y-norm a.s. By using Lemma 7.4 in [12],
we obtain Vz € X, t — S~1B*(t)x is weakly continuous as Y-valued function
a.s. Consequently, since S™! is an isometry from X to Y we obtain Vz € X,
t — B*(t)z is strongly measurable as X-valued function a.s. il

Theorem 3.3. If hypothesis (H1)-(H7) are satisfied and E|/xo||> < oo, then
(3.1) has a unique mild solution,

x € La(Q; C([0,T A 1n], Y)).

Proof. The above two lemmas which are direct consequences of the correspond-
ing deterministic results in [12] ensures all the condition of Theorem 1 in [12]
are fulfilled by the family {A*(¢)}. This guarantees that there exists a unique
family of evolution operators {X?*(¢,s)} defined on 0 < s <t < T A 1y for
(3.1) with the properties described in Theorem 1 in [12]. Also we can obtain
the following estimates as given in [12],

sup [ XF(t s)lnxx) < T < N (3.2)
0<s<t<TATN
sup X7t )y < ePTVT < 2T (3.3)

0<s<t<TATN

The stochastic mild solution for the linear problem (3.1) in terms of the family
of evolution operators {X*(t,s)} on 0 < s <t < T ATy is usually represented
as follows:

t t
x(t) = X*(t,0)zo +/0 X*(t,s)f*(s)ds +/0 X*(t,s)dW (s).

Since X*(t, s) is generally not Fs measurable, the stochastic integral above is
not defined in It6 sense. To rectify this issue, we apply integration by parts



On stochastic quasilinear evolution equations in Hilbert spaces 313

and obtain a new representation for the mild solution (as in [15]) which does
not involve the stochastic integration of non-adapted integrands as seen below.

z(t) = X*(t,0)zo+ tXZ(t,s)fZ(s)ds+XZ(t,O) /tq>dW(9)
0 0

+ /0 CXA(t ) A% (s) < / t <I>dW(9)> ds. (3.4)

We now show that x(¢) given in (3.4) is in the space L2(€2; C([0,T A 7n],Y))
for which we consider

2
E sup [lz(t)lly
0<t<TATN

=E sup
0<t<TATN

X3(t,0)z0 + tXZ(t, s)f2(s)ds + X3(t,0) / t AW ()
0 0

2

+ /0 t X2 (t, s)A%(s) ( / t <I>dW(0)) ds|

t 2

< 4 (E sup || X*(t,0)z03 + E sup / X*(t,s)f*(s)ds

0<t<T o<t<T ||Jo

¢
+E sw |X(00) [ 2dw (o)
0<t<TATN 0 Y
2
sup / X*(t,s)A%(s) </ <I>dW(9)> ds >

0<t<T/\TN Y

=4(A+B+C+D)

where we have used the inequality (2.4). Now, using (3.3) we estimate the
first term above as follows,

A = E sup ||X(t,0)z0]3
0<t<TATN
2 2 N 2
< E sup | XP(@0)|[1 vy lzolly < eNTE |05 -
0<t<TATN

Using (3.3) and hypothesis (H6) we obtain,
B=E sup

/ X*(t,s)f*(s
0<t<TA7y

<E sup ¢ /0 szu,s)Hi(Y,Y)||fz<s>|r%{ds

0<t<TATN

< T2N2ANT.
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Using the fact that S is an isometry (i.e., hypothesis (H2)), (3.3), Theorem
3.8(ii) and Lemma 7.7 in [4] we obtain the following estimate,

2

t
C=E sup Xz(t70)/ ddW (0)
0<t<TATN 0 v
t 2
=E sup ||SX*(t,0)5 / S®AW (9)
0<t<TATy 0 .
t 2
<E swp |S|; X*(t,0)]|7 s ’/ SedW (6
Ogth/\TNH 17 .30 1107 (@& O 12 oy vy |l HL(x,Y) ; (9) §

< NTE sup
0<t<TATN

t 2
/ SOV (6)
0 X
t 2
/ SEAW (6)
0

Using hypothesis (H3) and (2.4) we get,

t t
D=E suwp / X3(t, 5) A% (s) ( / <I>dW(0)> ds
0<t<TATn Y

=E sup /thsAZ (/SCI)dW )
0<t<TATy

“E sw /Xz(t,s)(SlAZ()+SlBZ </ SBAW (6 >

0<t<TATN

< 4e*NT sup E

0<t<T
< AMTe*NT,

2

<2E sup / SXZ(t,5)S LA (s (/ SedW (6 >
0<t<TA7y
+2E  sup / SX*(t,5)S™1B*(s (/ SeAW (6 )
0<t<TATN
= D1+ Ds.
Using hypothesis (H2), (3.3) and hypothesis (H4) the first term is estimated
as follows,
D, =2E sup / SXZ(t,s)S LA (s (/ SeAW (0 >
0<t<TATy
< 2Te*NTE  sup / S2pdW (6) ds
ogth/\TN X
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= 2Te*NT'N2E  sup ( / / >S2<I>dW ds
0<t<TATN

< 8T2eNTNZE  sup / S2pdW (6)
0<t<TATN X

TATN 9

< 32T2ANT N2 / |52, do
0 2

< 32T3N2MeANT,

Applying hypothesis (H3) we obtain the following result for the second term,

[orass o[ soawtn) o
| seawio]
() swaveo]
[
E /Otsq)dW(e)

TATN
< 3272eANT N2 / 1S®]17, do
0

Dy =2E sup
0<t<TATN

<2Te*NTE  sup 6’12
0<t<TATn

ds

= 2Te'NTN?E  sup
0<t<TA1n JO

ds

< 8T2ANT N2ZE sup
OStST/\TN

< 32T%e*NT N2 sup
0<t<TATN

< 3273 N2 M e
Therefore we have, using the fact that E|jz¢||? < oo and hypothesis (HT7),

2
E sup [lz(t)ly

0<t<TATN
< 4e4NT (E |lwol% + T2N? + 4TM + 64T3N2M>
=K <. (3.5)
This completes the proof of the theorem. O

4. LOCAL MILD SOLUTION

In this section, we obtain the mild solution of (2.1) by first defining a map A
on the set E and choosing time small enough so that A becomes a contraction.
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Then using contraction mapping principle we obtain a fixed point for A in E
which is the mild solution of (2.1).

Theorem 4.1. If hypothesis (H1)-(H7) are satisfied and E|zg — al|3 < oo,
then (2.1) has a unique mild solution

z € Lo(Q;C([0, T An),Y)) for some T >0 with T < T.

Proof. We first show that the solution obtained in Theorem 3.3 belongs to £
a.s. for some T} < T'. For the same, we first set Z(t) = z(t) — a and see that,

dz(t) + A*(t)z(t)dt = f*(t)dt + @AW (t) — A*(t)adt, t e (0,T],
z(0) = x0—a.

Then,

z(t) —a= X*(t,0)(xo — a) +/ X*(t,s)f*(s)ds

+ Xz(t,o)/ BAW (0 / XE(t, 5) A% )(/ cde(@)) ds
- /D "X (1) A% (s)a ds.

We now consider for some 77 < T (to be fixed later), and using (2.4) we get,

E  sup () —all}
0<I<Ti ATy

<5 (E sup || X*(¢,0)(xo — a)||§{

0<t<T}

t
+E sup /Xz(t,s)fz(s)ds
0

0<t<TyATN

2

t
+E sup Xz(t,O)/ AW (6)
0<t<T1 ATN 0

Y

t t
+E sup / X*(t,8)A%(s) (/ @dW(G)) ds
0<t<TiAry |10 E

t 2
/ X*(t, ) A*(s)ads ) .
0 Y

The first four terms in the above inequality can be estimated as in Theorem
3.3. We now use hypothesis (H5) along with (3.3) to obtain the following
estimate for the fifth term.

2

Y

+ E sup
0<t<TyNATN
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2

E sup
0<t<TiATN

/ tXZ(t, s)AV(t)a dt
0

Y

t
<TE s / 17 (t, 5) A% (s)a] % ds
0

0<t<TyATN
t
<T1e*NT'E sup / | A (s)all3 ds < TENZeANTL,
0<t<T1 J0

Therefore,

E sup () —all}
0<t<Ti ATy

< 5N (E lzo — al|? + 2T2N? + AT\ M + 64T13N2M> < o,

by choosing T < T sufficiently small. Using Kolmogorov’s continuous theo-
rem, there exists a continuous modification of z which belongs to F a.s.
Now let us define a distance function on E as,
2
d(v,w)=E sup [jo(t) —w(t)|x-
0<t<TLATN
Then we see that (F,d) forms a complete metric space, since closed ball in Y
is a closed subset of X (see Lemma 7.3 in [12]) and also using the completeness
of the space X. We now define a map,

AE—E > Alz) =z,

where z is the solution of equation (3.1) given by Theorem 3.3. Next, we show
that A is a strict contraction if we choose T' < T7 < T'. Consider,

d (A(z1), A(22))

=E sup |A(z1) — A(Zz)’@g
0<t<TATN

<5|E sup  [[(X*(t,0) — X*2(t,0)) (z0 — a)|%
0<t<TATN
2

+E sup /0(le(t,s)le(s)—XZQ(t,S)fZ2(S))dS

0<t<TArNn X
t 2
+E sup (X#(t,0) — X*2 (t,O))/ AW (0)
0<t<TATN 0 X

2

+E s /0 C(XP (1 5) A% (5) — X2 (1, 5) A% (5)) < / t @dW(G)) ds

0<t<TATN

X
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+E sup
0<t<TArn

=5(F+G+H+1+.J).

/0 (X#(t,8) A" (s)a — X*2(t,s)A*(s)) ads

2
X)
Using (2.3), (3.2), (3.3) and hypothesis (H4) we obtain the following estimate,

F=E sup [(X*(t,0) - X*(t0)) (z0 — a) %
0<t<TATN

<TE sq)(AHX“@JMA”&)—A“&DX”&&K%—ﬂW§m

0<t<TATNn
gﬁémﬁ(Mww%stMWﬂ—M%W%mJ
0<t<T
< roN?T2NTE sup |21 (t) — za(t)|[% -

0<t<T

Using (2.3), (2.4), Minkowski’s inequality for integrals, hypothesis (H4) and
(H6),

2
G=8 s | [ a0 - X206
0<t<T ATy 11V0 X
2
<om o | [ s - X0 7 as
0<t<TAry I1/0 X
t 2
+2E  sup / X2 (t,s) [f**(s) — f*(s)] ds
0<t<TAry I1/0 X
t t 2
—9E  sup L/ /mX“%LTHA”(M——A“OﬂLX”Ong”(@dmb
0<t<TAry 1/0 Js X
t 2
+2E  sup / X*2(t,8) [f**(s) — f*2(s)] ds
0<t<T ATy 110 X
t r 2
<o s [ [ [ 100 1420 - 45 0] X200 0 dsar]
0<t<TArn LJO JO

) t
+2TE sup /0 | X#2(t,s) [f*'(s) — fZQ(S)]HggdS

0<t<TATN

<2 (T“N‘*eGNT + T2N2€2NT~> E sup |[|z1(t) — z2(t)[% .
0<t<T
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Using (2.3), (3.2), (3.3), Holder’s inequality, hypothesis (H7) and (H4) we
obtain the following inequalities,

2
H=E sup
0<t<TATN

¢
<TE sup N/
0<t<TArn’ 0

: t
gTeﬁNTE sup /OHAZI(T)—AZQ(T)H%(Y,X)

0<t<TArn

(X7 (£,0) — X2 (t,0)) /O "B (6)

X
2

dr
X

X (¢, 7) (A (r) — A7 (1)) X*2(r, 0) < / t(I)dW(G))

0

2

dr
X

‘ /0 t SBAW (6)

<T3MeSNTE sup 21 (t) — z2(t) 1% -
0<t<T

We now consider,

t t 2
I=E sup / (X7H(t, 8)A™ (s) — X*2(t, 5) A (s)) (/ @dW(G)) ds
0<t<TAry 11/0 s X
t t 2
<2E sup / X*(t,s) (A% (s) — A*2(s)) </ (I)dW(9)> ds
0<t<TAry I1/0 s X
t t 2
+2E  sup / (X3 (1, 5) — X72(, 5)) A(s) ( / @dW(G)) ds
0<t<TAry 10 s X
=1 + .

The first term in the above inequality is estimated using (3.2), hypothesis (H7)
and Holder’s inequality as follows,

t t 2
L =2E sup / Xt s) (A% (s) — A*2(s)) (/ @dW(@)) ds
0<t<TAry 11/0 s X
~ . t t 2
< 2Te*NTE sup / ||A* (s) — A*2 (S)H%(YX) / SedW (9)|| ds
0<t<TATN YO s X
<2T°MANTE  sup  ||z1(t) — 20(8)]|%
0<t<TATN

The second term in estimating I is now considered. Using (2.3), Minkowski’s
inequality for integral, (3.2), (3.3), hypothesis (H7) and hypothesis (H3)
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2
Ip, =2E sup
0<t<TATN

t r
<2T’E  sup //
0<t<TAry Y0 JO
t
dsdr

([ o).

< 2T2eSNTR sup  [|AT(t) — A= (t)H%(Y,X)
0<t<TATy

/Ot /0 SA*2(s)S™! (/t S<I>dW(9)>

< oT2SNTR sup [|A%(t) — A (t)H%(Y,X)
0<t<T

/0 t (X7 (t,s) — X72(t, 5)) A™(s) < / t cI)dW(H)) ds

X

X7 (t,7) (A% (1) — A% (1)) X2(r, 5) A (s)

2

2
dsdr
X

t pr t 2
/ / (A% (s) + B(s)) ( / S(I)dW(H)) dsdr

0 Jo s X

<AT?SNTE sup ||A*(t) — A* (t)H%(Y,X)
0<t<T
<2T'eNTE sup A% (1) — A1) |7 vy
0<t<T
<AT'N?MSNTE sup |lz0(t) — 22(0)|% -
0<t<T
The last term is estimated as earlier and we obtain,
t 2
J= E sup / (X#(t, ) A (s) — X*2(t,s)A*%(s)) ads
0<¢<T 11/0 X
t 2
< 2E sup / X (t,s) (A (s) — A*2(s)) ads
o<t<T 1140 X
t 2
+ 2B sup / (X1 (1, 5) — X2(L, 5)) A (s)ads
o<t<T 110 X
=J1 + Jo.

The first term in the above inequality is estimated using (3.2) and Holder’s
inequality as follows,
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2

J1=2E sup
0<t<TATN

/O X7 (t,5) (A% (s) — A% (s)) ads

X

_ t
< 9TV sup /0||AZ1<s>—AZ2<s>H%(Y,X) lal% ds

0<t<TATN
<2|a|} T2*NTE sup [ A% () — A% ()| 7y x)
0<t<TATN
<2 N2*N a3 B sup  [laa(t) — 2()] -
0<t<TATN

The second term in estimating .J is now considered. Using (2.3), Minkowski’s
inequality for integral, (3.2), (3.3) and hypothesis (H3)

t 2
Jo=2E sup / (XA (t,s) — X*2(t,8)) A% (s)ads
0<t<TAry 11/0 X
t ot 2
_9E  swp / / X7 (4 1) (A7 (1) — A (1)) X2(r, 5) A% (s)a drds
0<t<TAry 10 Js X
< TN | A%2(s)al 3 B sup [[A%(t) — A2 ey 50
0<t<T '
< TAN*NTE sup |21 () — z2(8)|1% .
0<t<T
Therefore,

d(A(z1), A(22))
< 72 740N2e6NT + 2T2N466NT + 2N262NT + TM€6NT + 2M€2NT
+AT2N2MENT 1aN2e2NT |g)2 + T2N466Nf] E sup |z1(t) — 2 (t)[1%
0<t<T

- Pd(Zh Z?)a

where p can be made strictly less than 1 by choosing T small enough. Hence
we can now apply contraction mapping principle to show that A has an unique
fixed point which is the solution of the quasilinear delay stochastic differential
equation given by (2.1). O
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Remark 4.2. We can now apply the same technique as above to the corre-
sponding stochastic quasilinear delay differential equation to (2.1) in a sepa-
rable Hilbert space X,

dz(t) + A(t, z(t),z(t —r)) z(t)dt

= f(t,z(t),z(t —r))dt + ®dW(t), t € (0,T],

.T(t) = qb(t)’ le [_Ta 0]’ (41)

where for all ¢ € [—r,0], t — ¢(t) is continuous and Fp measurable.

We alter the definition of the set ' to be the set of all strongly measurable
functions z : Q x [-r,T A 7] — Y, such that for all ¢ € [—r,0] we have
z(t) = ¢(t) as., and for all t € [—r,T A 7n], ||2(t) — a|} < r¢ a.s., along
with the condition, ¢t — z(t) is continuous as X-valued functions a.s. Now, the
corresponding linear equation is given as follows,
dz(t) + A(t, 2(t), 2(t — 7)) x(t)dt=f(¢t, 2(t), 2(t — r))dt + PAW (¢),t € (0,T],

l’(t) = ¢(t)7 te [—’I“, 0]

ere we replace the assumptions - - 1ven below.
H place th ptions (H3)-(H6) by (H3)'-(H6) given bel

(H3) A(t,z,w) is a linear operator on X and V(t,z,w) € [0,T A 7n] x E?,
A(t,z,w) € G(X,1,5) and

SA(t, z,w)S™ = A(t, z,w) + B(t, z,w)

where B(t,z,w) € L(X,X) with [|B(t,z,w)|rxx) < C1.The above
relation is satisfied in the strict sense, including the domain relation.
Therefore, * € D(A(t, z,w)) if and only if S™'z € D(A(t, z,w)) and
A(t,z,w)S™ 1tz €Y.

(H4)" Y C D(A(t, z,w)) for (t,z,w) € [0,T A Tn] x E? so that,
V(t, z,w) € [0, TATN] x E%, A(t, 2, w) restricted to Y belongs to L(Y, X)
with [JA(t, z,w)||Lvx) < Co. Also, V(z,w) € E?, t — A(t, z,w) is
continuous in L(Y,X) norm and Vt € [0,T A 7n], (2, w) = A(t, z,w) is
Lipschitz continuous in L(Y,X) norm,

|A(t, 21,w1) — A(t, 22, wa) || Lvx) < L1 (|21 — 22]lx + [lwr — wallx) -

(H5) VY(t,z,w) € [0,T A 7n] x E? we have A(t,z,w)a € Y with
|A(t, z,w)ally < Co.

(H6)" f be a bounded function on [0,7 A 7n] X E — Y with
Hf(t,Z,"LU)HY < Cs.
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Also, V(z,w) € E%, t — f(t,z,w) is continuous in X-norm and V¢ €
[0,T A7Tn], (2,w) — f(t, z,w) is X-Lipschitz continuous

[ f(t, 21, w1) — f(t, 22, w2)|lx < La([[z1 — 22lx + [Jw1 — welx) -

Denoting A (¢, 2(t), z(t — r)) by A*(t) and using similar notation for f we can
proceed with the same method used for (2.1) to show that there exists unique
mild solution for (4.1).
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