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1. INTRODUCTION

In this paper, we consider the following Love equation with initial conditions
and mixed homogeneous conditions

Utt — Ugy — Ugxtt — Aluwzmt + )\ut

. (11)

=alul’“u+ f(z,t), € Q=(0,1), 0<t <T,
ux(O,t) + Aluxt(O, t) + uxtt(O,t) = u(l, t) = 0, (12)
u(z,0) = ug(x), u(z,0) = a1 (z), (1.3)

where a = 1, p > 1, A > 0, Ay > 0 are constants and g, %1, f are given
functions satisfying conditions specified later.
When f=0, A=A =a=0,Q2=(0,L), Eq. (1.1) is related to the Love
equation
Ut — %Uxx - 2M2w2uxxtt =0, (14)

presented by V. Radochovd in 1978 (see [21]). This equation describes the
vertical oscillations of a rod, which was established from Euler’s variational
equation of an energy functional

fOT dt fOL [3Fp (u} + p2w?u?,) — LF (Bu? + pplw?ususy)| de. (1.5)

The parameters in (1.5) have the following meaning: u is the displacement, L
is the length of the rod, F' is the area of cross-section, w is the cross-section
radius, F is the Young modulus of the material and p is the mass density.
By using the Fourier method, Radochova [21] obtained a classical solution of
Prob. (1.4) associated with initial condition (1.3) and boundary conditions

w(0,t) = u(L,t) = 0, (1.6a)

or
’LL(O, t) =0,
) (1.6Db)
eugu(L,t) + c*u, (L, t) =0,
where ¢? = %, e = 2u%w?. On the other hand, the asymptotic behaviour of the

solution of Prob. (1.3), (1.4), (1.6a) or (1.6b) as ¢ — 04 is also established by
the method of small parameter.

Equations of Love waves or Love type waves have been studied by many
authors, we refer to [5], [8], [15], [16], [20] and references therein.

In [16], by combining the linearization method for the nonlinear term, the
Faedo-Galerkin method and the weak compactness method, the existence of a
unique weak solution of a Dirichlet problem for the nonlinear Love equation
Ut — Ugy — Uggtt = f (2, T, U, Uy, Ug, Ugy) 1S proved.
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In [22], a symmetric version of the regularized long wave equation (SRLWE)

(1.7)

Uget — Ut = Pz + Ulyg,
pt + uz =0,

has been proposed as a model for propagation of weakly nonlinear ion acoustic
and space-charge waves. Obviously, eliminating p from (1.7), we get

Utt — Ugy — Uggtt = —UUgt — UgUt. (18)

The SRLWE (1.8) is explicitly symmetric in the x and ¢ derivatives and it
is very similar to the regularized long wave equation which describes shallow
water waves and plasma drift waves [1], [2]. The SRLWE also arises in many
other areas of mathematical physics [6], [13], [19]. We remark Eq. (1.1) and
Eq. (1.8) are special forms of the equation discussed in [16].

The purpose of this paper is establishing the existence and exponential
decay of weak solutions for Prob. (1.1)—(1.3). To our knowledge, there is not
any decay result for equations of Love waves or Love type waves. However,
the existence and exponential decay of weak solutions for the wave equation

uy — Au = f(x,t,u,uy), (1.9)
with the different boundary conditions, have been extensively studied by many
authors, for example, we refer to [4], [14], [17], [18] and references therein. In
[4], the following problem was considered

upr — Au+ g(ug) + f(u) =0, € Q, t>0,
u=0, €0, t>0, (1.10)
U(.%',O) = ?TL()(.I'), ut(:v,()) = ﬂl(x)a x €,
where f(u) = —blulP~?u, g(us) = a(l + |ug|™ *)ug, a, b > 0, m, p > 2 and
Q is a bounded domain of RY, with a smooth boundary 0. Benaissa and
Messaoudi showed that for suitably chosen initial data, (1.10) possesses a
global weak solution, which decays exponentially even if m > 2. Nakao and
Omno [14] extended previous results to the Cauchy problem
{ upr — Au+ N (2)u+ g(u) + f(u) =0, x € RN, ¢ >0,

u(z,0) = dg(z), ue(x,0) = 41(z), v € RV, (1.11)

where g(u;) behaves like 1| 2uy, f(u) behaves like —|u[P~2u and the initial
data (@g, 1) is small enough in H'(Q2) x L?(Q). In [17], the existence and
exponential decay for the following nonlinear wave equation

Ut — Ugy + Ku + Aug = a|u|p72u+ flz,t), 0<z<1, t>0, (1.12)

with a nonlocal boundary condition, in cases a = 1, a = —1, were also estab-
lished.
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Motivated by results for Love equations in [15], [16] and based on the use
of Faedo — Galerkin method, Lyapunov’s method as in [17], we show that a
decay result can be obtained for Prob. (1.1)-(1.3). Our paper is organized
as follows. In Section 2, we present preliminaries, where two existence re-
sults are proved via using Faedo—Galerkin method. In Section 3, the decay
of solutions for (1.1)-(1.3) is investigated by the construction of a suitable
Lyapunov functional, with respect to A > 0, A\; > 0 and p > 2. We show that
if |0z ||* — || i0|%, > 0 and if the initial energy E(0), ||f(t)|| are small enough,
then the energy E(t) of the solution decays exponentially as t — +oc.

Finally, we give a remark in case of a = —1, it means that we will consider
(1.1) in the form

p—2
Ut — Uy — Ugptt — MUggt + Aug + |u] U

1.13
= f(z,t), 0<z<1, t>0. (1.13)

With suitable conditions for f, we obtain a unique global solution for (1.2),
(1.3) and (1.13), with energy decaying exponentially as ¢ — +oo, without any
restrictions on the data size (g, 1) .

2. EXISTENCE OF SOLUTIONS

First, we put Q = (0,1); Qr = Q x (0,7), T" > 0 and we denote the
usual function spaces used in this paper by the notations C™ (ﬁ) , WP =
WmP (Q), LP = WO (Q), H" = W™2(Q), 1 <p<oo,m=0,1,.... Let {-,-)
be either the scalar product in L? or the dual pairing of a continuous linear
functional and an element of a function space. The notation ||-|| stands for the
norm in L? and we denote by ||-|| the norm in the Banach space X. We call
X' the dual space of X. We denote by LP(0,7; X), 1 < p < oo for the Banach
space of the real functions w : (0,7") — X measurable, such that

1/p
HuHLp 0,7;X) (fo [|u( Hp dt) <oo for 1<p<oo,

and
HuHLoo(O’T;X) = esssup |lu(t)]|y for p=oc.
o<t<T

Let u(t ) u'(t) = ut(t), u’(t) = up(t), uz(t), ug.(t) denote u(x,t), g—qj(:v,t),
%Qt;” (z, t), I (T, t), an % (x,t), respectively.
On H', we shall use the following norm

1/2

lollzn = (llo]* + [lvall?) (2.1)

Then the following lemma is known.
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Lemma 2.1. The imbedding H' — C°(0) is compact and
[vll o < V2|[vl|gr for all ve H. (2.2)
We put
V={veH :v()=0}

Then V is a closed subspace of H! and on V, v — ||v||z1 and v — ||v,|| are
equivalent norms. Furthermore,

[ollcoy < llvall forall ve V. (2.3)

Now, we shall consider Prob. (1.1)-(1.3) in case a = 1, A > 0, p > 2 and
establish two local existence theorems. We note that the weak formulation of
Prob. (1.1)-(1.3) can be given as follows.

Find v € L*(0,T;V) with u; € L*(0,7;V), such that u satisfies the
following equation

L (g (), 0) + (e () + Mug(t), v2)] + (Ua(t), va) + A (wy(t), v)
(lu®)[P~?u(t),v) + (f(t),v),
for all v € V, a.e. t € (0,7), together with the initial conditions

u(0) = g, ut(0) = ay.

We need the following assumptions:
(A1) p>2,A>0, A\ >0
(A2) f e L*>0,T;L?), f'eLY0,T;L?);
(43) f e L* Q).
The first theorem about the existence of a “strong solution” as follows.

Theorem 2.2. Suppose that (A1), (As) hold. Let g, Gy € V N H?. Then
Prob. (1.1)—(1.3) has a unique local solution

u, ug, uy € L (0,To; VN H?), (2.4)
for Ty > 0 small enough.

Remark 2.3. The regularity in (2.4) implies that Prob. (1.1)-(1.3) has a
unique strong solution

we CH([0,T.];VNH?), uy e L™ (0,T;VNH?). (2.5)

With less regular initial datas, we will obtain a local weak solution as follows.
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Theorem 2.4. Suppose that (A1), (AY) hold. Let ugy, iy € V. Then Prob.
(1.1)—(1.3) has a unique local solution

for Ty > 0 small enough.

Proof. In the following, we prove Theorem 2.2. The proof is a combination of
Galerkin method and compactness arguments, and consits of four steps.

Step 1. The Faedo-Galerkin approzimation(introduced by Lions [12]).

Consider the basis in

2 . T .
Viwj(x) = 1/14_/\2003()\3'36), )\j:(2j—1)§, jeN,

constructed by the eigenfunctions of the Laplace operator —A = —8%22. We
find the approximate solution of Prob. (1.1)—(1.3) in the form
um (t) = 22554 emj(t)w;, (2.7)

where the coefficient functions c¢;,; satisfy the system of ordinary differential
equations

(um (£), w5) + (e (1) + A, (£) + tma (t
= <’um(t)‘p72 um(t)7wj> + (f(t), wj> 1

um(O) = 710, u;n(O) = le.

)s wiz) + A (up, (1), w;)
<j<m (2.8)

From the assumptions of Theorem 2.2, (2.8) has a solution u,, on an interval
[0,T,,] C [0,T].

Step 2. The first estimate.

Multiplying the j*" equation of (2.8) by c;nj (t) and summing up with respect
to j, afterwards, integrating by parts with respect to the time variable from 0
to t, after some rearrangements, we get

Sm(t) 2.9
= Sin(0) + 2 5 F(5), 1 (5)) ds 2 Jy (lm () v (5), () ) ds,
where
Sin(t) = llum ()| + s (¢ I+ [tima (2 )|
Oy e ()P s+ 20 fe ()P,
Sin(0) = [lax* + Il |1} + 1o} = So. (2.11)

Use the following inequalities

lum @I < llm (®) oy < lume (B < /S, (2.13)
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we can estimate all terms in the right — hand side of (2.9) and obtain
Sm (t)
< So+ ||f||3;2(QT) + fg’ S (8) ds + fg Sp/? (s)ds, 0<t<Tp,.

Then by solving a nonlinear Volterra integral inequality (on the basis of the
methods in [9]), we obtain the following lemma.

(2.14)

Lemma 2.5. There exists a constant Ty, > 0 depending on T (independent of
m) such that
Sm(t) < Cpr, YmeN, Vte|0, T, (2.15)

where C is a constant depending only on T.
By Lemma 2.5, we can take constant T,, = T} for all m.
The second estimate.

Now, by differentiating (2.8); with respect to ¢ and substituting w; = uj, (t),
after integrating with respect to the time variable from 0 to ¢, we have

Xon(t) = Xin(0) +2 fy (f'(s), uin(s)) ds

_ 2.16
200 1) Ji Jum ()Pt (5), () ) ds, (219
where ) ) )
Xonlt) = IO + [l (O + e O o)
21 o llume ()17 ds + 2 [ [Juz, (s)[” ds.
First, we estimate 7, = |[u/ (0)||* + [Ju”,(0)]|*. Letting ¢ — 0, in Eq.

(2.8)1 and multiplying the result by c},;(0) lead to
1177, OV 1 + (i (0) + Aaiay + i, g (0)) + A (i, ugr, (0))

= (Jitol" ™ o, uf, (0)) + (F(0), i (0))
This implies that
ton = 1 (0)* + 7 (0)]”
= - <)\1'alx + '&Oxa u;’/nx(o» — A <’L~L1, u/riv,(()»
ol o, u (0)) + (£(0), i (0))
< Whaiins -+t | e (O) 1+ [l |+ | o ||+ L )] s O]

a0 | + 1O | vim
2
a0l ™| + 15O |

(2.18)

< [IPding + doall + A1 +

< [IMde + ool + Al +

=X, forall m,
(2.19)
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where X is a constant depending only on p, A\, A1, @o, @1, f. By (2.17), (2.19),
we get

X (0) = [[efp ()% + iz ()1 + [t (0) |
= 1 + |10 ]|* < Xo + ||i1a]* = Xo
Noting (2.15), (2.20) and the following inequalities
[um )| oy < e O] < VXm(1), i =1,2, (2.21)
we continue to estimate all terms in the right-hand side of (2.16), which gives
Xin(t) < Xo+ 1l 10702 + (0 — 1*CH
+ Jo L+ 1)) Xom (s)ds, 0<t<T..
By Gronwall’s lemma, we deduce from (2.22) that
X ()

< (Ko + 1F lrozzsy + (0= VPCE ) exp | [y (L4117 () ds]  (2:23)
S CT:

(2.20)

(2.22)

for all t € [0, 7], where C7 always indicates a bound depending on 7.
Step 3. Limiting process.

From (2.10), (2.15), (2.17), (2.23), we deduce the existence of a subsequence
of {uy,}, denoted by the same symbol, such that

Upm —u in L*(0,T;V) weakly*,
u, = u' in L®(0,Ty;V) weakly™*, (2.24)
ul, —u” in L®(0,Ty;V) weakly*.

By the compactness lemma of Lions ([12], p.57), we can deduce from (2.24)
the existence of a subsequence still denoted by {u,}, such that

Uy — u  stronglyin L? and a.e. in ,

ul — ' stronglyin L*(Qr,) and a.e. in Qr,.
Using the following inequality
| [P 22 — |yP~2y| < (p — YMP~2 |z —y], (2.26)

Va,y € [-M,M],VM > 0,Vp > 2 with M = +/2Cr, we deduce from (2.15)
that

‘ U |P~ 20, — \u|p_2u‘ <(p—1)MP=2|uy,, —ul, (2.27)
for all m, (x,t) € Qr,. Hence, by (2.25)1, (2.27) implies

[t |P~ 2 — |u|P~2u  strongly in  L?(Qr,). (2.28)
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Passing to the limit in (2.8) by (2.24), (2.25) and (2.28), we have u satisfying

the problem
(W (t),v) + (U (t) + A (t) + uz(t), vz) + A (W' (1), v)
= (Ju(®)|P2u(t),v) + (f(t),v), forallveV,
u(0) = 1p, u'(0) =uy.
On the other hand, we have from (2.24), (2.29); that
O (W + Mt +u) = + M — [ulP~2u — f € L0, T,; L?).

Era
Therefore
u" + M +u=® € L20,T,; VN H?).
In order to continue the proof, now we deduce from (2.31) that, if
u € L>(0,T,; VN H?),
then
u', v’ € L°°(0,Ty; V N H?).
Indeed, let (2.31), (2.32) hold, we have
U+ Mu' =@ —u=d; € L®0,T,; VN H?).
Integrating (2.34) leads to

W+ Mu =G+ Mo + [ ©1(s)ds = Py € L0, Ty; V N H?).

Hence
1 =®y — \u € LOO(O,T*; VN HQ).
It follows from (2.31) that
" = -Mu —u+® € L>0,T,; VN H?).

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

We will prove that (2.32) holds as below. We consider three cases for A;.

Case 1. \; = 2. By (2.31), we have

u(t) = e + (g + ) te ™ + [i(t — 5)e* Tt (s)ds
€ L>(0,T.;V N H?).

(2.38)

_ /\2 _ _ . /\2_
Case 2. \{ > 2. Put k1 = %, ko = w, we have from (2.31)

that

[(’al — k‘gﬂo) eklt — (ﬂl — k‘lﬂo) eth]

"0 = e

7 o (R0 = =) B(s)ds

€ L>(0,T,;V N H?).

(2.39)
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Case 3. 0 <\ < 2. Put o= =1, B= \/42_7, it follows from (2.31) that
u(t) = doe™ cos Bt + 5 (@ — aiig) e* sin ft
+1 [y 2= sin (Bt(t — 5)) B(s)ds (2.40)
e L°°(O,T*, VN H?).

Thus u, v, u” € L>(0,T,; V N H?) and the existence of the solution is proved
completely.
Step 4. Uniqueness of the solution.

Let u1, ug be two weak solutions of Prob. (1.1)—(1.4), such that
u;, uhy u € L®(0,Ty; VN H?), i=1,2. (2.41)
Then w = uy — ug verifies
(w(t),v) + (Wi () + Aw () + wa(t), va) + A (w'(t),v)
= (Jur (&) [P 2uq (t) — |ua(t)[P2ug(t),v), forall veV, (2.42)
w(0) = w'(0) = 0.

Taking v = w = u; — ug in (2.42) and integrating with respect to ¢, we obtain

=2 [ {Jur(s)[P2ua(s) — |ua(s)[P~2ua(s), w'(s)) ds, (2.43)
where
/ 2 / 2 2
o(t) = lw' (@&)]" + [[w (O + lwa (D]
+2)\1 fo ||wl. (s H ds + 2\ fo ||w' (s H ds.
Using again the inequality (2.26), with M = M; = n_l?)éuuiHLw(o,T*;v)a we
deduce that ’

(2.44)

— 2 (Jur()P2un(s) — uas)P2uals), w/(5)) ds
< 2(p = DM [§ l[w(s)]l v/ (s)] ds (2.45)
<(p-1)MY” 2foas

By Gronwall’s Lemma, it follows from (2.45) that o = 0, i.e., u; = uy. Theo-
rem 2.2 is proved completely. O

Next, we prove Theorem 2.4.

Proof. In order to obtain the existence of a weak solution, we use standard
arguments of density.
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Assume (@, @1, f) € V x V x L%(Qr). Let sequences {(uom,Uim, fm)} C
(V N Hz) X (V N H2) x C§° (@T) , such that

Ugm — Ug strongly in V|
Uim — U1 strongly in V, (2.46)
fm — f  strongly in L?*(Qr).

Then, for each m € N, there exists a unique function u,, as in the Theorem
2.4. Thus, we can verify

(i (8), v) + (Ui (8) + Mg (8) + Uma (1), va) + A (ug, (1), v)

= (|um ()P 2u (t),v) (fm(t),v), forall veV, (2.47)
Um (0) = ugm, ul,(0) = u1pm,
and
um € C* ([0, .); VN H?), ul, € L (0,T;V N H?) . (2.48)

In the same way to obtain estimates as above, we get
2 2 2
[ (O™ + N (O + tma (8]
F2X1 fy ([l (8)|7 ds + 2 [y [l (s)|> ds < Cp, V't € [0,T],

where Cr is a positive constant independent of m and t.
On the other hand, put wy,,; = um — w, fimg = fm — fi, it follows from
(2.47) that

(a0t 1,0+ (10l o () + A o ()0 (8), 00 ) FA 10, (1), 0)
= (Jum [P 2um — [P~ 2w, v) 4 (fm, 1(t),v), forall veV,

W1 (0) = wom — tor, Wy, ;(0) = urpm — uy.

(2.49)

(2.50)
Taking v = Wy, = Um — w in (2.50) and integrating with respect to t, we
obtain

St (8) = Sma(0) + 2 [ ( Frna ($):1},1(5) ) ds

. (2.51)
2 [y (Jtm(5)[P~2unn(s) = [u(s) P 2u(s), 1w, () ) d,
where
/ 2 / 2 2
Smat) = Wiy ®|| + [hs O+ lma o0
t S t ) (2.52)
+2M1 [, Hw;n’lz(s)H ds +2X [, Hw;”’l(S)H ds
Sm,l(o) = ||U1m - ullH2 + Hulm xz — U1 a:||2 + ||u0m xz — Uol m”2 (253)

— 0, asm, !l — oc.
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Hence
() < Smt(0) + I3y + (14 0 = DCF?) Ji Smals)ds.  (2.54)
By Gronwall’s Lemma, it follows from (2.54), that
Smat) < [Sma0) + i}y | ex0 [ (1+ (0= D ?) 1]

< Cr [Smi(0) + Ifmall3iqpy| . ¥t € 0T

Note that the convergence of the sequence {(uom, U1m, fm)} implies the con-
vergence to zero (when m, [ — o0) of terms on the right hand side of (2.55).
Therefore, we get

(2.55)

Uy — uw strongly in  CY([0,T%]; V). (2.56)

On the other hand, from (2.49), we deduce the existence of a subsequence
of {um,}, still so denoted, such that
Um —u In L®(0,Ty;V) weakly*,
e ( ) Y (2.57)
up, » v in L™ (0,T;V) weakly™*.
By the compactness lemma of Lions ([12], p.57) we can deduce from (2.57)
the existence of a subsequence still denoted by {u,,}, such that

um — u strongly in  L?(Qrs) and a.e. in Qr,. (2.58)

Similarly, by (2.27), we deduce from (2.58), that
U |P~ 2, — |ulP~2u  strongly in  L2(Qr,). (2.59)
Passing to the limit in (2.47) by (2.56)—(2.59), we have u satisfying the problem
2 [(0(£), 0) + (e (8) + Mona(t), 02)] + {12 (8), ) + A ((2), 0)
= (Ju(®)|P~2u(t),v) + (f(t),v), forall veV, (2.60)
u(0) = ap, v'(0) =ay.
Next, the uniqueness of a weak solution is obtained by using the well-known

regularization procedure due to Lions [10]. See for example Ngoc et al. [15].
Theorem 2.4 is proved completely. O

Remark 2.6. In case 1 < p < 2, f € L?(Qr) and g, @ € V, the integral
inequality (2.14) leads to the following global estimation

Sm(t) <Cr, VmeN, Vtel0,T], VT >0. (2.61)

Then, by applying a similar argument used in the proof of Theorem 2.4, we
can obtain a global weak solution u of Prob. (1.1)—(1.4) satisfying

u, u' € L*(0,T;V). (2.62)
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However, in case 1 < p < 2, we don’t know a weak solution obtained here
belonging to C* ([0,T]; V) or not. Furthermore, the uniqueness of a weak
solution is also not asserted.

3. EXPONENTIAL DECAY OF SOLUTIONS

This section investigates the decay of the solution of Prob. (1.1) — (1.4)
corresponding to with A > 0, A\; > 0 and p > 2.

We prove that if [|ige||* — [|dol/2, > 0 and if the initial energy, ||f(t)|| are
small enough, then the energy of the solution decays exponentially as ¢t —
+o00. For this purpose, we make the following assumption

(A%) f € L*((0,1) x Ry), and there exist two constants Cy > 0, 79 > 0
such that [|f(¢)]] < Coe™ 0, for all ¢ > 0.

First, we construct the following Lyapunov functional

L(t) = B(t) + 5 (1), (3.1)
where 6 > 0 is chosen later and
E(t) = § [/ 1 + 5 b @)1 + 5 lue (@)1 = u@)]5, , (32)
() = (u'(8), w(t)) + (uh(8), ua(8)) + Sl + 3¢ |ua ()] (3.3)
Put
I(t) = I(u(t)) = ue (0 = lu®)|, , (3.4)

J(t) = J(ut)) = 3 luc@)I* = 3 a7,
= (3= 1) Il + L10).
Then we have the following theorem.

Theorem 3.1. Assume that (AY) holds. Let I(0) > 0 and the initial energy
E(0) satisfy

p—2
=2 (EO+ & [TIF@Pa)) T < (3.6)

Then, there exist positive constants C,~y such that
E(t) < Cexp(—nt), forall t>0. (3.8)

Proof. First, we need the following lemmas.

Lemma 3.2. The energy functional E(t) satisfies
E' (1) < =5 v @) = Ml 01 + 55 1f @11 (3.9)
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Proof. Multiplying (1.1) by «/(x,t) and integrating over [0, 1], we get

E' (t) = =Ml (O] = Al (01 + (£, (1)) (3.10)

We have
(F@), () < 5 I @ + 55 If O (3.11)
Combining (3.10)—(3.11), it is easy to see (3.9) holds. Lemma 3.2 is proved
completely. O

Lemma 3.3. Suppose that (AY) holds. Then, if we have I(0) > 0 and

p=2
e = [p?Tp? <E +ox Jo IIF (2 )17 dt)} o<, (3.14)

then I(t) >0, Vt>0.
Proof. By the continuity of I(t) an
I(t) = I(u(t)

(0) > 0, there exists 71 > 0 such that

nd 7(0
)>0, Vtelo,Ty, (3.15)

this implies

) = (5= 1) @I + L1t
(3.16)
> (3= 3) lw®I? > 52 lua(®)*, vte (o1,
It follows from (3.15), (3.16) that
@) < pz_p2j( ) < le’QE( ), Wte[0,Ti). (3.17)
From (3.9), (3.1 ) we get
lus(®)I” < 2B < 25 (BO)+55 [l 0 dt) , vt e [0,77]. (3.18)

Hence, (3.14) and (3.18) imply

(70 < s (P = Nua (17 [Jua ()11

<[2 (B + &L IF@Pa)] 7 P (619
zmMNW>W6MEL
Therefore
1) = s (O = () > (1= ) s (O] > 0, ¥t € [0,73].

Now, we put T = sup{7 >0:1(t) >0,Vt € [0,T]}. If T, < 400 then, by
the continuity of I(¢), we have I(T) > 0. By the same arguments as above, we
can deduce that there exists T/, > T, such that I(t) > 0, V¢ € [0, T ]. Hence,
we conclude that I(¢) >0, Vt > 0. Lemma 3.3 is proved completely. O
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Lemma 3.4. Let I(0) > 0 and (3.14) hold. Put
Exi(t) = [[w/ (@)]° + [l ()] + lua (D)1 + I(2).
Then there exist the positive constants B1, B2 such that
B1E1(t) < L(t) < BoEa(t), Vt=>0,
for 6 is small enough.

Proof. 1t is easy to see that

L(t) = S w02 + ()2 + (3 = 3) llwa®) 2+ 3200

8w/ (), ult)) + 6w (1), ua () + B ul®)* + 25 flua ()]

From the following inequalities
S (1), u(t)) < 6 | (&) llue (B)]] < 36|/ (D)]* + 36 ua(D)]?,
8y (1), uz (1)) < 8 [ ()| 1w (B)I] < 36 | (D]1” + 56 [Jua(8)],
S u®)® < % lua @),

we deduce that
L) 2 5 0/ @ + 3 101 + (- 3) e + 510
(1) u(D) + 8 (1) (1))
> F @ + 101 + (5~ §) lue @ + 10
33 I O ~ 48 s (O ~ 58 1, (O] — 5 Jua (0]
= 12 N O + 15 I + (3 = 5 = 8) lua®)* + 100

> B1E(t),
where we choose
[31:min{1—;6, %—%—(5, %},
with ¢ is small enough, 0 < § < % -4

Similar, we can prove that
L) < F IO + 3 1@ + (3 = 1) lua () + 31
+50 [ (011 + 36 (DI + 36 [ ()] + 36 Jua ()]
+ g (I + 2 ua ()]
= L2 |l ()1 + 2 [ (1))
FlE o (L3 +3)] a0 +510)
< BaEq (1),

hS]
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(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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where

1+6 1
Bo = max{"‘,i—

Lemma 3.4 is proved completely. ]

%+5(1+g+§1)}. (3.27)

Lemma 3.5. Let I(0) > 0 and (3.14) hold. Then the functional 1(t) defined
by (3.3) satisfies

W () < [l @O + [l (0)]° = $1(2) (3.28)
—5(1 = — 1) ua O + 25 1),

for all ey > 0.

Proof. By multiplying (1.1) by w(z,t) and integrating over [0, 1], we obtain

W () =l O+l (O = Nl @)1 + ()0 + (F(0),u(t))

3.29
= [l (17 + [l (B)1I* = 3I(t) = 31(8) + (F(2), ult)). (3:29)
Note that
I(t) > (1= n.) luz (1)), (3.30)
and
(f),u(t)) < G w1 + 2 IF @I, Ve >0, (3.31)

we deduce that
W () < ! (O + Nl 0)I* = 51() = 51() + (F (), u(®))
< [l () + [, (t)H =3 1(t) = 51 =) [ua (@)
+5 w1 + 2 1O (3.32)
= [l @) + llufy (DI = 51(8) = (1 = e — &) [|ua ()]
+am SO
Hence, the lemma 3.5 is proved by using some simple estimates. O

Now we continue to prove Theorem 3.1. It follows from (3.1), (3.9) and
(3.28), that

L) < = [l (I = A [l (2 )H2 + a5 Ilf (D1
+8 [l (O + 6 [l (O)]° — §1(2)
=51 = — ) [lua () + 35 17 (3.33)
—(5 = 8) [/ O)* = (A = 8) [luy (1))
SI(t) = §(1 = e — &1) ua ()]* + p(b),
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forallé,sl>O,O<6<%—l where

p7
p(t) = 3 (2 + 1) 17O < Cue 20t (3:34)
Let 6, €1 satisfy
0<o<min{3 A 3-1}, 0<e<ion. (3.35)

Then, we deduce from (3.21), (3.33), (3.34) and (3.35) that there exists a
constant v > 0, such that

L'(t) < —(3 = 8) |lu @O = (A1 —6) | (1))
3I(t) — $(1 — s — e1) us()|* + Cre=2wt

<~y By (t) + Ce=20t < L L(#) + C,e= 20t (339
< -—mE(t) + Cie < =5 L) + Cee
< —yL(t) + Cye™ 20!,
where
m=min{3 -3 A —6, $(1—n —e1)} >0,
(3.37)

0 < < min {71, %, 270} :
Combining (3.21) and (3.36), we get (3.8). Theorem 3.1 is proved completely.
O

4. A REMARK
We consider the following problem
Utt — Uy — Ugatt — MUgat + Mg + [P 2u = f(x,t),
Uz (0,1) + Aruge(0,8) + uge(0,t) = u(1,t) =0, (4.1)
u(x,0) = tg(z), ur(x,0) = 1 (z),

0<x<1,t>0, where A\, \1, p are given constants and ug, @1, f are given
functions. The global existence of a strong solution is as follows.

Theorem 4.1. Let T > 0. Suppose that p > 2, X > 0, \y > 0 and (Az) hold.
Let iig, 41 € V. N H?. Then Prob. (4.1) has a unique solution

uwe CH([0,T;VNH?), uyeL>(0,T;VNH?). (4.2)

With less regular initial datas, we have the global existence of a weak solu-
tion as follows.

Theorem 4.2. Let T > 0. Suppose that X > 0,\1 > 0 and (A}) hold. Let
ug, w1 € V.
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(i) If p > 2, Prob. (4.1) has a unique solution

ue CL([0,T);V). (4.3)
(ii) If1 < p <2, Prob. (4.1) has a solution
u€ L>®(0,T;V), uy € L*(0,T;V). (4.4)

The proofs of Theorems 4.1, 4.2 are similar to the ones in Theorems 2.2,
2.4. And in case 1 < p < 2, we also note as above, see Remark 2.6.

In what follows, assume that p > 2, A > 0, A\; > 0. With suitable conditions
for f, we prove that Prob. (4.1) has a unique global solution u(t) with energy
decaying exponentially as t — +oo, without the initial data (g, 1) being
small enough.

Theorem 4.3. Assume that (A}) holds. Then, there exist positive constants
C,~ such that

' @)1 + ey (01 + [l (B + ()7 < C exp(—t), (4.5)
for allt > 0.
Proof. First, we construct the following Lyapunov functional
Ly(t) = E(t) + 09 (t), (4.6)
where ¢ > 0 is chosen later and
E(t) = 5 [l @I + 5 lubOI + 5 lua @1 + 3 [u@®)7, (4.7)
Y(t) = (W (8), ult)) + (wh(t), ua () + 3 lul)]® + 3 [lua(t)]*: (4.8)

Next, we need the following lemmas.

Lemma 4.4. The energy functional E(t) satisfies
E' (1) < =5 o/ O = M [l 01 + 55 1 O (4.9)
Proof. Multiplying (4.1); by u/(z,t) and integrating over [0, 1], we get
E'(t) = =M (0 = A [l (0)] + (£ (1), /(1)) (4.10)
We have
(f@), 0 (0) < 3 Ml @I + 35 1F @)1 (4.11)

Combining (4.10), (4.11), it is easy to see (4.9) holds. Lemma 4.4 is proved
completely. O

By (4.9), we obtain
E () < =3 1w @O = Ml O + 1 O < K IO (412)
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Integrating with respect to ¢, we obtain

E{)<E0)+ 5 [CIf @) dt = E,, forall t > 0.

Put

a 2 2 2

Ey(t) = [/ (01 + [[ur (D117 + [lua (O + 1)l
we have the following lemma;

Lemma 4.5. There exist the positive constants (1, B2 such that
BLEN(t) < Li(t) < B2Er(t), V>0,
for 6 is small enough.

Proof. 1t is clear that

2 2
Li(t) = 5 Il I + 5 b (D17 + 3 s (01 + 5 a7,

8w/ (), ut)) + 6w (t), ua (£)) + B lul)]| + 25 |us ()]

From the following inequalities

5 (8), u(t)) < 8 [l ()] lus (0)]] < 56 ' B)II + 56 Jua(t)],
6(uty (1), us () < 8 il ()| [ua ()] < 56 ()| + 56 Jualt)]?,

S lu@)l* < B llua ()],

we deduce that

Li(t) = 3l (D17 + 3 1uh )1 + 5 lua (O] + 2 [[u@)]
<U'(t)7U( )) A+ 6(ui (1), ue (1))

WP+ S 1 O + 5 lua @) + 3 w7
% 1/ (D)1 = 36 [[ua (O] = 36 g ()] = 56 [|ua ()]
% I ()17 + 52 e (017 + 252 Hlua (DI + 5 (D)

where we choose
2 - f1-25 1
b1 = mln{—2 ’5} ,

¢ is small enough, 0 < § < %
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(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Similar, we can prove that
2 2 2
Ly(t) < gl @I + 5 O + 5 lua O + 5 lu@®)]7
2 2 2
+50 [/ (O] + 36 ua (D)1 + 56 [l )11 + 56 [[ua ()]
‘”Huw(t)ll2 + 95t |y (¢) 2

— LE0 1/ () )2 4 152 | () )2 4 AR g (1)) (4.20)
ol
< LOERINI B (1) = o (1),
where
o = FEEEL (4.21)
Lemma 4.5 is proved completely. -

Lemma 4.6. The functional 1(t) defined by (4.8) satisfies
W () < [l @+l O = 5 e O = u@®l + 51 @I (4.22)
Proof. By multiplying (4.1); by u(z,t) and integrating over [0, 1], we obtain

W () = [ O + lluy O = lluw O = w5, + (F(),u(t).  (4.23)
Note that

(@), u®) < NFONua®l < 5 lua®I + 5 1 O (4.24)
Combining (4.23), (4.24), it is easy to see (4.22) holds. Lemma 4.6 is proved
completely. O

Now we continue to prove Theorem 4.4. It follows from (4.6), (4.9) and
(4.22), that

Lh(t) < =3 [l ()1 = M [l O + 25 1 @)1
+6 ! (O + 8y 0)]° = § llua (D = Slu®)|5 + S 11.F (O]

=—(3-0) v @O - (M—fﬂm<mﬁ

— 3 lux ()1 = Sllu®)1F, + 5 (54 %) 1F (

=—(3-0) IO - (Mf*NUGM

=5 uw )7 = Sw(®)7 + p1(2),
(4.25)

where

pi(t) =5 (8+3) If @) < Cre >, (4.26)
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Choosing 0 < § < min{3, %, A1}, we deduce from (4.25), (4.26) that
Ly(t) < =B | Il @I + ety @)1 + lluz 01 + ()17,
+C et
= —BeE1(t) + Cre 0t < — 22 Ly (t) + Cre 20!
—yL1(t) + Cre™1t,

(4.27)

where [, = Inin{A 0, g } 0 < v < min{%,Q’yo}. Combining

(4.14), (4.15) and (4.27), we get (4.5). Theorem 4.4 is proved completely. [
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