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Abstract. In the present paper, we use hybrid steepest descent method for finding a common
point of the solution set of split variational inclusion and the fixed points set of a finite family
of nonexpansive mappings in Hilbert spaces. Further, we prove that the sequences generated
by our iterative algorithm converge strongly to the common point, which is the unique
solution of a variational inequality. Our result improves and extends the corresponding
results announced by many others. At the end of the paper, we extend our result to the

more broad family of A-strictly pseudo-contractive mappings.

1. INTRODUCTION

Let H; and Hy be real Hilbert spaces with inner product (-,-) and norm
|| - ||, respectively. Recall that a set-valued mapping B : Hy — H; is said to
be monotone if

(u—wv,z—y) >0, whenever u € B(x),v € B(y).

It is said to be maximal monotone if its graph: graphB := {(z,y) € H; x Hy :
y € B(z)} is not properly contained in the graph of any other monotone
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operators. As we all know that, when B is maximal monotone, then for each
x € Hy and A > 0 there is a unique z € H; such that x € (I + AB)z.

In 2011, Moudafi [12] proposed the following Split Monotone Variational
Inclusion Problem (SMVIP): find z* € H; such that

0€ f(z*)+ Bi(z") (1.1)

and such that
y* = Az* € Hy solves 0 € g(y*) + Ba(y*), (1.2)
where f : Hy — H; and g : Ho — H» are two given single-valued operators,
A : Hy — H» is a bounded linear operator, By : H; — 2"t and By : Hy —
22 are two set-valued maximal monotone mappings. Moudafi proposed the
following iterative method for solving (1.1)-(1.2): let v > 0 and zo € Hy be

arbitrary,

1 = Uz + vA*(T — I)Axyg), k€N, (1.3)
where v € (0,1/L) with L being the spectral radius of the operator A*A, the

operator U := Jfl (I-Af)and T := JfZ (I—M\g). He showed that the sequence
generated by (1.3) weakly converges to a solution of SMVIP(1.1)-(1.2).

If f =0and g = 0 then SMVIP (1.1)-(1.2) reduces to Split Variational
Inclusion Problem (SVIP): find z* € H; such that

0 € By(z) (1.4)
and such that
y* = Axz" € Hy solves 0 € By(y"). (1.5)
We denote the solution set of SVIP(1.4) and SVIP(1.5) by SOLVIP(B;) and
SOLVIP(Bzy), respectively. The set of solution of SVIP(1.4)-(1.5) is denoted
by I' = {a* € H; : * € SOLVIP(B;) and Axz* € SOLVIP(Bz)}. The SVIP
has extensively been investigated in recent years, for example [3, 6, 8, 13] and
the references therein.

In 2012, Byrne et al. [2] introduced the following iterative method for
SVIP(1.4)-(1.5) and the sequence {z,} is generated by

Tt = S (wn + BAT(JT? — 1) Axy,).

Motivated by Moudafi and Byrne, Kazmi and Rizvi proposed a viscous itera-
tion method as follows:

{un = Jfl (xn + fyA*(Jfg2 — 1) Axy);

1.6
Tpt1 = anf(zn) + (1 — an)Sun, n >0, (1.6)

where f : Hy — H; be a contraction mapping, S : H; — H; be a non-

expansive mapping, A > 0, v € (O,W) and a, € (0,1). Under certain

conditions, they proved that the sequence generated by the proposed iterative
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method converges strongly to a common solution of the split variational in-
clusion problem and fixed point problem for a nonexpansive mapping which
is the unique solution of the variational inequality problem.

On the other hand, let us recall some iterative methods for solving the fixed
point problems of nonexpansive mappings. In 2011, Yamada [15] considered
the variational inequality problem over the set of fixed point of nonexpansive
mapping and proved strong convergence of the sequence generated by the
hybrid steepest-decent method as follows:

Tnt1 = Txp — pAF(Txy,), (1.7)

where z; € Hy, {\} C (0,1), F : Hl — H; is a strongly monotone and
Lipschitz continuous mapping and p is a positive real number.

Motivated by the Krasnoselskij-Mann type algorithm and the steepest de-
scent method, a new explicit iterative algorithm is introduced by Buong and
Duong [1] as follows:

T = (1= BD)ay, + BYTHTE - Thay, (1.8)

where TF = (1 — B+ BT, for i = 1,2,..., N, T¢ =1 — M\pF and F is a
L-Lipschitz continuous and 7n-strongly monotone mapping. Under certain con-
ditions, they proved that the sequence {zj} converges strongly to the unique
solution of the following variational inequality :

N
(F(z*),z —2%) >0, Ya € (| Fia(T). (1.9)
=1

In 2014, Zhou and Wang [17] introduced a new iterative algorithm and their
iterative algorithm is simpler than (1.8) given by Buong and Duong. Let {x,,}
is generated by

Tpyr = ([ — \gpuF)TE - - Thay,. (1.10)

They proved that the sequence {z\} defined by (1.10) converges strongly to
the unique solution of the variational inequality (1.9) in a faster rate of con-
vergence.

Motivated and inspired by the results of Zhou, Wang and Yamada, in this
paper, we consider a new iterative algorithm to solve the class of variational
inequalities (1.9). The iterative algorithm improves and extends the results of
Zhou, Wang and Yamada, and the corresponding results announced by many
others. At the end of this paper, we extend our iterative algorithm to the
more broad family of A-strictly pseudo-contractive mappings.
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2. PRELIMINARIES

We need some facts and tools in a real Hilbert space H which are listed as
definitions and lemmas below.

Definition 2.1. A mapping T : H — H is said to be
(i) nonexpansive, if ||Tx — Ty|| < ||z —y||, Y=,y € H;
(ii) monotone, if (x —y,Tax —Ty) >0, Vz,y € H;
(iii) n(n > 0) strongly monotone, if (x—y, Tx—Ty) > nllz—y|*, Vz,y € H.

Definition 2.2. A mapping T : H — H is said to be an averaged mapping if
it can be written as the average of the identity mapping I and a nonexpansive
mapping S : H — H; that is,

T=(1-a)l+as,
where o € (0,1). More precisely, when the last equality holds, we say that T is

a-averaged. We know that, firmly nonexpansive mappings are (1/2)-averaged
mappings.

It is well known that every nonexpansive mapping T : H — H satisfies, for
all (z,y) € H x H, the inequality

(2~ Ta) ~ (y—Ty), Ty ~Ta) < Tz —2) Ty —)* (1)

and therefore, we get, for all (z,y) € H x Fiz(T),
(x = Tx,y—Tx) < %HT{L‘—J}HQ (2.2)

see e.g., ([4], Theorem 3.1) and ([5], Theorem 2.1).

Lemma 2.3. ([10]) Averaged mappings have the following properties:

(i) The composite of finitely many averaged mappings is averaged. That
18, if each of the mappings {E}i\il s averaged, then so is the composite
T1---Tx. In particular, if T1 is ai-averaged and Th is as-averaged,
where ay,ay € (0,1), then both Th'Ty and ToT) are a-averaged, where
a=qa; +ay —ajas.

(ii) If the mappings {T;}Y, are averaged and have a common fized point,
then

N
() Fiz(T;) = Fia(Ty - T).
=1

In particular, if N = 2, we have Fix(Ty) () Fix(T2) = Fiz(T1T3) =
F’LCL‘(TQTl)
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Lemma 2.4. ([11]) Let C be a closed convex subset of a real Hilbert space H.
Giwven xz € H and z € C. Then z = Pox if and only if the following inequality
holds:

<$—Z,y—2>§0,

for every y € C.

Lemma 2.5. In a real Hilbert space H, there holds the following inequality:
lz +yl* < lle]® + 2(y. 2 +y), Va,ye H.

Lemma 2.6. ([9]) Let B : H — 2% be a multi-valued mazimal monotone
mapping. Then the resolvent mapping Jf : H — H is defined by

JP(x):= (I +\B)"Yx), Ve H,

for some A > 0. The resolvent operator J/{B 1s single-valued and firmly nonez-

pansive. It is easy to be deduced that Jf s monexrpansive and %—avemged.

Lemma 2.7. ([7]) Let H be a Hilbert space, C a closed convex subset of H and
T :C — C a nonexpansive mapping with Fix(T) # 0. If {xn} is a sequence
in C weakly converging to x € C' and {(I —T)x,} converges strongly toy € C,
then (I — T)x =y. In particular, if y =0, then x € Fix(T).

Lemma 2.8. ([16]) Let F' : H — H be a k-Lipschitz continuous and n-strongly
monotone mapping with k > 0 and n > 0. For each A € (0,1) and a fized
w e (0, 2—727), write T* := (I — AuF) and 7 = 1 — /1 — p(2n — pk?) € (0,1).
Then we have

1Tz — Thy|| < (1= A7)llz — g,

for all x,y € H, i.e., T* : H — H is a contraction on H with contractive
coefficient (1 — \1).

Lemma 2.9. ([14]) Assume {an} is a sequence of nonnegative real numbers
such that

An+1 S (1 - ’Yn)an + 571; n Z 07

where {7y} is a sequence in (0,1) and {0,} is a sequence such that

(1) 22521 Y = 0,
(i) limsup,,_, % <0 or Yo7 | on|< o0.

Then lim,,_ s an = 0.
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Lemma 2.10. ([18]) Assume S is a A-strictly pseudo-contractive mapping
on a Hilbert space H. Define a mapping T by Tx = azx + (1 — a)Sx for
all x € H and o € [\1). Then T is a nonexpansive mapping such that
Fix(T) = Fix(S).

3. MAIN RESULTS

Now we state and prove our main results in this paper.

Theorem 3.1. Let Hi be a Hilbert space and F : Hi — Hj be a k-Lipschitz
continuous and n-strongly monotone mapping with k > 0 and n > 0. Let
{Ti}N| be N nonexpansive self-mappings of Hy. Assume that Q@ = (X, Fiz(T;)
N # 0. For any point xg € Hy, define a sequence {x,} as following manner:

Yn = JP (20 + AT (I — 1) Azy),
Tn+1 = (I - NO‘nF)TJq\lfT]T\L/—l T Tlnynv

where T/ = (1 — L) +~LT; fori=1,2,---,N. Suppose that 8 € (0, W),
an € (0,1], 0 < u < 2—2 and . € (a,b) for some a,b € (0,1). If the following

conditions are satisfied:

(i) limn_)oo Ay = O,’
(i) D2y an = 00;

(iil) D02 [vhiy —hl < oo, fori=1,--+ N and 377, |an — 1] < 0.

Then the sequence {x,} converges strongly to the unique solution x* of the
variational inequality:

(Fx*,z —2") >0, Vo el (3.1)

Equivalently, we have Po(I — pF)x* = x*.

Proof. Since our methods easily deduce the general case, we prove Theorem
3.1 for N = 2.

Step 1. We show that {x,} is bounded. Take p € Q, then we have p = Jflp,
Ap = JfQ(Ap) and T/'p = p, for all = 1,2. By Lemma 2.8,

[2nt1 = pll = [[(I = pon F) T3 yn — pl|

(3.2)
< (1= an7)lyn — pll + pewn||Fp|.-
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On the other hand, since J f ! is firmly-nonexpansive, so we have
lyn = plI? = 193" (zn + BA* (32 = 1) Azn) = p||?
< g + BA*(J? — I)Axy, — p||?
= llan = plI* + B2l A" (12 = I) A2
+ 26w — p, AT(JY? — 1) Azy)
< lzn — plI* + BIAIP((J32 = 1) Azn?
+ 2B(xy, — p, A*(JY2 — 1) Axy,)
and using (2.2) we estimate
2B{xn — p, A*(J2 — I) Axy)
= 28(A(zy — p), (J2 — 1) Axy)
= 2B8{(J2 Az, — Ap, (J? — 1) Axy) — ||(J2? — ) Az,|*}
1
<28 {JI0E = a1 - DAz}
< —BI(IP — 1) Az,
By (3.3) and (3.4), we get
Iy = pII? < llzn — plI2 + BGIAI2 = DI (P — 1) Az
Since 8 € (0, W), we have

lyn = plI* < llzn — pII*.
Now, by using (3.6), the inequality (3.2) becomes
[2nt1 = pll < (1 = an7)llzn = pll + pew | Fpll

W
< max {2 — pll £ 7}

o
< max {Jla1 — pll. X | Fp] }.

405

(3.3)

Therefore, {z,} is bounded. Subsequently, we deduce that {y,}, {T]'y,} and

{FT3 1"y, } are bounded.
Step 2. We show that lim,,_,« ||Zn+1 — || = 0. Noting that

J@nss — 2all = (I = p10n FYT3 Ty — (I — pev 1 FYT3 7 g

< (1— an D) T3 Ty — T3 T7 |
+ o — | |[FTP I Yy

(3.7)
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Noting that 77 and T4 are 7. —averaged and ~2—averaged respectively, by
Lemma 2.3, we see that T3 T} is t,-averaged for every n, where t,, = 7} +72 —
Yiy2. Let a* = 2a — a? and b* = 2b — b%. Since t, = 1 — (1 —v})(1 —~2),
we can see that 0 < a* <'t, < b* < 1 for all n, lim,,_,c [tn+1 — tn| = 0 and
Yoty |tnt1—tn] < 00. So we can find {S,} a family of nonexpansive mappings
such that

TOTT = (1 — t,) + S, n > 0. (3.8)
So we have
T3 Ty — T3 T |
= (1 = tn)yn + tnSnyn — (1 = tn—1)Yn-1 — th—1Sn—1Yn—1||
< @ =t)llyn — yn—1ll + ltn — ta—all|yn—1ll + tallyn — yn-1ll
+ [tn = tn—1|l[Snyn—1ll + tn—11Sn¥n—1 — Sn—1Yn—1l
= [lyn — Yn-1ll + [tn = ta—1|(|yn—1ll + | Snyn-1ll)
+tn1llSnyn—1 — Sn—1Yn-1ll-

(3.9)

Since J/\B1 (I + BA*(J;\B2 — I)A) is a nonexpansive mapping, we have
||yn - ynfln
_ B1 x/ 7B2 B1 x/ 7Bo
= [|J (I + BA* (I = T)A)zn — J)H (I + BA*(J2 — D) A) x| (3.10)
< ||zn — zp-1]]-

By (3.8), we can deduce that S, = %ﬁl_t")], it follows that

HSnyn—l - Sn—lyn—IH
_ HTénTinyn—l - (1 - tn)yn—l _ Tgn_lTln_lyn—l - (1 - tn—l)yn—l H

tn tn—l
= H*TQ TV Yn—1 — 5T yn—1 + 15T Yn—1
tTL tn—]_ t’l’L—l
1 _ _ 1 1
- Tzn 1T1n 1yn—l - —Yn—1 + 7yn—1||
tnfl 7fn tnfl
|t — tn—1] 3.11
< o o T3 Ty | + g ) (3:11)
tntn—1
1 _
(T Ty =TT |
n—

T T Y1 — T3 Ty )
< ’tn - tn—l’

1 _
T3 T yn1 ]l + Nlyn—alD) + — (ITTya-1 = Tyl
tntn_l a

HIT T Y1 — T3 T )
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Noting that
|77y = Ty |
= (1 = 3)yn—1 + 11901 = (1 = Ya-1)¥n-1 = Va1 T1n1 |
< I = Va1l ([gnall + 1 Thyn-1l)-
So, we can easily deduce that
T3 T Y1 = T Iy |
< 7 = YUyt |+ 1Ty )
Combining (3.7), (3.9), (3.10) and (3.11), by Lemma 2.9, we can derive that

lim ||zp4+1 — 2n|| = 0.
n—0o0

Step 3. We show that lim,,_, ||[75'T7'xy, — 2, || = 0. Note that
1153 T1 yn = @nll < (T3T1 Y0 — Tngr || + [|2n1 — 2]
= pap||FT T yn || + [|2n41 — 20 |-
Taking n approaches to infinity, we get
Jim ([ T3 Ty — @l = 0. (3.12)

Next, we claim that ||z, — yn|| — 0 as n — co. By Lemma 2.5 and (3.5), we
have

|zns1 = plI* = (T = pen F) T3 Ty — pl|>
= [|(I = pon F)YT3 Ty — (I = pon F)T3T'p — pan Fp||?
< (1= an7)*|lyn — plI* — 2pan(Fp, zny1 — p)
< (1= ant)*(lzn — plI* + BBIAI? = DT — I) Az, |?)
— 2uon (Fp, xpi1 — D)
< Jlan — plI* + BBIAIP = DT = T) Az ?

+ 2pan || Fpll[[2n1 = pll.
(3.13)

which is equivalent to
B
B = BIAIPN ()2 = I) Az |
< lzn = plI* = lent1 = pl* = 2p00 (Fp, 2n41 — p)
< lzns1 = znll(zn = pll + 2041 = pll) = 2p0n (Fp, 2ni1 = p).
Since 1 — B||A||?> > 0, a, — 0 and ||zp11 — 25| — 0 as n — oo, so

. By _
Tim [[(J = ) Az, || = 0. (3.14)
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Furthermore, using (3.3), (3.5) and S € (0, |A|| ), we observe that

yn — Dl = | T2 (20 + BA*(J2? — T) Axy) — p||?
= |JP (2, + BA*(JP2 - )Aa:n) — JPp|?
< (Yo — py i + BAN(JP? — I) Az, — p)

= Sl I + o + BA° (I — 1) Az —
— ¥ = p) = (wn + BA*(J32 — 1) Az, — p) [}
< 3l = DI + 1w — ol + BUAPE ~ DI — DA,
g — 70— BAY (P2 — DAz |?)
< 5 {llgm — ol + 1z — oI = (v — al?
BAIPE — D) AP — 28{yn — w0, AP — D) Ar,))}

N

< 5 {llyn = ol + 1z = pI> = 1 — 20
+ 261 A(yn — 2l (JY? — ) Azl }-
Hence, we obtain
lyn =211 < llzn = 2l* = lyn — 2all® + 281 Alyn — 2 |I(JY? — 1) Azl
By (3.13), we observe that

[Znt1 = pI* < (1= an?)?(lyn = pII* — 2p0n(Fp, 2nt1 — p)
< (1= an)? (|2 — 2 = llyn — znll?
+28(| Ay — 2a) |[(JY2 = 1) Aznl)) = 2p00(Fp, @nt1 — p)
< lan = plI* = llyn — 2> + 28/ A(yn — za)[|(JF2 — 1) Az
—2ucy (Fp,xpi1 — D).
It follows that
lyn = zall” < 21 = @all(lzn — pll + ll2nts —pl)
+ 28] A(yn — 21 (JY2 = D Az | + 2000 ||Fp|[[ 2041 = p]l.

Since ay, — 0 as n — oo and by (3.14), we can easily deduce that

Jim [y, — 2] = 0. (3.15)
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Therefore,
lim (| T5' Ty — ol = lim (|17 20 — T30 ynll + (|13 Yn — @all)
n—00 n—0oo
= lim ([lzn = ynll + [T2T7'yn — znll)
n—oo
=0.
(3.16)

Step 4. We show that limsup,,, (Fz*,z* — z,) > 0.

From [8, Theorem 3.2], we know that the solution of the variational inequal-
ity (3.1) is unique. We use z* to denote the unique solution of (3.1). Since
{#n}n>0 is bounded, there exists a subsequence {y, };>1 of {xy }n>0 such that
Tp; = T as j — 0o and

limsup(Fz*, 2% — x,) = im (Fz*, 2" — z,,).
n—00 j—o00

Since {v.} is bounded for i = 1,2, we can assume that 7,"%_ — 7L, as j — oo,
where 0 < a < vl  <b<1fori=1,2. Define T™® = (1 — v ) ++.T; (i=
1,2). Then we have Fix(1°) = Fix(T;) for ¢ = 1,2. Note that

|77 2 = T2al| < I, — il (]l + 1 Tix)).
Hence, we deduce that

lim sup |7}z — T°z|| = 0, (3.17)

J=00geD
where D is an arbitrary bounded subset of H. Since Fiz(T°) () Fiz(135°) =
Fiz(Ty) (| Fixz(T2) # 0 and T7° is v -averaged for ¢ = 1,2, by Lemma 2.3, we
know that Fixz(T5°T7°) = Fiz(T5°) () Fix(T7°). Combine (3.15), (3.16) and
(3.17), we obtain
lin, — TET5 0, | < lln, — T3 T}, | 37T, — T3°T ] |
T T 2, — T T |
< lam, = T/ T || + 1Ty T @y — T2y i, |
+ ”Tlnjxnj - Tlooxnj H
< lwn, = T Ty || + sup || 1572 — T5%x||
xeD’

+ sup [T}V e — T1%x]),
xzeD"

where D' is a bounded subset including {7}” 2y, } and D" is a bounded subset
including {xn; }. Hence lim; ;. [|2n; — T5°TT°%y, || = 0. From Lemma 2.7, we
have & € Fiz(T0T) = Fiz(T5°) () Fiz ().
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On the other hand, y,, = Jfl (zn, + BA*(JEQ — I)Axy,;) can be written as

Tn; = Yn; + 514*({];\32 — 1) Azy,
A
By passing to limit j — oo in (3.18) and by taking into account (3.14), (3.15)

and the fact that the graph of maximal monotone operator is weakly-strongly
closed, we obtain 0 € B1(%), i.e., £ € SOLVIP(By). Since {Az,,} weakly

converges to AZ. Again, by (3.14) and the fact that the resolvent JfQ is

nonexpansive and Lemma 2.7, we obtain that Az = Fix(JfQ), i.e., AT €
SOLVIP(B3). Thus z € Q. Using Lemma 2.4,

€ Buyn,. (3.18)

limsup(Fz*, 2% — x,) = lim (Fz*, 2" — z,,)
n—+00 J—0

(3.19)
= (Fz", 2" — 1) <0.

Step 5. We show that lim,,_« || Zn+1 — 2*]| = 0.
Using (3.6), we estimate

nst — 21 = (T = e F)TPTT g — 2|
— (I — pon FYTE T — (1 — o FYTSTY 2" — o P |2
— (I = pon FY TS T — (1 — o FYTRTY " | + 2 | Fa |
+ 2pon (Fa*, (I — pan F)T5T x™ — (I — pon F)T5 T yn)
< (1= ) lyn — &2 + 2un{ Fa, " — )
+ 2p0p || Fa*|[lzn — T3 T ynll + 202 g || Fa™ ||| ET3TT yn|
< (1 = 7o) ||z — 2*||* + 2uon (Fa*, 2* — x,)
+ 2p0p || Fa*|[lzn — T3 T yall + 2020 || Fa* ||| T3 T yn |
< (1 = 7o) ||z — 2*||* + Tancn,
where
= 2Rt — )+ | P — TET ) + 2M2HF$*HHFT2"T1”ynHaW

T T

From (3.12), (3.19), we know that limsup,_,., ¢, < 0. By Lemma 2.9, we
conclude that x, — z* as n — 0o, completing the proof. O

Cn

4. AN EXTENSION OF OUR RESULT

In this section, we extend our result to the more broad family of A-strictly
pseudo-contractive mappings. Now let us recall that a mapping S : H — H
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is said to be A-strictly pseudo-contractive if there exists a constant A € [0,1)
such that

ISz = Syl* < llz =yl + AI(I = S)z = (I = S)yl*, Va,y € H.

Let {S;}I¥, be a family of \;-strictly pseudo-contractive self-mappings of H
with 0 < \; < 1. For i =1,2,..., N, define

Ti =w;l + (1 - w,-)Si, (4.1)

where 0 < \; < w; < 1. By virtue of Lemma 2.10, we know that {Tz}f\il is
a family of N nonexpansive mappings. Thus we extend Theorem 3.1 to the
family of \;-strictly pseudo-contractions.

Theorem 4.1. Let Hy be a real Hilbert space, F' : Hy — Hy be a k-Lipschitizian
continuous and n-strongly monotone operator on Hy with k > 0 and n > 0.
Let {Sz'}i]\;1 be N \;-strictly pseudo-contractive mappings on H such that
Q = NX, Fiz(S;)NT # 0. Suppose 0 < p < i—;?, an € (0,1), ¥4 € (a,b)
for some a,b € (0,1) and 0 < \; <w; <1 fori=1,2,...,N. If the condition
(i)-(iii) of Theorem 3.1 are satisfied, the sequence {xy}i>0 defined by Theorem
3.1 with T; replaced by (4.1), converges strongly to the unique solution z* of
the following variational inequality:

N
(Fz*,x —x*) >0, Yz € ﬂ Fiz(S;)NT.
i=1
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