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Abstract. In this article we study the very general fractional smooth Gauss Wierstrass
singular integral operators on the real line, regarding their convergence to the unit operator
with fractional rates in the uniform norm. The related established inequalities involve the
higher order module of smoothness of the associated right and left Caputo fractional deriva-
tives of the engaged function. Furthermore we produce a fractional Voronovskaya type of
result giving the fractional asymptotic expansion of the basic error of our approximation. We
finish with applications. Our operators are not in general positive. We are mainly motivated
by [2].

1. BACKGROUND

We mention

Definition 1.1. Let v > 0,n = [v] (]-] is the ceiling of the number, |:]
the integral part), f € C™ (R). We call left Caputo fractional derivative the
function
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1 r 1
DY = R A 1.1
o 0) = gy [ O (11)
Vo > xp € R fixed, where I is the gamma function I (v) = [;° e "t~ 1dt,
v > 0.

We set DY

arof (@) = f(2),Y2 > 9. We assume DY, f(z) =0, for x < 0.
We need

Lemma 1.2. ([2]) Let v > 0,v ¢ Nyn = [v], f € C"(R Hf(”H < o0,
rg € R fixed. Then DY, f(z0) = 0.

We need the following left Caputo fractional Taylor formula.

Theorem 1.3. ([1],[3]) Let f € C"™ (R),m = [«a],,c > 0. Then

T

ml ) (g
0= B s [ o P a2)
k=0 o

VreR:x > xg.
We also mention

Definition 1.4. ([5], [6]) Let f € C"™(R), @ > 0, m = [a]. The right
Caputo fractional derivative of order o > 0 is given by

a - (_1)m o _ ym—a—1 ¢(m)
Vo < xp € R fixed.

We assume Dy, _ f(x) = 0,Vx > xo.
We need

Lemma 1.5. ([2]) Let a> 0,0 ¢ N, m = [a], f € C™(R), Hf(m)Hoo < 00,
rg € R fixed. Then Dy f(z0) = 0.

We need the following right Caputo fractional Taylor formula.

Theorem 1.6. ([1],[4]) Let f € C"™ (R),m =[], > 0. Then

mol ) (g
fly = 3 LU gy el At A (S TRy

We further need
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Theorem 1.7. ([2]) Let g € Cy (R) (continuous and bounded), 0 < ¢ < 1,
z, g9 € R. Define

L(z,z0) = / (x —t)“ L g(t)dt, for x > x,

zo

and L(z,x0) = 0, for z < 9. Then L is jointly continuous in (z,x¢) € R2.
Theorem 1.8. ([2]) Let g € C, (R), 0 < ¢ < 1, x,x0 € R. Define
o
Kwa)= [ (¢=2) g(0)d, for o <,

and K (z,79) = 0, for > x9. Then K (x,7¢) is jointly continuous from R?
into R.

Based on Theorems 1.7, 1.8 we get

Proposition 1.9. ([2]) Let f € C™(R), with Hf(m)Hoo < oo, m = [a],
a ¢ N, a>0, 2,50 € R. Then Dg, f(x), Dy _f(x) are jointly continuous
functions in (x,zg) from R? into R.

We need

Definition 1.10. Let f € C"™ (R), f(m)Hoo <oo,m=[a]l,a¢ N, a>0,
r €N, x,zo € R. We define the difference

(A:U (ngof)) (‘7‘3) = Z (_l)r_j (;) (waof) (:E —|—]’LU), (15)

=0

Vw € R, and the rth modulus of smoothness,

wr (Diofs ) i= sup [[(A7 (D220 f)) (@) (1.6)

Notice that

IN

(A% (DL ) (@o)| = [[(AL (Dle ) (@) g

wr (D% ) (L.7)

IN

Similarly, we define the difference
T a ¢ r—i (T « .
(@ (05, 0) @ =3 07 () (05, N ). 0
§=0
Vw € R, and the rth modulus of smoothness,

o (D5, 1.1) = 0 (87 (D5,-) )] - (1.9)
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Notice again that
(A% (D5- 1)) (o)

IN

(2% (D%,-1)) @) o
wy (D2 _f,w]) . (1.10)

IA

As a related result we mention
Proposition 1.11. ([2]) Let f : R — R be jointly continuous. Consider
G (@) =wr (f(2),0)p 400 0 > 0,2 €R.
Then G is continuous on R. Here w; is defined over [z, +00) instead of R.
Proposition 1.12. ([2]) Let f : R — R be jointly continuous. Consider
H(z) =w (f(2),0) (g 6 >0, €R.

Then H is continuous on R. (Here w, is defined over (—oo, z] instead of R.)
From Propositions 1.9, 1.11, 1.12 we derive

Proposition 1.13. ([2]) Let f € C™(R), Hf(m)Hoo <oo,m=|a], a¢
N, a > 0,7 € N, # € R Then w, (D&% f,h) [, jo0)»wr (Dg_f, h)(

continuous functions of z € R, A > 0 fixed.
We make

are
—00,z]

Remark 1.14. ([2]) Let g continuous and bounded from R to R. Then we
know that
Wr (g7t) S 2T HgHoo < 0.
Assuming that (D2, f)(t), (Dg, f) (t), are both continuous and bounded in
(z,t) € R?, ie.
||D>?xf‘|oo < K17V$€R;
|1Ds_fll., < K VzeR,
where K1, Ko > 0, we get
wr (D816 < 2Ky
wr (Dg_f.€) < 27K3,¥E >0,
for each € R. Therefore, for any & > 0,

sup [max (wy (D, f,€) ,wy (D5_f,€))] < 2" max (K1, K») < oo. (1.11)
Tz€R
So in our setting for f € C™ (R), Hf(m)HOO <oo,m=[al,a¢ N, a>0,by
Proposition 1.9, both (DS, f) (t), (D2_f) (t) are jointly continuous in (¢, 2) on
R2. Assuming further that they are both bounded on R? we get (1.11) valid.
In particular, each of w, (D, f,§), wr (Dg,f, §) is finite for any £ > 0.
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We need

Remark 1.15. ([2]) Again let f € C"(R), m = [a], a ¢ N, a > 0;
) (z) = 1,Vz € R; 2p € R. Notice 0 < m — a < 1. Then

Dg, f (x) = M,Vm > xp.
* 'm—-a+1)
Let us consider x,y > xg. Then
D20 () = Dy ()] € 2
* * '(m-—a+1)
So it is not strange to assume that
| DS, f (z1) — D&, f (22)| < K |21 — o)? (1.12)

K>0,0<p8<1, Vo, 20 € R, any 29 € R, here more generally Hf(m)Hoo <
00.
In general, one may assume

Wr (Dg—f’g) < MlgT_l_'_Bla and
wy (DS, f,6) < Mpg™ 142 (1.13)

where 0 < 81,8 < 1,V€ >0, r € N; My, My > 0; any x € R.
Setting 5 = min (51, 82) and M = max (M7, M), in that case we obtain

sup {max (w, (Dg_f,€) ,wr (D& f,€))} < M8 50, as € — 0+. (1.14)
z€R

2. MAIN RESULTS

We need

Definition 2.1. ([2]) Let r € N, a > 0. We mention the numbers
—1)"7 ("), i=1,...,n
o= CUTTG) Lo 2.1)
L - Zj:l (1) (j)J » J=0,
that is > 3% g a; = 1.
Also denote .
O =Y i k=1,....m—1, (2.2)
j=1

where m = [« .
We give

Theorem 2.2. Let f € C"™ (R), m = [«a], a > 0, Hf(m)Hoo < o0, g € R
fixed, £ > 0. Then
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i) if t > 0 we get

m=l (k)
A = A(t,xo) ZO@ (xo + jt) — f (x0)] — Z / k('xo)5ktk
k=1 )
t
_ F@%A@—wV”OS(MQﬂNme (2.3)
and
r ! otk
ii) if ¢ < 0 we obtain
r m— lf
B := B(t,z0):=Y aj[f (vo+jt) — 5ktk (2.5)
j=0 k=1
1 0 a—1 r «
- @ /t (w — 1)L (AL, (D, 1)) (o) duw,
and
T rl ‘t‘a+/€
‘B|SUJT( f\/> ( 0 ) gk/QF(a+k+l)> (2'6)

Proof. As in the proof of Theorem 2.2 of [2] by taking /€ in place of £&. [

In the next, let £ > 0, z,20 € R, f € C™(R), m = [a], a > 0, with
LF ], < oo
Consider the Lebesgue integral

W (f.2) = —= /Z (Zo o f(x+ jt)) e /e, (2.7)

We assume W,.¢ (f,z) € R, Vo € R. Notice that

1 /Oo 2/t
[ e tlat =1, 2.8

Wi.¢ (¢, x) = ¢, ¢ constant, (2.9)
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and
Wi (fi@o) = f(x0) = 1/00 ia'(f (z0 4 jt) — f (x0)) e ¥ /4dt
| Ve ) (&
B r/ ( f o+ ) = £ (@) etz/édt)
/ ( (xo + jt) — f (x0)) et2/£dt)
= (2.10)
We have
/ the=*/¢qt = 3 <k+1)§k;1 for any k£ > —1. (2.11)
0
We present

Theorem 2.3. Let f € C" (R), m = [a], a > 0, with Hf(m)Hoo <00, & >0,
xg € R. Then
1)

Wig (f,0) Z £O9 () 22 (4>p£f’

A en 1 r(e)
= ﬁ[kzz[)(r—k)!F(a+k+l)
xmax{w ( _f f) wT( o \/E>} (2.12)

(Above if m = 1,2 the sum disappears).

[NI]e)

§

2)
o (1Y
T'ﬁ f7 p<4> ép
rlle~ 1 T(H) | .
= ﬁ[kgo(r—k)!F(a+k+l) &

X sup {max [wr (D;'f_f, \/E) ; Wr (Dga:fa \/gﬂ } . (2.13)

z€R
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We further give

Theorem 2.4. All as in Theorem 2.3. Additionally assume that H f@0) HOO <
oo, p=1,..., LmTflJ . Then

L5 p
Wee 7 =101 < 3 1] () e
7! : [ (ethtl a
T E ;(r—lk)!r(og+2+)1) & (2:14)
X Sup {max {w,« <D§‘,f, \/E) , Wy (Dfxf, \/Eﬂ } .

z€R

Assuming further that both (DS, f) (t), (DZ_f) (¢) are bounded in (¢, ) € R?,
we get, as £ — 0+, that W,.¢ — I (uniformly), see (1.11).

Or, by assuming (1.13) we get (1.14), that is from (2.14) we obtain again
W,.¢ — I (unit operator), as £ — 0 +.

Proof of Theorem 2.3. We use here Theorem 2.2. First, from (1.2) and
(1.4), we observe that

—_

S~

3

(k) (1
flao+jt) = k(, o) it

e
I
o

zo+jt

; a—1 nHa
(a>/ (zo +jt = )" DLy £(C)dC,

(k
f(zo + jt) — f(zo) = f k(!xo)jktk

[

+
=

—_

3

N2

£
Il
—

_|._
—_

—

t
T(a) /0 (t—w)* ' D, f(wj + m0)j*dw

~—

and

m—1 (k)
flxo+jt) = k('wo) (o + jt — m0)"

k=0

b [ o i DR

(CY) xo+7jt

S~
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m— 1

ktk

fxo+jt) —
k=1
0
+p(1a)/t (w—1)""" D, f(wj + wo)j*duw.

Therefore (see (2.10)), from Lemma 1.2 and Lemma 1.5 we have

mel R (1)
A = \ﬁ/ ( .(;fk(!o)]ktk

+/ (’LU t)a 1Da f(wj +$0)jad’w> e_tQ/fdt)
t

I'(a)

i OO f( {L’O ;
e, (Z (Z

I A it i ) o€
+F(O‘)/o (t = w)™ " Dy f(wj + 20)j%d ) dt>

o1 B () & AW
V3 ((;1 k! ;aﬂ t
1 (0 A ) | i "
+F(04)/t (w—1) (;aijof(wj + x0)j ) dw) ot dt)
L 0 m—1 f(k)(xo) r " .
VURE o ((m 3] (]Zlaﬂ t

1 t »
+1“(a)/0 (t —w)® Za]D*x0f<w] + xz0)j ) dw) /5dt)

7=1
1 0 m—1 (k) " »
= i) ([; / k(, 0)5ktk]e /e
e—t?/€ 0 T
F(a)/t (w—1)"" (A (onf))(l’o)dw]>dt
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e—t?/E t el )
+ '« /O(tw) (Aw (D*mof))(ﬂco)dw]>dt
1 0o [m—1 f(k)(xo) o
775/_00 LZZl k!dktk] eV lEqy
LL ° e—t2/f ’ w— 11 (AT a z0) dw
T URET (@) /_oo[ /t (w =) (AL (D5, f)) (o) d }dt
LL = e*t2/§ ' —w a—1 r « x w
+ T, { =0t (a0 (D2,1)) (o) }dt
L5
1 f(2p)(a:0)52p ) 2/’@—'52/5
VA = (2) /_Oot dt
LL ° 6—t2/§ ’ w — a—1 r a . w
b [ e [ (o ) ey aw]
LL 0 €_t2/€ t W) (AT a ) duw
T <a>/0 { /0 (t = w)* ™ (A, (D2, f)) (w0)d }dt
=]
1 f(2p) ($0)52p 2p +1 2p+1
VTE = (20)! F( 2 )5
LL 0 6*152/5 0 w a—1 r a . w
T URET () /oo[ /t (w =) (A% (Dg,-f)) (wo)d }dt
LL e—t2/§ ! w)® 1 r a . w
e ) { [ = (@ (02, ) o) }dt
| =5 Jf(QP)( )52'p <i>ﬁ£p
p=1 ’
+11/0 [eﬁ/é /0 (w — 1)1 (A7 (D2 _f)) (:co)dw} ”
\/Fff a) —o0 t w To—
LU e [t (A (D5 ) (o
Therefore
=] Y
Oxo) = Wi (frwo) = f(x0) = D [ (wo)= <4) &



Quantitative approximation by fractional smooth Gauss Weierstrass singular operators 521

_ \/%/: et/ [F(la) /to (w — 1) (AT, (Dg‘of))(xo)dw} dt
+\/% /OOO et/ [F(la) /Ot (t —w)* ' (AT, (ngf))(xo)dw] dt.

From (2.3) and (2.5), we get

0 00
e(ggo):;?€ [/_w e_tQ/EB(t,xo)dt+/0+ e_tz/gA(t,xo)dt} .
Consequently we derive (see Theorem 2.2)
el
L[ " e T e
< = U B(t, x0)|dt+/ ¢ |A(t,x0)|dt]
1 O e r! [ N
N3 K/ (kzo (r— k) EF2T (a+ k+ 1) at WT(DwO—f’ \/Zg)
—t2/§ " r! ta+k
+ <kZ:O (?"—k)!fk/2f‘(oz+k+l) dt | wy ( *:cofa\/g)
1 Y R £ >+
< JME )[/ooe (kz_o R T (atkt1) )"
L g r 2 gtk
— 7T5/\/1(:160) LZ:O ST ESYE /_Ooe It] dt]
1 d r! atk+1) o
RS Lo (r—k)!F(a+k+1)€k/2F< 2 >€ ]
L TG
= & m M) LO(T—k)!r(awH)
where,

Call M (z9) := max {wr (D;‘O,f, \/E) , Wy (Dfxof, \/E)} :
We got

T (a+k+1 )

7! 4 1
6(z0)] < NG L;O (r— k)!I‘(oH—i—i— 1)

that is proving (2.12). O

S%M (.Z’(]) )

Next we present a Voronovskaya type result regarding fractional singular
integral operators.
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Theorem 2.5. Here f € C™ (R), m € N, m = [a|, a > 0, Hf(m)Hoo < 00,
and HDg‘,f(y)Hoo < M, ||DS,.f (y) < My, where My, My > 0, for any
x,y € R. Then

oo

(25
Wi (fon) =1 )= 30 |1 @) (3) ¢ =o(e=). e

0<fB<a,as & — 0+ . That is,

[ . ,
Wre(fi2) = f (@) = {f@”) (@) (Z ajﬁp) (3 gﬂ] ro(e),

where 0 < 8 < a.
(Above if m = 1,2 the sum disappears.)

Proof. Since f € C"™ (R), m = [a], a > 0, by (1.2) and (1.4) we obtain

—1
o f® (20) D?,. f(Q) a
f(f’«")—kzzo k!O (x—ﬂco)k‘i‘m(l‘—ﬂﬁo) )
Vx > xg, here o < ( < x and
m—1
e S (o) k Daf(Q) o
f("’“")_kzo A A

~
)
+
.
~
~—
|
~
I

~
—~~
8
+
.
=
\
~
—~~
~
I
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for x + jt < { < x, here t < 0. Notice that

Wr,{ (fa l‘) - f (:E)

0
r 0 m—1 (k) z o )
= = (]Z;% [/_oo (kzl Pt 2ty ('t)a> e
m—1
> FO @) e, DRIQ) e e
+/O (I; A= +1>“))€ fdtD
1 - o =B (@) g [ ko—t2/€
R (Z KZ ot e

rry ([ s @) i [T o @ ear))
(B[ B e ) e

toy ([ @) [T s o car))

0

iy 0 () (Z ajfp) ¥ (i)pgﬂ

1 Zgzoajja 0 « « —t2/¢ Oooz « —t2/¢
t e Ty (P ) i [Teon g Qe
We got
L= L 1e
T = Weg(ho)=f@) = > ™ @y <4> &
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DY Ca VN (y
Vel (a+1)

We consider

0 0o
[ / (D f (€)™ /odt+ / t (D2, f (c>>e—"‘2/fdt} :
—00 0
1

Then we have

SO e e [Fa »
fe= €T (a0 + 1) [/oot (Dz-f (©)e dt+/0 t* (D&% f (Q)e dt]

T

0 e 2
- wéaﬂlr (a+1) {/mta (Z (=)™ (;) (Dgf(g))) e/t

7=1
> o r =i [T o y
) (Z< b (]) (D2, (<>)) dt].
Call
r v (1) (051 0)
J=1 J ’
and
") (D21 ().
]=1 (J>
Hence
_ 1 o e ~ e
A¢ = 7€ T (0 + 1) [/_Oot Pa (z,t) € dt+/0 109 (2, 1) e /54t .

By theorem’s assumptions we derive

()

7j=1

|fa (2, 1) < (

= (2" —1) M,
o (z, )] < (27— 1) My,
Va,t € R. Call M3 = max (M;, M) . Hence
o (2, 0)], [Ya (z,1)] < (2" — 1) M3,
Vx,t € R. Therefore

Ad = 2D [T e et
7T (a+1) )
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_ 2 (27" - 1) M3 /OO tae—tz/ﬁdt

Ve T (a + 1)

r(°3)
= —= 7 (2" —1)Ms;.
ﬁr(a+1)( ) My
That is
(gt
A < ———=L__ (2" — 1) M-
| £|_\/77F(a+1)( ) 3
and

(3%) /2
T < ———=—+— (2" —1) M3&“
‘ ’ = ﬁF (a + 1) ( ) 3{ )
resulting into T'= O (50‘/2) .
However, let 0 < 8 < a. Then easily we get
T T
=072 = /T (a+ 1)

That is |T| = o <£ anB) , proving the claim. O

(27— 1) M5¢P/? 50, as € = 0 +.

3. APPLICATIONS

Let o = 3, [3] =1, f € C'(R), |f]lc < o0, &> 0, 29 € R. Then by
Theorem 2. 3 (2 12), we obtain

7! : 1 ( )
Wee (Fia0) = f @)l < = kZ:O( it ot | © (3.1)
o (0118) (311
Consequently it holds
" [ 1 F(k+1.5) A
[Wie (f) = fllo < ﬁ[;;) (r—k)!P(k+21.5) £a (3.2)

X sup {max {wr <D:%f, \/E> , Wr <D*§xf, \/E> H .
zeR

1 1
Above we assume <D1,2_f (y), (Dfx > (y) are bounded in (x,y) € R, for

the convergence of Wy — I, as { = 0+.
By fractional Voronovskaya type Theorem 2.5, (2.15), under the above as-
sumptions we get

NG

Wee (f0) = f (2) =0 (¢7%), (3.3)
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where 0 < 8 < %

Note. The integrals W, ¢ are not in general positive operators. Take f (t) =
2>0,7r=2 a=25,¢=0. Then oy = —2, ap = 2725. We find

20y — (1. 1
Wz,g(t,o)_< 1+2ﬂ)§<0’

proving the claim. O

1]
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