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Abstract. In this paper, sufficient conditions for the existence and uniqueness of a fixed
point in complete metric spaces under weak rational type contraction condition for two pairs
of discontinuous weak compatible mappings are obtained. Also, an example is provided
to illustrate the usability of our results. Our results generalize well-known results in the

literature.

1. INTRODUCTION AND PRELIMINARIES

The classical Banach contraction principle is an effective tool which assures
the existence and uniqueness of fixed points of contraction self mappings on
complete metric spaces. Besides offering a constructive procedure to compute
the fixed points of the underlying mappings this principle has played a ma-
jor role in the development of nonlinear analysis. Due to its importance in
various branches of mathematics (pure as well as applied mathematics), and
in economics, life sciences, physical sciences, engineering, computer science,
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and others, generalizations of Banach’s contraction principle have been scruti-
nized by several authors. Fixed point theorems for various types of nonlinear
contractive mappings have been scrutinized extensively by various researchers
(see [1]-[16] and references cited therein).

Let (¢,n) be a metric space. A self mapping x : ¢ — ( is said to be the
contraction if there exists 0 < o < 1 such that for all uy,us € (,

n(kuy, kug) < on(ug, uz). (1.1)

Any self mapping of a complete metric space satisfying (1.1) will gives the
assurity of the existence a unique fixed point.

A question comes over here is that whether we can get contractive conditions
which are not continuous but still leads to the existence of fixed point in a
complete metic space. Kannan(see [12], [13]) scrutinized the below mentioned
result, giving an endorsing reply to the above question.

Theorem 1.1. If K : ( — (, where (¢,n) is a complete metric, satisfies

n(kui, kug) < on(u, kur) + n(uz, kuz)l, (1.2)
where 0 < o < 1/2 and uy,uy € ¢, then k has a unique fized point.

Definition 1.2. ([14]) A function ¢ : [0,00) — [0,00) is called an altering
distance function if it satisfies the following conditions:

(i) ¢ is monotone increasing and continuous,

(ii) ¢(s) =0 if and only if s = 0.

Definition 1.3. ([10]) A pair of self-mappings S and T of a metric space ({,n)
is said to be weakly compatible if they commute at their coincidence points.
In other words, St = T't for some t € (, then STt = T'St.

There are many results on nonlinear rational type contraction mappings (see
[4]-[9] and references cited therein) in various abstract spaces. In this paper,
we obtained sufficient conditions for the existence and uniqueness of a fixed
point for a certain rational type operators without the continuity of mappings
on the setting of complete metric spaces. An example is also provided to
illustrate the usability of our results.

2. MAIN RESULTS

In this section, we prove some common fixed point results for two pairs of
weak compatible mappings in the framework of metric spaces.
For brevity, we denote ¥ the family of functions ¢ : [0, 00) — [0, 00) such that
¥ (s) > 0, a lower semi continuous mapping for all s > 0, ¢ is a discontinuous
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mapping at s = 0 with ¥(0) = 0 and ® the family of an altering distance
functions.

Theorem 2.1. Let (¢,n) be a complete metric space. Suppose that P,Q, R, S :
¢ — ( satisfy the following hypotheses:

5(¢) € Q(¢) and R(¢) € P(C); (2.1)
{P,S} and {Q, R} are weak compatible pairs; (2.2)

o(n(Sp, Rv)) < (M (p,v)) — (N (i, v)), for all p,v € ¢, with p # v, (2.3)

where

n(Pu, Rv) +n(Su, Qu)

M(p,v) = maX{n(Pu, Qv),n(Pu, Sp),n(Qv, Rv),

2 ’
n(Pu, Su)n(Qu, Rv) 14 n(Pu, Rv) + n(Su, Qu)
T (P @) 140,50 + Qe ) SM)}’

n(Pu, Rv) +n(Su, Qu)
2 b

N(p,v) = min{'n(Pu, Qv),n(Pu, Sp),n(Qv, Rv),

n(Pu, Sp)n(Qv, Rv) 1+ n(Pu, Rv) +n(Su, Qv)
L+n(Pp,Qu) " 1+n(Pu,Sp) +n(Qv, Rv)

Y eV and ¢ € . Then P,Q, R and S have a unique fixed point in (.

n(Pu, Sp) }

Proof. Let py be an arbitrary point and v; = Spug. Since Spy € S(¢) C
Q((), there exist puy € ¢ such that 11 = Spug = Qui. Let vo = Ruy. Since
Ruy € R(¢) C P(C), there exist puo € (¢ such that vro = Ru; = Pua. Let
vs = Spa. On generalising, we can find two sequences {u,} and {v,} in ¢
such that vo,11 = Quany1 = Spon and vo,10 = Pugyye = Rpgyyr for all
n € No = N U{0}. Suppose that

Von # Vant1 for all n € No = N U {0}. (2.4)

First of all, we shall show that n(vey,, ven+1) — 0 as n — oo for all n € Ny =
N U{0}. Letting u = pon,V = fion+1, in equation (2.3), we get

©(n(Sp2n, Rpant1)) = o((Vant1, Vont2))

< (M (i, pms1)) — O(N (o o))y )
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M(,“Qrm ,u2n+1>

= maX{Tl(Pmm Quan+1), N(Ppzn, Spizn), N(Qan+1, Ritont1),

N(Ppan, Rpant1) + n(Spzn, Quantt)
2 )
N(Pp2n, Spon)n(Quzn 1, Rptani1)
1+ n(Ppan, Quant1)

1+ n(Ppon, Ruon+1) + n(Spon, Quont1)
1+ n(P,U/Qna SNZTL) + W(QMQn-‘rlu RN?n—i—l)

)

n(PNQna SﬂQn)}

= max{n(ygn, V2n+1)7 n(VZny V2n+1)7 U(V2n+17 V2n+2)7
77(7/2n> V2n+2) + 77(1/2n+17 V2n+1) 77(V2na V2n+1)77(1/2n+17 V2n+2)
2 ’ 1+ n(v2n, Vant1)

1+ n(van, vant2) + n(Vangt1, V2n+1)n(y2 Voni1)
1+ (v, vant1) + 1(Vant1, vanga) o0 T

)

and

N (p2n, pron+1)
= min{n(Pmn, Quan+1) N(Ppan, Skan), N(Quan+1, Rptont1),

(P uan, Rpont1) + n(Ston, Quanti)
2 )
N(Ppan, Spon)n(Qpznt1, Rp2ni1)
14+ n(Ppan, Qu2nt1)

1+ n(Ppan, Ruont1) + n(Sp2n, Quant1)
L+ n(Ppan, Spzn) + n(Quant1, Riony1)

77(P,U2na S,u2n)}

= min{n(V2n> Van+1)s N(Ven, Vont1), N(V2nt1, Vant2),
N(Von, Van+2) + N(Van+t1, Vant1) 1(Van, Vont1)n(Von+1, Yon+2)
2 ’ 14 77(V2n7 V2n+1)

1+ 77(V2n, 1/2n+2) + 77(V2n+17 V2n+1> 77(7/2 vy 1)
1+ n(VQn, V2n+1) + 77(V2n+17 V2n+2> e '

?
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By triangular inequality, we have
M (pi2n, p2n+1)

= maX{U(Wm Vant1), N(Van, Vent1), N(Vens1, Vang2),

Von,y Von+1) + N(V2n+1, Von+2
77( s n+) 277( n+1, n+)’77(y2n+171/2n+2)’

1+ n(von, van+1) + 1(Vant1, Vont2)
1+ n(van, Vant1) + n(Vant1, Vant2)

77(V2m V2n+1)}

= maX{U(VQn, V2n+1), 77(7/2n, V2n+1)7 TI(V2n+1, V2n+2),

N(Von, Van+1) + N(Vant1, Vant2)
2 577(V2n+1aV2n+2)y77(y2nay2n+1)
Von, Vant1) + N(V2n+1, V2nt2
= maX{U(VQnaV2n+1),77(y2n+1;7/2n+2)7 77( “ nt ) 277( nt s )}

If

N(Van, Van+1) < N(Van+1, Van+2), (2.6)
then

M (pi2n, pon+1) < n(Vont1, Vant2)- (2.7)

Also, equation (2.5) implies

©(N(Vont1, Vany2)) < (M (pon, pont1)) — V(N (p2n, pons1))
S SD(M(MQTM //J2n+l))a

using monotonically increasing property of ¢ function we have

N(Van+1, Vant2) < M(pon, pan1)- (2.8)
From equation (2.7) and (2.8) we have
N(Vant1, Vant2) = M (pian, pant1). (2.9)
Since
0 < |n(vant1, vant2) = n(ven, vans1)| < n(ven, vans2), (2.10)

we have N (uan, pian+1) > 0, then from equations (2.5), (2.9) and the property
of ¢ and ¢ we have

e(M(van+1, vant2)) < ©(M(Van+1, Vant2)) — V(N (f2n, Hont1))
< 90(77(”2n+17 V2n+2))’
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which is a contradiction. Thus, we get

N(Vont1, Van+2) < n(Von, Van41). (2.11)
So, we get
M (p2n, pon+1) = n(Van, Vant1)- (2.12)
Substituting equation (2.12) in equation (2.5), we get
e(N(Vant1, vant2)) < @(M(van, vant1)) — V(N (2n, H2nt1))- (2.13)

Therefore, 1(von, Von+1) is montonically decreasing sequence of non negative
real numbers and hence there exist a number ¢ > 0 such that

lim 7(von, vont1) =t > 0. (2.14)
n—oo

By virtue of equation (2.4) and (2.10), we have N (pap, ftoan+1) > 0. Taking
n — oo in equation (2.13) and using equation (2.14), we get

lim o((van+1,vont2)) < lm p(n(ven, vant1)) — lim (N (p2n, pont1))-
n—oo n—o0 n— o0
This implies
p(t) < p(t) = lim (N (p2n, pont1)) < (1),
n—oo
which is not possible. Hence,

JLH;O n(van, Vant1) = 0.

Letting pt = pop+1 and v = pg,p2 in equation (2.3) and proceeding as above
we get

lim 7(von41, V2ns2) = 0.
n—o0
Therefore, for all n € Ny = N U {0}, we have
lim 7(vn, Vny1) = 0. (2.15)

n—oQ

Next, We shall prove that {v,} is a Cauchy sequence. Assume that {v,}
is not a Cauchy sequence. To show this it is sufficient to show that {v,}
is not a Cauchy sequence. If {vs,} is not a Cauchy sequence, then there
exist € > 0 and the sequence of natural numbers 2n(k) and 2m(k) such that
2n(k) > 2m(k) > 2k for k € N and

n(VQm(k)a VQn(k)) > €. (216)

Corresponding to 2m(k) we can choose 2n(k) to be the smallest such that
equation (2.16) is satisfied. Then we have

N(Vam (k) Von(k)—1) < €. (2.17)
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Substituting 4 = poy,k)—1 and v = pay k-1 in equation (2.3), where for all
k€N,

©(M(Vam(i)s Von(i)))

(2.18)
< (M (Ham(k)—15 Van(k)-1)) — YV (H2m(k)—15 Ban(k)—1))
where,
M (p2m (k)15 Hon(k)-1)
= maX{W(Vzm(k)h Von(k)=1)s M(Van(k) =15 Van(k) )s (2.19)
N(Vam(k) =15 Vam(k)) + 1(Van(k) -1 Von(k))
2
and
N (2 (k)—15 B2n(k)—1)
= min{U(VQm(k)—h Von(k)=1)» M(Van(k) =15 Van(k) )s (2.20)
N(V2m (k)15 Vam(k)) + 1(V2n(k) =15 Van(k))
2
using triangle inequality, we get
N(Vam(k)s Van(k)) < N(Vam(k)s Van(k)—1) + 1(Van(k) -1 Van(k))-
Taking limit as k — oo, we get
nll—{go 77(7/2m(k)7 VZn(k‘)) =€ (221)
Again for all k, we get
N(V2m(k)—1> Von(k)—1)
< N(Vam(k) Vom(k)—1) + 1(Vam)s Van(k)) + 1(Van(k) -1 Von(k))
and
n(VQm(k)a V2n(k))
< N(V2mk)s Vamk)—1) + 1(V2mk) =15 Van(k)—1) + 1(Van(k) =15 Von(k))-
Taking limit as k — oo and using equation (2.15) and (2.19), we get
li = €. 2.22
kg{)lo 77(V2m(k)717 V2n(k)fl) € ( )

Taking limit as k — oo in equation (2.19) and (2.20) and using equation (2.15)
and (2.22), we get

lim M =
M (Hom (k)15 Han(ry—1) = €
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and
N (o (k)15 H2n(k)—1) = 0-
Taking limit as k& — oo in equation (2.18), we get
o(e) < p(e) — klim V(N (2 (k) =15 H2n(k)—1))-
—00

Using discontinuity of ¢ at s = 0 and ¥ > 0 for s > 0, we conclude that in the
above inequality the second term is non zero. Thus, we get ¢(€) < ¢(€), which
is a contradiction. Hence {v,} is a Cauchy sequence. We know that every
Cauchy sequence {v,} is a convergent sequence therefore the above sequence
{vn} coverges to a point p;(say) in (. Hence, the subsequences of the sequence
{vn} also converges to p; in (;

Span — p1, QU2nt1 — P1, Rpopt1 — p1 and Ppopio — pi.

Now, we claim that common fixed point of P,Q, R and S is p;. Since R({) C
P((), there exist | € ¢ such that p; = Pl. Let n(p1, Sl) # 0 and substituting
p=1and v = pg,y1 in equation (2.3), we get

90(77(517 RN2n+1)) < @(M(la :u2n+1)) - w(N(L /1’2n+1))7 (223)
where

M(l, p2n+1)
= max{n(PlaQﬂ2n+1)777(Pl7Sl)an(Qﬂ2n+17Rﬂ2n+1)a

n(Pl, Ruzn11) +n(Sl, Quans1) n(PL SHN(Quany1, Rpony1)
2 ’ 1+ (Pl Quant1)

1+ (Pl Ryian [, Quuon
+ n(Pl, Rpons1) +n(SL, Quo H)n(Pl,Sl)
1+ T’(Plv Sl) + n(Qu2n+1) R,U’Qn-‘rl)
and
N(l, poan+1)

= min{n(Ph Quant1), (Pl ST, n(Qpzny1, Rpznt1),

n(Pl, Ruznt1) +n(Sl, Quans1) n(PL SHON(Quant1, Rpony1)
2 ’ 1+ n(Pl, Quant1)

1+ (Pl Ruont1) + n(Sl, Quantt)
Pl S\
L +n(PL, ST) +n(Quani1, R,u2n+1)n( )
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Taking n — oo and using p; = P, we have

n(p1,p1) +n(Sl, p1)
2 b

M(l’pl) = maX{n(pl»Pl)an(pl, Sl)a U(Plapl),

n(pl,Sl)'U(pl,pl) 1 +77(p17p1) +77(Sl;p1>n(p1 Sl)
L+n(pr,p1) " 1+n(p1, SO +nlp,p1)

and
Si,
M(lapl) = max{O,n(pl,Sl),O,77(21)1),0,77(1)1,5”}
_ max{o,n(pl, s1), n(sé’pl)}
= n(p1,S1).
Also

p((Slp1)) < e(n(p1, S1)) — lim PN (L, p2nt1))-

Using discontinuity of ¥ at s = 0 and ¢ > 0 for s > 0, we conclude that the
second term of the above inequality is non zero. Therefore, we get

e(n(SL,p1)) < w(n(p1,S1)),

which is not possible. Therefore, using the properties of ¢ function, we have

n(p1,St) = 0.
This implies

Sl=p = PL
Since {P, S} is a weakly compatible pair of mappings, therefore it commutes
at their coincidence point [ that is PSI = SPI this implies Pp; = Sp;.

Now we shall show that Pp; = Sp; = p1. For this letting u = p1 and v = popt1
in equation (2.3), we get

©(n(Sp1, Rugnt1)) < @(M(p1, piznt1)) — V(N (D1, f2nt1)), (2.24)
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where
M (p1, pons1)

= maX{W(Pph Qu2n+1), n(Pp1, Sp1), n(Quan+1, Ritant1),

n(Pp1, Rpon+1) + n(Sp1, Quan+1)
2 b
1n(Pp1, Sp1)n(Quan+1, Rptony1)
1+ n(Pp1, Quan+1)

1+ n(Pp1, Rpony1) +n(Sp1, Quany1)
1+ n(Pp1,Sp1) + n(Quznt1, Rptans1)

I

U(Ppl,Spl)}

and
N (pl, M2n+1)

= miﬂ{n(Pph Quant1),n(Pp1, Sp1), n(Quant1, Rpson+1),
n(Pp1, Ruzni1) +n(Sp1, Quani1)
2 b
n(Pp1, Sp1)n(Quan+1, Ritant1)
1+ n(Pp1, Quan+t1)

1+ n(Pp1, Rpon+1) + n(Sp1, Quant1)
14+ n(Pp1, Sp1) + n(Quan+1, Ritant1)

Taking limit as n — oo and using Pp; = Sp1, we get
M(p1,p1)

U(Ppl,sm)}-

n(Sp1,p1) +n(Sp1,p1)
2 b

= maX{n(Ppl,pl), n(Sp1, Sp1),n(p1, p1),

n(Sp1, Sp1)n(p1,p1) 1+ n(Sp1,p1) +n(Sp1,p1)
: n(Sp1, Sp1)
1+ n(Pp1,p1) 1+ n(Sp1,p1) + n(p1,p1)

- maX{n(Splapl)’ O) O) U(Spl)pl)a 07 0}

= 77(5171,191)-

Therefore, we have M (p1,p1) = n(Sp1,p1).
Now equation (2.24) implies that

©(n(Sp1,p1)) < w(n(Sp1,p1)) — Jim Y(N(p1, p2nt1))-
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Using discontinuity of ¢ at t = 0 and ¢ > 0 for t > 0, we conclude that the
second term of the above inequality is non zero. Therefore, we get

90(77(5?1,171)) < @(U(Spbpl))a

which is a contradiction. Therefore, n(Sp1,p1) = 0 this implies Sp; = p; this
imples Sp; = Pp1 = p1. Similarly, we can show that Qp; = Rp; = p1. Hence
Ppy = Sp1 = Qp1 = Rp1 = p1. O

On the similar lines of Theorem 2.1, we have the following results.

Theorem 2.2. Let (¢,n) be a complete metric space. Suppose that P,Q, R, S :
¢ — ( satisfy the following hypotheses:

S(C) € Q) and R(C) € P(C), (2.25)
{P,S} and {Q, R} are weak compatible pairs, (2.26)
e(n(Sp, Rv)) (2.27)

< o(Mi (1,0)) — $(N1 (4, v), for all j,v € C with p # v,
where

n(Pu, Rv) +n(Sp, Q)

Ml(le/) = maX{ﬁ(Plh QV)W(PM?SM),U(Q% RV)>

2 )
L+ n(Pu, ) L+ n(@Qv, Fv)
(P, Qu) O ) T (P, oy )
1+ n(Pu, Rv) +n(Sp, Q)
L+ n(Pp, Sp) +n(Qv, Rv) n(Qv, Rv) }
Pu,R Su,
Nulp,v) = min{”(P% Qu).1(Pp, Sy, (Qu, ), LT ;F”( Q).
L+ n(Pp, Sp 1+ n(Qu, Rv)
n(Qv, Rv), WWD”’ Su),

1 +n(Pu, Rv) +n(Su, Qv)
’R b)
L+ n(Pu, Sp) +n(Qv, Rv) (@, )

Y eV and ¢ € . Then P,Q, R and S have a unique fixed point in (.

( )

1+ n(Pu, Qv)
( )
(

Theorem 2.3. Let (¢,n) be a complete metric space. Suppose that P,Q, R, S :
¢ — ( satisfy the following hypotheses:

S(C) CQ(Q) and R(¢) € P(¢), (2.28)
{P,S} and {Q, R} are weak compatible pairs, (2.29)
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@(n(Sp, Rv)

< QO(Ml(,U/, l/)) - ¢(N1(,U7V))a fOT all [N S C with 2 7é v,
where

(2.30)

M (p,v) = max{n(Pu, Qu),n(Pu, Sp), n(Qu, Rv), n(Pu, Rv) ‘21‘77(5% Qy)7
n(Pp, Rv)n(Sp, Qv) n(Pp, Sp)n(Qv, Rv)
1+n(Pp,Qv) ~ 14+n(Pp,Qu)
1+ n(Ppu, Rv) + n(Sp, Qv)
T+ 0Py, Sp) + n(Qu, ) TR S/‘)}’

Ni(p,v) = min{n(Pu, Qv),n(Pp, Sp),n(Qu, Rv), 0P, 1) ;n(sﬂ’ Qy),

n(Pp, Rv)n(Sp, Qv) n(Pu, Su)n(Qv, Rv)
L4+n(Pu,Qv) ~  14+n(Pup,Qu)

1 +n(Pp, Rv) +n(Su, Qu)

T+ (P Sy + n(Qu, ) " SN)}’

Y eV and ¢ € . Then P,Q, R and S have a unique fixed point in (.

Theorem 2.4. Let (¢,n) be a complete metric space. Suppose that P,Q, R, S :
¢ — ( satisfy the following hypotheses:

5(6) €Q(¢) and R(¢) € P(Q), (2.31)

{P,S} and {Q, R} are weak compatible pairs, (2.32)
p(n(Sp, Rv)

< @(Ml(,ua V)) - ?ﬁ(Nl(/iaV))a Jor all p,v € C with p # v,
where

My (p,v) = maX{n(Pu, Qv),n(Pu, Sp), n(Qv, Rv),

n(Pu, Rv) +n(Sp, Qv) n(Pu, Rv)n(Su, Qv)
2 T 14+n(Pp,Quv) 7

Ni(p,v) = min{n(Pu, Qv),n(Pu, Sp),n(Qv, Rv),

n(Pu, Rv) +n(Sp, Qv) n(Pu, Rv)n(Su, Qv)
2 T 1+n(Pp,Quv) 7
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Y eV and ¢ € . Then P,Q, R and S have a unique fixed point in (.

Theorem 2.5. Let (¢,n) be a complete metric space. Suppose that P,Q, R, S :
¢ — ( satisfy the following hypotheses:

S(¢) € Q(C) and R(¢) € P(¢), (2.34)
{P,S} and {Q, R} are weak compatible pairs, (2.35)
e(n(Sp, Rv) (2.36)

< o(My (11,0)) — $(N: (4, v)), for all j,v € C with p # v,
where

S
My (p,v) = maX{n(Pu, Qu),n(Ppu, Sp), n(Qv, Rv), P, Bv) —2H7( Q)

n(Su, Pu) +n(Qu, Rv) n(Pu, Spu)n(Qv, Rv)
2 T 14+n(Pup,Qu)

Lt n(Pp, Fv) + (S, Qv) | Su)}’

L+ n(Pu, Sp) +n(Qv, Rv)

S
Ni(p,v) =min{n(Pu,Ql/),n(Pu,Su),n(Qu, R), 1R R”)‘;ﬂ( Qv

n(Su, Pu) +n(Qu, Rv) n(Pu, Spu)n(Qv, Rv)
2 T 1+ n(Pp,Qu)

1+ n(Pp, Rv) + n(Sp, Q)
T+ Py S0+ n(Qui k) " ’Sm}’

Y eV and ¢ € . Then P,Q, R and S have a unique fixed point in (.

On taking P = @ = I identity map, we get the following results.
Corollary 2.6. Let ((,n) be a complete metric space. Suppose that R,S :
¢ — C satisfy the following hypotheses:

p(n(Sp, Rv) (2.37)
< (M3 (1, ) — SNy (1,v)), for all v € C with 1 £ v, |

where

n(u, Rv) +n(Su,v)
2 )

Ml(:u“v V) = max{"?(/ﬁ, V),U(#a S:“)ﬂ?(% RV)7

n(w, Sp)n(v, Rv) 1+ n(pu, Rv) +n(Su,v)
L+n(p,v) " 1+n(,Sv) +n(v, Rv)

n(k, Sp) }
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n(u, Rv) +n(Sp,v)
2 b

Nl(:u’ V) = min{ﬁ(#a V)v”(ﬂ? S,LL), 77(Va Ry),

n(u, Sp)n(v, Rv) 1+ n(u, Rv) +n(Su,v)
1+"7(:u7 V) ’ 1—|—1’](}u7 Sy)+77(y’ RI/) 77(%5#)},

Y eV and ¢ € . Then R and S have a unique fixed point in C.

Corollary 2.7. Let ((,n) be a complete metric space. Suppose that R,S :
¢ — C satisfy the following hypotheses:

@(n(Sp, Rv)

< o(Mi(p,v)) = (Ni(p,v)), for all p,v e ¢ with p # v, (2.38)

where

n(u, Rv) +n(Sp,v)
2 b

n(p, Sp),

My (p,v) = maX{n(u, v),n(u, Sp),n(v, Rv),
1 +n(u, S'u)ﬁ(% Rv), 1+ n(v, Rv)
L+ n(p,v) L+ n(p,v)

1+ n(p, Rv) +n(Sp,v)
1+ n(u, Sv) +n(v, Rv) n(v, RU)}’

n(p, Rv) +n(Sp,v)
2 b

n(p, Sp),

Ni(p,v) = min{n(u, v),n(u, Sp),n(v, Rv),
1+ n(u, Sw) (v, o), 1 +n(v, Rv)
L+n(p,v) 1+ n(u,v)

1+ n(p, Rv) +n(Sp,v)
1+ n(u, Sv) +n(v, Rv) (v, Ry)}’

Y eV and ¢ € &. Then R and S have a unique fized point in (.

Corollary 2.8. Let ((,n) be a complete metric space. Suppose that R,S :
¢ — ( satisfy the following hypotheses:

e(n(Sp, Rv)

< o(Mi(p,v)) —(Ni(p,v)), for all p,v € ¢ with p # v, (2.39)
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where

n(p, Rv) +n(Su,v)
2 b

M(p,v) = maX{n(u, v),np, Sp), (v, Rv),

n(ps Rv)n(Sp,v) n(p, Su)n(v, Rv)
L+n(p,v) 7~ L+n(r)

1 +n(p, Rv) +n(Sp, V)n(u, Su)},

L+n(p, Sp) +n(v, Rv)

(1, Rv) +n(Sp, v)
2 )

Ni(p,v) = min{n(u, v),n(p, Sp),n(v, Rv), .

n(p, Rv)n(Sp,v) n(u, Sp)n(v, Rv)
L+n(p,v) 7 1+n(wv)

1+ n(p, Rv) +n(Sp, v)
T+ n(u, Sp) + (v )" Sﬂ)}’

Y eV and ¢ € . Then R and S have a unique fized point in C.

Corollary 2.9. Let ((,n) be a complete metric space. Suppose that R, S :
¢ — ( satisfy the following hypotheses:

o(n(Sp, Rv)

< @(Mi(p,v)) = Y(Ni(p,v)), for all p,v e ¢ with p # v, (2.40)

where

(1, Rv) +n(Sp,v)
2 b

M (p,v) = maX{n(u, V), n(p, Sp), (v, Rv), L

n(u, Rv)n(Sp,v)
L+ n(p,v) ’

n(p, Rv) +n(Su,v)
2 b

Ni(p,v) = min{n(u, v),n(p, Sp), n(v, Rv),

n(p, Rv)n(Sp,v)
L+ n(p,v)

Y eV and ¢ € . Then R and S have a unique fived point in (.
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Corollary 2.10. Let (¢,n) be a complete metric space. Suppose that R, S :
¢ — ( satisfy the following hypotheses:
w(n(Sp, Rv) (2.41)
< @(Ml(:ua V)) - 71)(N1(M7V))a Jor all p,v € C with p # v, '

where

My (pv) = maX{n(u, )l Spa) (o, R, ST . niSpv),
n(Sw, 1) +n(v, Rv) n(u, Sp)n(v, Rv)
2 " L+n(py)
14 n(p, Rv) +n(Sp,v)
1+ n(p, Sp) +n(v, Rv) U S“)}’

2 b
n(Su, u) +n(v, Rv) n(p, Sp)n(v, Rv)
2 T T+ y)
1+ n(p, Rv) + n(Sp, v)
7S b
L+ n(p, Sp) +n(v, Rv) (s Sp)

Y eV and ¢ € . Then R and S have a unique fized point in (.

Ni(p, v) = min{n(u, )y, Sp) (o, ), B S )

On taking ¢(t) = ¢ in Theorems 2.1-2.5, we get the following corollaries.

Corollary 2.11. Let (¢,n) be a complete metric space. Suppose that P,Q, R,
S : ¢ = ( satisfy the following hypotheses:

S(€) € () and R(C) € P(C), (2.42)
{P,S} and {Q, R} are weak compatible pairs, (2.43)

n(Su, Rv)

< My (p,v) = (Ni(p,v)), for all p,v € ¢ with p # v, (2.44)

where

s
Mi(p,v) = max{n(PM, Qu).n(Pp, Sp).m(Qu, o), L) ‘2“7( 1 Qv).

n(Pu, Sp)n(Qu, Rv) 1+n(Pu, Rv)+n(Su, Qu)
1+77<PM7QV) ’ 1—|—7](Plu, SM)"‘U(QV, RV) n(P:Ua S,U)},
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n(Pp, Rv) +n(Su, Qu)
2 b

Ny(p,v) = min{n(Pu, Qu),n(Pu, Sp),n(Qv, Rv),

1+n(Pp,Qv) " 1+n(Pp, Sp)+n(Qv, Rv)
and Y € V. Then P,Q, R and S have a unique fixed point in .

n(Pu, Su)n(Qu, Rv) 1+n(Pp, Rv)+n(Su, Qv) ( Su)}

Corollary 2.12. Let (¢,n) be a complete metric space. Suppose that P,Q, R,
S : ¢ = ( satisfy the following hypotheses:

S() € Q) and R(C) € P(C), (2.45)
{P,S} and {Q, R} are weak compatible pairs, (2.46)

n(Sp, Rv)
(2.47)

< Ml(,u71/) —w(Nl(M?V)), for all p,v € C with p # v,
where

n(Pu, Rv) +n(Su, Qu)

M (p,v) = maX{n(Pu, Qv),n(Pp, Sp),n(Qu, Rv),

5 ,
mm@, Rv), mn(m, S,
)|

Ni(p,v) = min{n(Pu, Q). 0Py, Sp), n(Qw, Ry, " BY) ;"O(S,u, Q)
mn@u, Rv), mn(zﬂu, Sp),
U )

and vy € V. Then P,Q, R and S have a unique fized point in (.

Corollary 2.13. Let (¢,n) be a complete metric space. Suppose that P,Q, R,
S : ¢ — ( satisfy the following hypotheses:

S(C) CQ(Q) and R(¢) € P(¢), (2.48)
{P,S} and {Q, R} are weak compatible pairs, (2.49)

n(Su, Rv)
< Mi(p, ) — (N1 (s, ), for all j,v € C with i £ v,
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where

Mi(p,v) = maux{n(PM7 Qv), n(Pu, Sp), n(Qu, Rv), n(Pu, Rv) ;‘U(SM Qy)7
n(Pu, Rv)n(Su, Qv) n(Pu, Sp)n(Qv, Rv)
1+n(Pp,Qv) ~ 1+n(Pp,Qu)
1+n(Pu, Rv) +n(Sp, Q)
1+ n(Pu, Sp) +n(Qv, Ry)”(P"’ S/‘)}’

Ni(p,v) = min{n(Pu, Qv),n(Pp, Sp),n(Qu, Rv), 0Py, 1) ;n(sﬂ’ Qy),

n(Pp, Rv)n(Sp, Qv) n(Pu, Su)n(Qv, Rv)
L+n(Pu,Qv) ~  1+n(Pup,Qu)

1+ n(Pp, Rv) +n(Sp, Q)

T+ (P Sp0) + n(Qu, ) " Su)}

and v € V. Then P,Q, R and S have a unique fized point in (.

Corollary 2.14. Let (¢,n) be a complete metric space. Suppose that P,Q, R,
S : ¢ = ( satisfy the following hypotheses:

5(€) € Q) and R(¢) < P(Q), (2.51)

{P,S} and {Q, R} are weak compatible pairs, (2.52)
n(Sp, Rv)

< Ml(,uvy) _¢(N1(M7V))a for all p,v € C with p # v,
where

Mi(p,v) = max{n(Pu, Qu),n(Pu, Sp),n(Qu, Rv), n(Ppu, Rv) ;H(SM, Qz/)’

n(Pu, Rv)n(Su, Qu)
14+ n(Pu,Qv) ’

Ni(p,v) = min{n(PM, Qu),n(Pu, Sp),n(Qu, Rv), n(Pp, Rv) —QFn(Su, Qy),

1+ n(Pu, Q)
and yp € W. Then P,Q, R and S have a unique fized point in (.

(P, Rv)n(Sp, QV)}
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Corollary 2.15. Let (¢,n) be a complete metric space. Suppose that P,Q, R,
S : ¢ — ( satisfy the following hypotheses:

S(Q) € Q(G) and R(¢) € P(C), (2.54)
{P,S} and {Q, R} are weak compatible pairs, (2.55)
n(Sp, Rv) < Mi(u,v) —(Ni(p,v)), for all p,v € ¢ with p # v,  (2.56)

where

S
Mi(p,v) = max{n(Pu, Qv),n(Pu, Sp),n(Qu, Rv), n(Pp, Rv) ‘2|'77( M QV)7
n(Sp, Pp) +n(Quv, Rv) n(Pu, Sp)n(Qu, Rv)
2 T L+n(Pu, Q)
L4 (P, Rv) + n(Sp, Qv)
T+ (P, Sp) + n(Qu, ) TP S“)}’

S
N () = min{n(PmQu)m(Pu,Su)m(@u, ), WP TV 050 Q0),

n(Sup, Pu) +n(Qu, Rv) n(Pu, Sp)n(Qv, Rv)
2 T l+n(Pup, Q)

L+ n(Pp, Bv) +n(Sp, Qv)
T+ Py Sp0) + n(Qu, ) " Su)}

and Y € V. Then P,Q, R and S have a unique fixzed point in (.

Example 2.16. Let H = [0, 2] be endowed with Euclidean metric n(h1, ha) =
|h1 — ha|. P,Q,R and S : H — H be defined by

0 if h=0 0 if h=0
S =10 e o ihorwise © = thora
h/5 otherwise 2h/5 otherwise

0 ifh=0 0 ifh=0
P(h) = o Q)= :
3h/5 otherwise 4h/5 otherwise

where h17h2 € Ha S(H) = [07 %]7 S(H) = [07 %]7 P(H) = [07 g]a Q(H) = [07 %]
Here S(H) C Q(H) and R(H) C P(H), (P,S) and (Q, R) are weakly compat-
ible maps at h = 0 but not compatible.

Take

pt)=t and W(t)=

t/2 ift >0,
0 ift=0.
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To apply Theorem 2.1 we need to check the inequality of the theorem for the
various cases.

Case (i) If hy =0 and he =0,
©(n(Sh1, Rha)) = ¢(|Sha—Rha|) = 0, @(M(h1,h2)) = 0 and ¥(N (hy, h)) = 0,

hence
©(n(Sh1, Rha)) = ¢(M(h1, ha)) — (N (h1, ha)).

Case (ii) If by =0 and ha # 0,
p(n(Sh1, Rh2)) = ¢(|Shi = Rhal) = ¢(|0 = 2ha/5]) = ¢(|2ha/5]) = [2h2/5]

and

M (hy, hs)
Phy,—Rh hi—Qh
:max{|Ph1—th\,|Ph1—Sh2|,|Qh2—Rh2|,| 1 B 2|Z|S 1=Q 2|),
|Ph1—Shi||Qha— Rha| 1+|Ph1—Rh2|+|5h1—Qh2\|Ph — Shy|
14+|Ph1—Qha| ' 14|Ph1—Shi|+|Qha—Rha| = !
B 4hy,  4hy  2hg ||+ |2 dho
—ma"{'s"o"5 I
and
N (hi, h2)
Phy — Rho|+|Shy —Qh
:min{|Ph1—Qh21,|Ph1—Sh2|,|Qh2—Rh2|,’ L 2’;‘ ! QQ‘,
’Phl—Sthth—Rhg‘ 1+’Ph1—Rh2‘+‘Sh1—Qh2‘|Ph —Sh|
1+|Ph1—Qhy| ' 1+|Phi—Shy|+|Qha—Rhy|" " !
[ ahy,  dhy  2hy |E2| 4 |H2| B
_mln{| 5 |70¢| 5 - 5 ) 9 7070 _07

hence
©(M (h1,h2)) — (N (h1, he)) = |?\ > \?’ = @(n(Shy, Rha)).

Case (iii) If h1 # 0 and hy = 0,
©(n(Shy, Rha)) = o(|Shy — Rha|) = ¢(lh1/5 = 0]) = o(|h1/5]) = |h1/5],
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M (hy, hy)
Phy— —
:max{|Ph1Qh2\,|Ph1Sh2|,|Qh2Rh2|,| fu Rh?';L'Shl Qha|
|Phy — Shi||Qha — Rhs| 1+|Ph1—Rh2\+\5h1—Qh2|‘Ph — Shy|
1+ |Phy — Qha| ' 14|Phyi—Shi|+|Qha—Rhy|" "+ 771"
3hy| 4 (s 14 (3ha| 4|
SRS FEELCNN Rl LT
5 "5 5 2 1+ 3 g0 5 5
e
~'5
and
N(hy, ho)
Phy— Rhs|+|Shi—Qh
:min{|Ph1—Qh2],\Ph1—Shg\,|Qh2—Rh2|,| ! 2';' ! QZ',
|[Phy — Shi||Qhs — Rhy 1+|Ph1—Rh2\+\5h1—Qh2|‘Ph — Shy|
1+ [Phy — Qhy| ' 14|Phy—Shi|+|Qha—Rhy|"~ !
hi, 3hi h M4k 14 |3 4
Y S ANl L e LY
5 "5 5 2 1+ 3 —hjyo' 5 5
=0,
hence

P(M (R 2)) = 0N (s, ha) = |55 2 |5 = (S, Bha)).

Case (iv) If by # 0 and hy # 0,

@(n(Sh1, Rh2)) = ¢(|Sh1 — Rhal) = ¢(|h1/5 — 2ha/5]) = |h1/5 — 2ha/5]
and
M (hy, hy)

|Phi—Rha|+|Shi —Qha|
2 )

= max{|Ph1 — Qhal,|Ph1 — Sha|, |Qha — Rha,

|Phy — Shi||Qhe — Rha| 14|Phy— Rha|+|Shi—Qhs]
1+‘Ph1—Qh2‘ 71+‘Ph1—5h1‘+‘Qh2—Rh2’

\Phl—Sh1|}
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3hy  4hg, 3h1  hy, Ahy 2hg, |2 — 2h2| 4l dha)
= max 777| |777‘ |777| 5 5 5 5
5 575 575 5" 2 ’

|3hs _ B |dhe _ 2h2) ]1+%—%’+’%—%‘?£1f@|
L2 — 2| 1| R g fe 22055

2hy |3 — 22| 4|8 — 4

B 3hi  4hy, 2k hy _ 2h
= max ’777|7|7|7|7|’ )
) ) 5 5 2
EETECHE T, JEAC T Y
L+ =2 R 3 5
%5 — 22| it 0< hy < 2
1430 _2hay by dhy )
= ‘ 2 2h51| |2I512 5 |‘%‘ if hQZ%,
=4 52
| 25111 %52
5 5

if %<h2<h1,

3h 4h
1+ 5 =52

N(h1,h2)
Phy— Rhsy|+|Shi—Qh
:min{|Ph1Qh2],|Ph1Sh2|,|Qh2Rh2|,| ! 2';' ! QQD,
|Ph1 —Sthth—Rhﬂ 1—|—|Ph1—Rh2H—‘Sh1—Qh2||Ph _gp, |
L+ |Phy — Qha| ' 14|Phi—Shi|+|Qha—Rhy|" " 771
= min |%_@‘ |37h1_ﬁ| |@_27h2| %_%’—’_’%_%’
5 5 "5 55 5 0 2 ’
1| e ) L el el L LY
13— dhe) 7y g3 By dhe 20210 5 5

[ 3hy  4hg, 2hy, 2hg, |3t — 22|y |la_ 42
= nin |7_7‘3|7’3|7’3 z 2 2 : )
5 57575 2

v o A il B -l L0
R A T e T
T 2,
m if 0<h2<T’
— 13 it hy =21,

3h1 4ho : 2h1
|T—T| if T<h2<h1’
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therefore

©(M(h1, h2)) — (N (h, ha))

( 3hl 4h2 ‘ 2h1 H 2h2 | N 2h1
‘POT_TD_@MW) if 0<h2<T’
1+‘3h1 2h2|+|h _ ‘ oh oh ) oh
- (‘0( 1+|2h1 \+\222| 5 ’ 51‘)_¢<‘Tl|) if h2:Tl,
|20 22 3hy _ 4hy e om
‘P(W)_ (\T—TD if T<h2<h1,
(M (h1,hg)) — (N (hi, ha))
(]3’11_@‘_,& if 0<h <2h1
21+‘3h1 4h2| 2
1+|3h1 2h2 H_l 1 4hg | oh oh 2h
- Tt s el A =
‘th II 2h2 | 3hy Ahy . o,
W—ﬂ*—g,! if 2 < hy < hy.

Thus

©(n(Sh1, Rh2)) < p(M(h1, ha)) — (N (h1, ha)).

So the inequalities hold in each of the cases. Hence in all the cases condition
of Theorem 2.1 holds and hence P, @), R and S have the unique common fixed
point at h =0 in H.

3. CONCLUSION

Our results generalize the results of Abbas and Dorié [1] as we do not require
the closedness of mappings P(¢) or Q(¢) or R(¢) or S(¢). Also, the continuity
of self mappings P, @, R and S is not required in the theorems proved.

1]
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