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Abstract. This paper deals with the existence of solutions and the blow up of solutions of
nonlinear parabolic systems with Dirichlet boundary conditions. We prove the existence of
solutions using contraction principle and we establish that the corresponding solutions blow

up at a finite time using the eigenfunction argument.

1. INTRODUCTION

During the past few years, many works have been devoted to the study of
blow up properties of solutions to degenerate parabolic equations and systems
with homogeneous Dirichlet boundary conditions, for example, see [1, 2, 3, 8,
9, 11, 20, 22, 25] and also the references therein. On the other hand, there are
some important physical phenomena formulated as parabolic equations which
are coupled to nonlocal boundary conditions in mathematical modeling, for
example, thermo elasticity [19, 21] and also see the references therein.

Kim and Lin [11] studied the existence of solutions of the parabolic system
applicable to ecology but in this work we consider the same kind of parabolic
system with nonlocal nonlinearities and variable exponents. This deals with
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the existence and blow up of solutions of the following nonlinear parabolic
system with nonlocal nonlinearities and variable exponents described as:

up = Au +/ uP®) (a1 (z) — by (z)u+ ¢1(x)v) de in Qp,
Q

vy = Av + /Q 09 (ag(z) 4 by(x)u — co(x)v)dz in Qp, (1.1)
u(z,0) = up(z), v(z,0)=uvo(z) in £,
u(z,t) =0, v(z,t) =0 on X,

where Qp = Q x (0,T], X7 = 09 x [0,T]. Here Q C RY is a bounded domain
with smooth boundary 092 and 0 < T' < oo.

As far as the blow up of solutions for parabolic equations with nonlocal
nonlinearities is concerned, the literature is very vast. For example, see
[1, 2, 14, 15, 20, 22, 26] and also see the references therein. In particular,
for variable exponent problems, Antontsev and Shmarev [1, 2] established the
blow up of solutions for parabolic equations with nonlinear diffusion and also
recently Li and Xie [14, 15] studied the blow up of solutions for p-Laplacian
type equations with nonlocal nonlinearities. Moreover Pinasco [20] proved the
existence and blow up of solutions for parabolic and hyperbolic problems with
variable exponents. Samarskii et al. [22] established the blow up of solutions
of quasilinear parabolic equations and Tsutsumi [25] studied the existence
and nonexistence of global solutions for nonlinear parabolic equations. Fur-
ther Winkler [26] proved the blow up of solutions of a degenerate parabolic
equation, not in divergence form. On the other hand, apart from the liter-
ature mentioned above for the system of partial differential equations, that
is, regarding the blow up of solutions of parabolic system in particular only
few articles appeared; for example, the readers can see, Chen and Wang [4],
Chunlai et al. [5], Deng [6], Deng et al. [7], Lei and Zheng [12], Li et al.
[13], Li [16], Lu and Wang [17], Payne and Schaefer [18] and Pao [19]. We
remark that as for the existence and blow up of solutions of parabolic system
with variable exponents is concerned, very few articles appeared in the litera-
ture [10]. Shangerganesh and Balachandran [23] considered the predator—prey
model in R? with mixed boundary conditions on the Lipschitz boundary and
prove the existence of solutions by Schauders fixed point theorem and unique-
ness of solutions by Gronwalls lemma. Further Shangerganesh et al. proved
existence of weak-renormalized solutions to the predator-prey system under
the suitable assumptions of no growth conditions and integrable data in [24].
Contrary to the above mentioned works, our paper deals with the existence
and blow up properties of strongly coupled nonlinear parabolic system related
to biological problems with nonlocal nonlinearities and variable exponents.
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We briefly summarize the contents of the paper: In Section 2, we give the
definition of blow up of solutions and we prove the existence of solutions of
the given parabolic system (1.1). In Section 3, we state and prove the main
theorem, that is, the result related to blow up phenomena of solutions of the
system (1.1).

2. EXISTENCE OF SOLUTIONS

In this section, first we define the blow up of solutions and then we state and
prove the global existence of solutions of given parabolic system (1.1) using
Banach’s contraction principle.

Before establishing our main results, we introduce certain assumptions on
the exponents p(x),q(z) : @ — (1,400), and the continuous functions a;(x),
bi(z),ci(z): Q@ =R, (i =1,2) as follows:

1<p <plx) <ph <+o0o0, 1<q <g(z) < gt < +oo,
0 < cig < aj(x) < Cig < 400, 0<cip <bi(x) < Cyp < 00, (2.1)
0 < cie < ¢i(z) < Cie < +00,

where i = 1,2. We introduce the space X := C(Qr) N CH2(Qr) and X, :=
{(u,v) € C(Qr)NCH2(Qr) : |(u,v)|loo < m}, where Qp = Q x (0,T],m > M
is a fixed positive constant and My = ||(ug(x), vo(2))]|co-

Definition 2.1. Suppose there exists a solution pair (u,v) for the system
(1.1) then we say that the pair (u,v) blows up at finite time if there exists an
instant T’y < oo such that

|(u,v)|| =00 as t— Ty,

where [|(u, v)[| = supyepo,r) {u(, t)lloo + [0(-, 1) loo }-

Theorem 2.2. Suppose that the exponents p(x), q(x) and the continuous func-
tions a;(x), bi(x), ci(x),i = 1,2 are satisfy the assumption (2.1), then there
exists a unique solution pair (u,v) to the system (1.1).
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Proof. We rewrite the given parabolic system (1.1) as the following equivalent
integral equations

" /0 /Q Gl 3) ( [ (ax(0) + batgyu— o) dy) deds, (2.3)

where G(z, z,t) is the Green function.
To prove the existence and uniqueness of solutions of (1.1) by using the
fixed point argument we inductively define

Unp, (2, 1) -

Similarly we also define

Unq (SL‘, t) =

Uny41(z,t) = /G T, 2, ), (2 dz+/ / (z,2,7 — (2.5)

(/qu(y)( 2(y) + b2 (y)un, — ca(y )’Unl)dy> dads.

We define the mapping I'1 : X, X X,, =& X, X X, by

I\1 Unl s Unl

/ / Gla, 2, 7—s) ( /Q uggw(al(y)—bl(y)um+cl(y)vm)dy)dzds. (2.6)

Now we want to prove that I'y is contraction in X,,. We first note that, see
[20], for any z € Q fixed, we have

wP®) — P = p(2)wP® (4 — v), (2.7)
with w = su+ (1 — s)v, s € (0,1). Although s depends on z, we always have
(@)@ (w = v)llso < p* M) u— vl (28)
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Now we define u(t) as in the following form:

pu(t) = sup / /G x,z,t — s)dzds. (2.9)

x€Q,0<7<t

Clearly it is easy to understand that from the definition of u(t), u(t) — 0
when ¢t — 07. Now

Fl unl ) Unl Fl (Unz ) vng)

/ / G(x,z, 7 — [/Q al(y)(uﬁ(ly) — uﬁgy))dy
- / bi(y) (uh! — ubHY) dy + / e1 (1) (P v, —ub W v, )dy | dzds.
Q Q

By using (2.1) and (2.7)-(2.9), we have to prove that I'; is contraction in X,,,
that is, there exists a k < 1 such that

171 (Uny s U0y ) = T1(tngs Ung)lloo < K ([[tn, — tnylloo + |vn, — Vnylloo)
for every (un,,vn;) € Xm X Xy Now

‘Fl Unlavnl Fl(unzvvnz)HOO
/ a2 — [ /Q ar () (@) — a2y

- /le (y)(ufz(ly)—'—l - uﬁ(gy)+1)dy + /ch(y)ufl(ly) (vn1 - Unz)dy

+ /Q c1(y)n, (uﬁ(ly) - uﬁgy))dy] dzds

< (1) [C 197 oo 2" tny =t locl 2l

+C[lpt + oo (2m) ([, — tny |0l

+Cm|Q|nHUm - Un2||oo + Cm||p+H00(2m)p+_1|9|n||um - Un2||oo]
< u(t) [ €190 5" oo 2m)" 1 + Cllp* + 1o(2m)? [,

+Cmllp oo (2m)? "~ |2 1ty — tns o
(t) (O] [0, = vl
< pt)an|[un, = tnylloo + p(t)azllvn, — vny oo,

where the constants a; and «y depend only on the given data |€2|,,. Therefore

171 (ny > Vny ) = T1(Ung, Vng) oo < plt)l[tn, — tny lloo + 1(E) BllVn, — Vng l|oo-
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Then, for sufficiently small u(¢),0 < ¢t < § shows that I'; is contraction on
X Similarly define I's by

F2 Unl ) Unl)

/ / G(x,z,7— s </Q v%(ly) (a2(y) + ba(y)upn, — cz(y)vm)dy) dzds

and to prove that I's is a contraction, proceeding as in the previous argument,
we get
”FQ(unl ) Un1) - FQ(UHW U”Q) HOO

(2.10)
< u(t)Brllvny — vnylloo + 1(t) Balltn, — Uny oo,

where the constants 1 and (2 depend only on the given data |Q2|,,. Then, for
sufficiently small p(t),0 < ¢ < §, I's is contraction on X,,. Therefore, by using
Banach contraction principle, there exists a unique fixed point of I'y and I's in
X Hence the given parabolic system (1.1) has a unique solution in X,,. O

3. BLOW UP OF SOLUTIONS

In this section, we establish the blow up of solutions of the given parabolic
system(1.1) using some technical lemma and eigenfunction argument.

Lemma 3.1. ([20]) Let y(t) be the solution of y'(t) > cy”(t), y(0) > 0, where
r > 1 and ¢ > 0. Then y(t) can not be globally defined and

C

y(t) = <y(0)1r = 1t>‘1/(7‘ -1 |

Theorem 3.2. Suppose there exists a solution pair (u,v) for the given para-
bolic system (1.1) and the assumptions (2.1) hold true. Then, for sufficiently
large initial data (ug,vo), there exists a finite time Ty > 0 such that

sup  ([|u(z, t)]| () + (@, t)| Lo (0)) = +o0.
0<t<Ty
Proof. Let A1 be the first eigenvalue of the Laplacian in €2 with zero Dirich-
let boundary conditions, —A¢ = A1¢ and let ¢ be the corresponding eigen-
function. Choose the eigenfunction ¢ positive on € and also assume that
Jo #(x)dz = 1. Now we introduce the auxilary functions n(t) and ((t) such
that

n(t):/gu(q:,t)gb(:p)dx and C(t)z/gv(a:,t)gb(a:)dx. (3.1)
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Then

() = / w6 (z)d,

o)+ [ ola (/ upy><a1<>—b1<y>u+c1<y>v>dy)dm. (3.2)

For each t > 0, we divide the domain 2 into two sets, that is

U< 1} ={z € Q: (u(z,t),v(z,t)) <1} (3.3)
and

> 1} ={z € Q: (u(z,t),v(z,t)) > 1}.

Now (3.4) follows that

hY z)d P(Y)q b d p(y)+1q
70 = =20 + [ s@a@ds [ w0y [ b [ w0y
—I-/ch(:r)é(x)dx/gup(y)vdy.

By using equations (3.4) and (2.1) we obtain

/ _\ Cla ) () dy — CLb P14 0)d
10 2 = danle) + 7o /Q wo(y)dy - ot /Q PO () dy

e [ o)y
16l Jo

> — Ap(t) + / Wy — S / uPW g (y)dy
[9lloo Jag=1y [9lloo Jar>1}
Clc

+ / WPy / uPWdy
01 Sy, Ny + o=
Cip

ot [ gy e [ o)y
[9lloo Jag<1y [9lloo Jog<1y

a C
> )+ [ gy -t [ ey
[9lloo Jar=1y [9lloo Jar>1}
Cle

/ P ug(y)dy
[9lloo Jag=1y

> un(t) + - / P9 g) (y)dy — 1 / PO G () dy
[9lloo Jag=1} [9lloo Jar>1}

(3.4)

(3.5)

+
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Clc

O R e
[9lloo Jag=1} [9lloo Jag<1y
Cw

it [ ey e [ o)y
[9lloo Jag<1y [9lloo Jog<1y

_{ €la / WP dy — Cp / W@+ (y)dy
[9lloo Jag<1} [9lloo Jag<1}
Clc

p(y) d ]
" ol /gm}“ voly)dz
Cla Cp
>_ )\ p(y) dy — p(y)+1 d
>— An(t) + ||<Z>Hoo/gu ¢)(y)dy \¢Hoo/gu o(y)dy

Cle Cla
+ / WPy (y)dy — / W) dy
Tl Jo ™ 0@ = 10310 foreny

_ G / PO () dy + L / PDody)dy| . (3.6)
H¢Hoo Q{<1} HQSHOO Q{<1}

Now we using the value of v and v in the domain Q{< 1}, we obtain

) > Cla P ) () dy — L [ P (0
() = = Munte) + o /Q w5)(5)dy - o /Q PO () dy

Cle p(y) dy — [ Cla d
T ol /Q“ vy~ | 1ol /Q{Q} #lu)dy
Cp

Clc
it [ ot e [ o). (37)
[9lloo Jog<1y Plloc Jag<1y
We replace smaller domain Q{< 1} by larger domain € we obtain
70 = = dan) + 2 [ @)y - ot [ w0 )
[¢lloc Ja [l Jo

Cle p(y) d _|: Cla _ Clb Cle :| 3.8
* u¢uoo/9“ oW = 5~ Toles T T6les (3:8)

+

Here we may choose the constant I'y = O1p

Cla __ Cle
Tole ~ Tolls T Taliss then

/ Y _Cla_ [ p() qy — G P14 ()d
(0 = = Munte) + 5 /Q w5)(5)dy - o /Q PO () dy

Clc

T /Q WD (y)dy — T

(3.9)
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Using the assumptions on the exponents p(x) and Jensen’s inequality in (3.9),
we can get

Chp

c _
n'(8) > =An(t) + 0P () — - TN T (3.10)
]| o [9loo
We now will estimate (3.10). Consider
A Cla o I'y
“2hn(t) + g (1) — 2L 3.11
N T a1
Thus
A c - r _
—Son(t) + P () — = = e /2 (1), (3.12)
2 [l o 2
where ¢; = ”(';IH”OO . Next consider
——n(t) — nP - —. 3.13
Thus
A1 Cipy o+ Iy
- Sn(t) — P ) - =
2 ] o 2
A r
= () +ean” FH(E) = 2eP (D) —
5
> %§np+*i(t)+-2c2np+*l(t)zz —ggnp+*4(tx (3.14)

where ¢y = g“’ . By using (3.12) and (3.14), we obtain

8]l

w0 > Do (1) + 22 ), (3.15)

If we choose min{cy, 5¢co} = §1/2 and min{p~—,p™ +1} = p, Eqn.(3.10) becomes

n'(t) > —nP(t). (3.16)

n(t) > (771_”(0) T 1>t> pf. (3.17)
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Now by using (3.1) we get

) = [l tyo(a)da
— Ai((2) / P(x </ 01 (ag(x) + ba(x)u — ca(x)v) dy) dz

> — \i¢(t) /gi) x)as(z dx/ (y)dy+/b2(x)¢(x)dx/uUQ(y)dy
Q Q
—/02(33)¢(m)da:/vq(y)vdy. (3.18)
Q Q

Now by using (3.4) we can get

c%&z-xguww@ﬁtévmw@my+@j Auww¢@My
_ Cre a(y)+1 d
/Q v é(y)dy

9]0
— MC(E) + 22 / VI G (y)dy + —2 / uw?™ g(y)dy
[9lle Jog>1} [9lle Jog>1}
C2c

— / VI () dy + [ / 01 p(y)dy
[9lloo Jar=>1y [9lloe Jorg<1}

+ 2 / w1 g(y)dy — <22 / vl y)“tb(y)dy]
9l Jog<1y 9lloo Jog<1y

_ {02‘1/ vq(y)¢(y)dy+c2l’/ w?® g(y)dy
9l Jog<1y 9l Jog<1y

Coe
_W@Amy@%@ﬂ. (3.19)

Now we using the value of v and v in the domain Q{< 1}

/ Y €2a aW) b () dy + — 28 a(y)
¢(t) > ﬁmﬂwm4“¢@y+wuﬁw o(y)dy

_ Cae q(y)+1 d _[ C2a d
W@Av Ply)dy Mmémﬁ@y

o dy— 1= d } .
" 9o /Q{<1} (y)dy e /Q{<1} P(y)dy (3.20)
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By replacing smaller domain Q{< 1} by larger domain €2, then

/ _\ _©a_ [ a®) g ()dy + 20 aW) b ()d
CH) = = Mgle) + T2 /Q 1 0(y)dy+ 752 /Q W (y)dy

_ G /vq(y)“qb(y)dy—[ o O ] (3.21)
Q

18] 18lloc  ldlloo  llblloo
Here we may choose the constants I's = II;QH(;O + ”;ﬁ; — ”iﬁ; , it follows from
(3.21) that
C0) = =g+ 2 [ o)y + 22 [y
- [ )y - (3.22)
16lloe Ja
Using the assumptions on the exponents p(z) and Jensen’s inequality in (3.22)
a - C C
¢'(t) 2 = M(t) + ot =CT (1) = ¢ () ~Ta. (323)
18] [6]]o0
By performing simple calculation as in the above for ((t), we get
92
() = ), (3.24)
The solution of (3.24) as
5 T
=
0= (¢ - Fa-1r) " (3.25)

According to the definition of (7(t),((t)) and for sufficiently large initial data
n(0) and ¢(0), the result follows from Lemma 3.1, since

n(t) = /Q u(e )d(@)dz < Ju(-6)]o /Q o(e)dz = u(- O (3.26)
and
¢y = /Q oz, O$(@)dz < (8]0 /Q pr)de = (). (3:27)

The solutions of the given parabolic system (1.1) blow up and hence the solu-
tions satisfy

sup ([Ju(:,t)]loc + [[v(-,1)|o0) = +o0. (3.28)
0<t<Tj
This completes the proof. O
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