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Abstract. In this paper, we establish a weak convergence theorem for an explicit itera-
tion process for a finite family of asymptotically k-strictly pseudo-contractive mappings in
the intermediate sense which is not necessarily Lipschitzian in the framework of Hilbert
spaces. We also construct (C'Q) method for this explicit iteration process which generates a
strongly convergent sequence. The results presented in this paper generalize and extend the
corresponding results of [1, 5, 7, 9, 12, 14, 15, 17, 18] and many others.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, let H be a real Hilbert space with the scalar product
and norm denoted by the symbols (., .) and || . || respectively. Let C be a closed
convex subset of H, we denote by Pc(.) the metric projection from H onto C.
It is known that z = Po(x) is equivalent to (2 —y,x — z) > 0 for every y € C.
A point z € C is a fixed point of T" provided that Tz = . Denote by F(T")
the set of fixed point of T', that is, F'(T) = {z € C : Tz = z}. It is known that
F(T) is closed and convex. Let T be a (possibly) nonlinear mapping from C
into C'. We now consider the following classes:

T is contractive, i.e., there exists a constant k < 1 such that
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[Tz =Tyl < Ekllz—yl, (1.1)
for all z,y € C.

T is nonexpansive, i.e.,

[Tz =Tyl < [lz—yl, (1.2)
for all z,y € C.

T is uniformly L-Lipschitzian, i.e., if there exists a constant L > 0 such
that

[Tz =Tyl < Llz—yl, (1.3)
for all z,y € C' and n € N.

T is pseudo-contractive, i.e.,

(Tz —Ty,j(x—y) < [z—yl? (1.4)
for all z,y € C.
T is asymptotically nonexpansive [3], i.e., if there exists a sequence {k,} C
[1,00) with lim,,_, ky = 1 such that
I~ T < kalle —yll, (1.5)
for all z,y € C' and n > 1.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [3] as a generalization of the class of nonexpansive mappings. T is
said to be asymptotically nonexpansive in the intermediate sense if it is con-
tinuous and the following inequality holds:

limsup sup ([ 772 — Ty — = —yl) < o. (L6)

n—oo z,yeC N

Observe that if we define

G, = max {o, sup (17" — T — |z — )}, (1.7)
z,yeC

then G,, — 0 as n — oo. It follows that (1.7) is reduced to

[Tz =Tyl < |z —yll+ Ga, (1.8)
for all z,y € C and n > 1.
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The class of mappings which are asymptotically nonexpansive in the inter-
mediate sense was introduced by Bruck et al. [2]. It is known [6] that if C
is a nonempty closed convex bounded subset of a uniformly convex Banach
space E and T is asymptotically nonexpansive in the intermediate sense, then
T has a fixed point. It is worth mentioning that the class of mappings which
are asymptotically nonexpansive in the intermediate sense contains properly
the class of asymptotically nonexpansive mappings.

Recall that T is said to be a k-strictly pseudocontraction if there exists a
constant k € [0, 1) such that

ITe —Ty|* < lo—yl®> +k|(=T)x—(I-T)y|?, (1.9)
for all z,y € C.

T is said to an asymptotically k-strictly pseudocontraction with sequence
{vn} if there exists a sequence {7, } C [0,00) with lim,, o 7, = 0 such that

1T =Ty > < (1+7) o~y
+hl(z —T"2) — (y = T"y)|1%, (1.10)
for some k € [0,1) for all z,y € C and n > 1.

Remark 1.1. ([11]) If T" is k-strictly asymptotically pseudo-contractive map-
ping, then it is uniformly L-Lipschitzian with L = sup{(a, + vk)/(1 + Vk) :
n € N} where {a,} is a sequence in [1,00) with a, — 1 as n — oo, but the
converse does not hold.

The class of asymptotically k-strictly pseudocontraction was introduced by
Qihou [7] in 1996. Kim and Xu [5] studied weak and strong convergence
theorems for this class of mappings. It is important to note that every asymp-
totically k-strictly pseudocontraction with sequence {7,} is a uniformly L-
Lipschitzian mapping with L = sup{(k + /1 + (1 —k)y,)/(1+k):n e N}.

Recently, Sahu et al. [15] introduced a class of new mappings: asymptoti-
cally k-strictly pseudocontractive mappings in the intermediate sense. Recall
that T is said to be an asymptotically k-strictly pseudocontraction in the in-
termediate sense with sequence {~,} if there exists a sequence {v,} C [0, c0)
with lim,,_, 7, = 0 and a constant k € [0,1) such that

timsup sup (|7 —T"y|* — (L+ ) |~y

n—oo zx,yeC

—kH(I—T”)x—(I—T”)yH?) < 0. (L11)
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Throughout this paper, we assume that

en = max {0, sup (1772 = Ty = (14 7)o~y
z,yeC

k(I =T = (1= Ty ) }. (1.12)

It follows that ¢,, — 0 as n — oo and (1.11) is reduced to the relation

1Tz — Ty < (1+) |z —yl?
+k (I =T 2 — (I —Ty|* + cn, (1.13)
for all z,y € C and n > 1.

Remark 1.2. ([15]) (1) T is not necessarily uniformly L-Lipschitzian (see
Lemma 2.6 of [15]).

(2) When ¢, = 0 for all n € Nin (1.13) then 7" is an asymptotically k-strictly
pseudocontractive mapping with sequence {7, }.

They obtained a weak convergence theorem of modified Mann iterative pro-
cesses for the class of mappings which is not necessarily Lipschitzian. More-
over, a strong convergence theorem was also established in a real Hilbert space
by hybrid projection method; see [15] for more details.

In 2001, Xu and Ori [18] have introduced the following implicit iteration
process for common fixed points of a finite family of nonexpansive mappings
{T;}¥, in Hilbert spaces:

Tn = tnTpn-1+ (1 —ty)Than, n>1 (1.14)

where T, = T}, moa n- (Here the mod N function takes values in {1,2,...,N}).
And they proved the weak convergence of the process (1.14).

In 2003, Sun [16] modified the implicit iteration process of Xu and Ori [18]
and applied the modified averaging iteration process for the approximation of
fixed points of asymptotically quasi-nonexpansive mappings. Sun introduced
the following implicit iteration process for common fixed points of a finite fam-
ily of asymptotically quasi-nonexpansive mappings {7;}¥ ; in Banach spaces:

Ty = QpTp_1+ (11— an)Tl-kxn, n>1 (1.15)
where n = (k—1)N +¢,ie I ={1,2,...,N}.
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Very recently, Acedo and Xu [1] still in the framework of Hilbert spaces
introduced the following cyclic algorithm.

Let C be a closed convex subset of a Hilbert space H and let {T;}N ;! be

N k-strict pseudo-contractions on C' such that F = ﬂf\i JLE(Ty) # 0. Let
xo € C and let {ay,} be a sequence in (0,1). The cyclic algorithm generates a
sequence {zy}o2 in the following way:

r1 = Qpro -+ (1 - Oéo)T0$0,

zg = ajz;+ (1 —oy)Tiey,

ey = an-—1zy—1+ (1 —an_1)IN-1ZN-1,
IN41 = OéN:L‘N—I—(l—OzN)To{L‘N,

In general, {z,,4+1} is defined by

Tyl = iy +(1— an)T[n]xny (1.16)

where Tj,,) = T; with i = n (mod N), 0 <i < N — 1. They also proved a
weak convergence theorem for k-strict pseudo-contractions in Hilbert spaces
by cyclic algorithm (1.16). More precisely, they obtained the following theo-
rem:

Theorem AX. ([1]) Let C be a closed convex subset of a Hilbert space H.
Let N > 1 be an integer. Let for each 0 <i < N —1,T;: C — C be a k;-strict
pseudo-contraction for some 0 < k; < 1. Let k = max{k; : 1 < i < N}.
Assume the common fixed point the set ﬂi]ial F(T;) of {T;}NY is nonempty.
Given xo € C, let {z,}72, be the sequence generated by the cyclic algorithm
(1.16). Assume that the control sequence {cu,} is chosen so that k+ ¢ < o, <
1 — € for all n and for some € € (0,1). Then {x,} converges weakly to a
common fized point of the family {Tl}f\gol

Motivated by Xu and Ori [18], Acedo and Xu [1] and some others we intro-
duce and study the following:

Let C be a closed convex subset of a Hilbert space H and let {T;}N ;! be
N asymptotically k-strictly pseudo-contractive mappings in the intermediate
sense on C such that F = X! F(T;) # 0. Let 29 € C and let {a,} be a
sequence in (0, 1). The explicit iteration scheme generates a sequence {x,,}5°
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in the following way:

r1 = ooz + (1 — ag)Toxo,
2 = a1+ (1 —o)Tixy,
ry = an-—1Zy-1+ (1 —an_1)IN-1ZN-1,
2
zNy1 = anzy + (1 —an)Tizo,
2
xoN = aan—1ZaN—1 + (1 —aon—1)TN_1Z2N—1,
3
Tont+1 = aanTon + (1 — aon)T§ o,

In general, {z,} is defined by
Tnt1 = onZp + (1= an)Tjan, (1.17)

where T, =T 4 ny = T} withn = (s—1)N+iandiel=1{0,1,...,N—
1}.

The aim of this paper is to establish weak convergence theorem to approxi-
mating a common fixed point of {7; f\; _01. The results presented in the paper
extend and generalize some recent results of [1, 5, 7, 9, 12, 14, 15, 17, 18|.

In order to prove our main results, we need the following lemma:

Lemma 1.3. Let H be a real Hilbert space, let C' be a nonempty closed con-
vex subset of H, and let T;: C — C be asymptotically k;-strictly pseudocon-
tractive mappings in the intermediate sense for i = 0,1,...,N — 1 with a
sequence {yn,} C [0,00) such that > o7 | n, < 0o and for some 0 < k; < 1,
then there exists a constant k € [0,1) and sequences {v,},{cn} C [0,00) with
limy,, oo ¥ = 0 and lim,, o ¢, = 0 such that for any xz,y € C and for each
1=20,1,...,N — 1 and each n > 0, the following holds:

ITPz = TPyl < (L4 ) Iz =yl
+k (1 =Tz = (I = T)y|? + cn. (1.18)
Proof. Since for each ¢ = 0,1,...,N — 1, T; is asymptotically k;-strictly
pseudocontractive mapping in the intermediate sense, where k; € [0,1) and

{Vn; }:s{en;} C [0,00) with limy, oo vn, = 0 and limy, o ¢y, = 0. Taking
Yo = max{yn,,t = 0,1,...,N — 1}, ¢, = max{c,,,i = 0,1,...,N — 1} and
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k = max{k;,i =0,1,...,N —

from (1.13)

1T = Tyl <

IN

1}, hence, for each i = 0,1,..., N — 1, we have

(1 +,) e = y*

+hi [z = T]'2) = (y = T]'9)* + ens

(14 7) [l =yl

+h|l(z = T'%) = (y = T]'Y)|* + ca- (1.19)

The conclusion (1.18) is proved. This completes the proof of Lemma 1.3. O

We use following notation:

1. — for weak convergence and — for strong convergence.

2. wy(wn) = {z: 3 z,; — 7} denotes the weak w-limit set of {z}.

In the sequel, we will need the following lemmas.

Lemma 1.4. Let H be a real Hilbert space. There holds the following identi-

ties:

@) llz = yl* = llz” = lyl* —2(e —y,y) V¥ z,y€H.

. . 2 2 2 2
(@) [t + (1 =y|” = tlz]” + 1 =) [lyl|" = ¢(1 = 1) [z =y,

Vtel0,1],V x,y€ H.

(13i) If {zy} be a sequence in H weakly converges to z, then

lim sup 2, — ylI” = limsup [z, — 2> + |2 = y|> ¥y € H.
n—oo n—oo

Lemma 1.5. Let H be a real Hilbert space. Given a closed convex subset
C C H and points x,y,z € H. Given also a real number a € R. The set

fveClly—ol® <z —o|® +(2,0) +a}

is convex (and closed).

Lemma 1.6. Let K be a closed convex subset of a real Hilbert space H. Given
x € H andy € K. Then z = Pxx if and only if there holds the relation

<.%'—Z,y—2>§0 VZJGK7
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where P is the nearest point projection from H onto K, that is, Pxx is the
unique point in K with the property

|l — Prz| < [lz -yl Vze K.

Lemma 1.7. ([15]) Let C' be a nonempty subset of a Hilbert space H and
T: C — C a uniformly continuous asymptotically k-strict pseudocontractive
mapping in the intermediate sense with sequence {~,}. Let {x,} be a sequence
in C such that ||xn, — zp+1| = 0 and ||z, —T"zp|| — 0 as n — oco. Then
|xn — Tzp| — 0 as n — oo.

Lemma 1.8. ([8]) Let K be a closed convex subset of H. Let {x,} be a
sequence in H and w € H. Let ¢ = Pxu. If {z,} is such that wy(x,) C K
and satisfies the condition

[n —ull = flu—ql| Vn. (1.20)
Then x, — q.

Lemma 1.9. ([13, 15]) Let {an}5% 1, {Bn}i2, and {r,}52, be sequences of
nonnegative real numbers satisfying the inequality

Ap41 < rpan + ﬁna n > 1.

Ifrp > 1,5 0% (r, — 1) < 00 and Y07 Bn < 00, then limy, o ay, ezists. If
in addition {a,}° has a subsequence which converges strongly to zero, then
lim,, o0 ap = 0.

Lemma 1.10. (Proposition 3.1, Demiclosed principle [15]) Let C be a nonempty
closed conver subset of a Hilbert space H and T': C — C a uniformly contin-
uwous asymptotically k-strict pseudocontractive mapping in the intermediate
sense. Then I — T is demiclosed at zero in the sense that if {z,} is a se-
quence in C such that z,, = x € C and limsup,,_, ||xn — T zy|| = 0, then

(I—T)x=0.

Lemma 1.11. (Lemma 2.2, [15]) Let {x,,} be a bounded sequence in a reflexive
Banach space X . If w,({zn}) = {z}, then x,, — x.

Example 1.12. ([15]) Let X = R be a normed linear space and C' = [0, 1].
For each x € C, we define

kx, ifz€[0,1/2],
T($):{ 0, iferl/Z/,l]],

where 0 < k < 1. Then T': C' — C' is discontinuous at x = 1/2 and hence T is
not Lipschitzian. Set Cy := [1,1/2] and C := (1/2,1]. Hence

|T"r — T"y| = k" |z — y| < |z -y
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for all x,y € C7 and n € N and
[T = T"y| =0 < |z —y|
for all x,y € Cy and n € N.

For x € C'y and y € Cs, we have
T T = |k — 0] = [k"(z — y) + K"y
K'x =yl + K[yl
|z —y| + k", for all neN.
Thus,
Tz =T P < (lz—y|+ k")
< e —yP +klz - T e — (y = T'y) P + kK,

for all z,y € C, n € N and for some K > 0. Therefore, T' is an asymptotically
k-strictly pseudocontractive mapping in the intermediate sense.

Example 1.13. Let X = {5 = {z = {2;}{2, : ; € C, )72 |x;|* < oo}, and
let B={z € {y: ||z|| < 1}. Define T': B — {5 by

_ 2
Tz = (0,7, asxwe, asxs, . .. ),

where {aj};’ozl is a real sequence satisfying: a2 > 0, 0 < aj; < 1, j # 2, and
[[25a; =1/2. Then

Iz = 17> < 2([]as) llz— ol
j=2
< 2([La) le =gl + k(T = T3 = (1 - T
j=2
+£"Q

forallk € (0,1),n > 2, z,y € X and for some @ > 0. Since lim,, 2<H?:2 aj)

= 1, it follows that T is an asymptotically k-strictly pseudocontractive map-
ping in the intermediate sense.

2. WEAK CONVERGENCE OF THE EXPLICIT ITERATION PROCESS

Theorem 2.1. Let C be a closed conver subset of a Hilbert space H. Let N >
1 be an integer. Let for each0 < i < N—1,T;: C — C be N asymptotically k;-
strictly pseudo-contraction mappings in the intermediate sense with sequence
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{Vn;} for some 0 < k; < 1. Let k = max{k; : 0 < i < N —1} and v, =
max{y,, : 0 <i <N —1}. Assume that

N-1
F= () F(T;) #0.
i=0

Given xo € C, let {x,}02, be the sequence generated by an explicit iteration
scheme (1.17)with the restriction Y " v, < 00. Assume that the control
sequence {on} is chosen so that k+0 < oy, < 1 — 6 for all n and for some
d€(0,1) and Y07 j(1—ap)e, < 0o. Then {x,} converges weakly to a common
fized point of the family {ﬂ}f\;—ol

Proof. Let p € F = NNy F(T;). Tt follows from (1.17) and Lemma 1.4(ii)
that

2
anTy, + (1 — an)T[‘;]a;n —pH

lansr = pl? = |

= anllzn — p”2 +(1—an)

an(zn —p) + (1 = an) (T — p)H2

Ty —pH2

—ap(l —ay)

< anflwn —pl? + (1= an) [ (L +7) 20 = pl
2 2
+k ‘ Ty — Tikxn + cn} —an(l—ay) ‘xn - T[fl]xn
< Jan(+90) + (1= an) (1 +70)] lzn = pIP + (1= an)en
—(an — k)1 — an) ||zn — T[fl]:nn
2
= (U0 2 =PI = (o = B)(1 = ) || — Ty
+(1— an)en
2 2 S 2
< (Ut len = pl* = 62 {|on — Ty

+(1 - an)cn (21)
< (L) |2 — pHQ + (1 —an)en

Since by assumptions Y 7 (v, < 0o and Y 7 | (1—ay)e, < 00, it follows from
Lemma 1.9, we know that

lim ||z, — p|| exists. (2.2)
n—oo
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Suppose limy,_ ||z, — p|| = r for some r > 0. It is easy to see from (2.1)
that
2 s 2 2 2
en ~ Togea" < lln = bl ~ s — ol + (1~ an)en, (23)
which implies that lim,, s ) Ty — T ﬁl [Tl = 0. Observe that
[Tnt1 —@nll = (1 —an)||zn — T@a|| = 0 as n — oo (2.4)

Since ||zp41 — x| — 0, ||zp —T[‘;]xn — 0 as n — oo and T is uniformly

continuous, we obtain from Lemma 1.7 that Hxn — T[n]an — 0 asn — oo.

By the boundedness of {z,}, there exists a subsequence {z, } of {z,} such
that z,, — x. Note that 7" is uniformly continuous and Hxn —T; [n]a:nH — 0,

we see that Hxn —T[nm]a:n ’ — 0 for all m € N. By Lemma 1.10, we obtain
x € F(T;) foralli=0,1,..., N — 1 and hence

N-1
zeF = () F)
=0
To complete the proof, it suffices to show that w,,({x,}) consists of exactly

one point, namely, z. Suppose there exists another subsequence {x; } of {z,}
which converges weakly to some z # x. As in the case of x, we must have

N-1
zeF= ()] FT).
1=0
It follows from (2.2) that lim, o ||z, — 2| and lim,,_, ||zn — 2|| exist. Since
H satisfies the Opial condition, we have

lim ||z, —z|| = lim H:cn] - xH < lim Hxn] - zH = lim ||z, — 2|,
n—o0 J—00 J—00 n—o0
lim ||z, —z|] = lim [z, —z[ < lim ||z,, —z| = lim |z, — |,
n—00 k—o0 k—ro0 n—oo

which is a contradiction. Hence x = 2z so wy({zy}) is a singleton. Thus, {x,}
converges weakly to z by Lemma 1.11. O

We remark that Theorem 2.1 is more general than the results studied in
Reich [14], Marino and Xu [9], Acedo and Xu [1], Xu and Ori [18] and Sahu
at el. [15].
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3. THE CQ METHOD FOR THE EXPLICIT ITERATION PROCESS

It is the purpose of this paper to modify iteration process (1.17) by hybrid
method as follows: chosen arbitrary u = zg € C' and

S

Yn = anzn+ (1 —an)Tp,

Con = {z€Cilyn—2I < llon— 2

Ly

+(1 = an)(k— ap)
Qn = {zeC:(mn—z,u—xn>20},
Tnt1 = Po,ng,(u), (3.1)
where n = (s —1)N+i,ie€ I ={0,1,...,N — 1},

2+0n},

Ty — T[‘:l} T

0, = 'ynA% +(1—an)en =0 (n— o),

and

N-1
An:sup{|xnz|| 2z € F = ﬂ F(Tl)} < 0.
i=0
Now, we establish a strong convergence theorem of newly proposed (CQ) al-
gorithm (3.1) for a finite family of asymptotically k-strictly pseudo-contractive
mappings in the intermediate sense in the framework of Hilbert spaces.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H.
Let N > 1 be an integer. Let for each 0 < i < N -1, T;: C — C be
N asymptotically k;-strictly pseudo-contraction mappings in the intermediate
sense with sequence {vyy,} for some 0 < k; < 1. Let k = max{k; : 0 < i <
N — 1} and v, = max{vy,, : 0 <i < N —1}. Assume that

N-1
F= () F(T;) #0.
i=0

Let {zy,}72 be the sequence generated by an explicit iteration scheme (3.1)
with the restriction Y .2 n < 0o. Assume that the control sequence {on,}
is chosen so that limsup,,_,. o, < 1 and Y 7 (1 — ay)cn < 00. Then {x,}
converges strongly to Pp(u).

Proof. We break the proof into the following six steps:

Step 1. C, is convex.
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Indeed, the defining inequality in C,, is equivalent to the inequality

(20 = yn) 0) < lanll® = lyal® + On,

it follows from Lemma 1.5 that C), is convex.
Step 2. F' C C,.

Let p € F. From (3.1), we have

2
lym = 2” = [|an(an = p) + (1 = @n) (Tiyan v
2 S 2
= anllen =l + (1 - an) | Tizn — 5
—an(l —ay) ||zn — T[i}xn
< anllzn = ol + (1 = @) [(1+ ) 2 — I/
S 2 S 2
+k ) Ty — T[n]xn + cn} —an(l—ay) ‘acn - T[n]xn
< Jan(47m) + (1= an)(1+70)] llan = ol + (1 = an)en
2
~(an = K)(1 = an) ||o — Tz
2
< (L+) [zn =l + (k= an) (1 — an) ||z, — Tj ) n
+(1—ap)en
2
<l = pl* + (k= an)(1 — o) ||z — Tpn

+’YTLA?L + (1 - O‘n)cn‘ (32)
Hence p € C},. Thus, F C C,,.

Step 3. FC C,,NQ, for all n € N.
It suffices to show that F' C @,. We prove this by induction.

For n =1, we have F C C = Q1. Assume that F C Q). Since x,11 is the
projection of u onto Cy, N Q. It follows that

(Tpy1 — 2,u — Tpy1) >0

for all z € C, N Q.
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As F C Cp, N Qy, the last inequality holds, in particular for all z € F. By
the definition of @1,

Qn+1 = {Z eC: <$n+1 —Z,Uu— $n+1> > O},

it follows that F' C @Q,41. By the principle of mathematical induction, we
have F' C @, for all n € N.

Step 4. ||z, — xpy1|| — 0.
By the definition of Q,,, we have
2 = Po, (u)
and

|u—zp]| <flu—yl| foral yeF CQn

Note that boundedness of F' implies that {||x,, —u||} is bounded. Since
xy, = Pp, (u) which together with the fact that x,1 € C,, N Q,, C @y, implies
that

[l = x|l < lu = zniall-

Thus, {||zn, —u||} is increasing. Since {|lx,, — u||} is bounded, we obtain
that lim, o ||€n — ul|| exists.

Observe that x,, = Py, (u) and 2,41 € @, which imply that
(Tpy1 — Ty Ty, — u) > 0.
Using Lemma 1.4(i), we obtain

2 2
[Znt1 = znll® = (@041 =) = (20 — )]

|Tny1 — UH2 — [|zn — U||2 — 2(Tp41 — T, Ty — u)

< lngr —ul)® = |lzn —ul)> = 0 as n — oo.
Step 5. Hmn — T[n]an — 0.
Since z,11 € Cp, we get
|znt1 = yul® < Mz — @l

(k= an)(1 — an) ‘0, (33)
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Moreover, since y, = a,x, + (1 — an)T[Z [T, We deduce that

|zne1 = yal® = an @ =zl
+(1 — ay) || Tns1 — T[fl]:cn ’
—on(1 = o) |0 — Tjyan ’ (3.4)
Substituting (3.4) into (3.3) to get
(1—an) |Znr1 — T[‘;]xn < (1—-ay) Hxn+1 - anQ
+E(1 — ay) ‘xn - T{iﬁn ’ + 0,
Since lim sup,,_,., @ < 1, the last inequality becomes,
‘ Tn41 — T[fl}xn i < lznsr —zal® + K ‘ Tn — T[qun”z
0
+7 _”T, (3.5)
for some positive number 7 > 0, such that o, < 7 < 1.
But on the other hand, we compute
‘ Tpil — T[‘:l]a:n = |zpe1 — xn||2 + 2(xpi1 — T, Ty — T[‘:l]a:n>
+ ‘ Ty — T[fﬂxn ’ (3.6)

By (3.5) and (3.6), we get

S 071 S
(1—k) ‘ Ty — T[n]xn < T 2(Tpt1 — T, T — T[n}xn). (3.7)
Therefore
TS 2 9” 2 TS
) Tp — [n]l'n (1 — 7_)(1 — k‘) - 1— k<xn+1 — Tn,Tp — [n]wn>
— 0 as n — o0. (3.8)
Now,
< ‘ T — Ty + (14 71) HT[‘;]_lxn — 2| + 1]
— 0 as n — 0. (3.9)

Step 6. z,, > v € F.
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Since H is reflexive and {z,, } is bounded, we get that wy, ({z,}) is nonempty.
First, we show that wy, ({7, }) is singleton. Assume that {z,,} is subsequence
of {z} such that z,,;, — v € C. Since z,, — T},jz,, — 0 by Step 4, it follows
from the uniform continuity of 7' that x, — T[’;;]xn — 0 for all m € N. By

Lemma 1.10, v € wy,({z,}) C F.

Since zp4+1 = Pr,nQ, (1), we obtain that
lu — zpt1]] < |Ju— Pp(u)|| for all neN.
Observe that

U—Tp; = U— 0.

By the weak lower semicontinuity of norm,

lu—Pp(u)l| < flu—vl
< liminf Hu — T, H
j—oo
< limsup Hu — T, H
Jj—00
< lu=Pru)ll,
which yields
lu = Pp(u)|| = [Ju— o
and
lim [ju—zn,|| = [u—Ppu). (3.10)
j—r00

Hence v = Pp(u) by the uniqueness of the nearest point projection of u onto
F. Thus, HZL‘n] - uH — [|[v —ul|. It shows that z,;, —u — v —u, i.e., Tp; — v.
Since {xn]} is an arbitrary weakly convergent subsequence, it follows that
ww({zn}) = {v} and hence from Lemma 1.11 we have x,, — v. Now, it is easy
to see as (3.10) that ||x, — u|]| — ||v — u||. Therefore, x,, — v, that is, {z,}
converges strongly to Pr(u). This completes the proof. O

Remark 3.2. Theorem 2.1 extends and improves the corresponding result
of Reich [14] and Marino and Xu [9] from nonexpansive and strict pseudo-
contraction mapping to more general class of finite family of asymptotically
k-strictly pseudo-contraction mappings in the intermediate sense and explicit
iteration scheme considered in this paper.

Remark 3.3. Theorem 2.1 also extends and improves the corresponding re-
sult of Acedo and Xu [1] from k-strictly pseudo-contraction mapping to more
general class of asymptotically k-strictly pseudo-contraction mappings in the
intermediate sense considered in this paper.
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Remark 3.4. Theorem 2.1 also extends and improves the corresponding re-
sult of Xu and Ori [18] from nonexpansive mapping to more general class
of asymptotically k-strictly pseudo-contraction mappings in the intermediate
sense considered in this paper.

Remark 3.5. Theorem 3.1 extends Theorem 3.1 of Thakur [17] to the case of
finite family of asymptotically k-strictly pseudo-contractive mappings in the
intermediate sense and explicit iteration process considered in this paper.

Remark 3.6. Theorem 3.1 also extends and generalizes Theorem 3.4 of Nakajo
and Takahashi [10] and Theorem 2.2 of Kim and Xu [4] from nonexpansive
and asymptotically nonexpansive mapping to more general class of finite family
of asymptotically k-strictly pseudo-contractive mappings in the intermediate
sense and explicit iteration process considered in this paper.

Remark 3.7. Our results also extend the corresponding results of Sahu et al.
[15] to the case of explicit iteration process considered in this paper.
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