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Abstract. The fundamental theorem of algebra guarantees the existence of exactly n zeros

of any nth degree polynomial. But unfortunately, there is no general method for finding

these zeros. Hence there is a need of locating at least the regions where some or all the zeros

of a polynomial lie. A vast literature is available in this regard. In this paper, we put certain

restrictions on the coefficients of a polynomial and specify the regions where some or all its

zeros lie. Our results generalize many already well-known results.

1. Introduction

The following Enestrom-Kakeya Theorem [5] is well-known result in the
theory of distribution of zeros of a polynomial:

Theorem 1.1. ([5]) Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0 > 0.

Then all the zeros of P (z) lie in |z| ≤ 1.

In the literature there exist various extensions and generalizations of The-

orem 1.1. For a polynomial P (z) =
n∑
j=0

ajz
j whose coefficients satisfy the
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Enestrom-Kakeya condition, Mohammad [6] found a bound for the number of
its zeros in |z| ≤ 1

2 . In fact he proved the following result:

Theorem 1.2. ([6]) Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n such that

an ≥ an−1 ≥ · · · ≥ a1 ≥ a0 > 0.

Then the number of zeros of P(z) in |z| ≤ 1
2 is less than or equal to

1 +
1

log 2
log

an
a0
.

Dewan [1] in 1980 generalized Theorem 1.2 to polynomials with complex
coefficients and proved the following result:

Theorem 1.3. ([1]) Let P (z) =
n∑
j=0

ajz
j be a complex polynomial of degree n

with aj = αj + iβj , j = 0, 1, 2, · · · , n where αj and βj are real numbers. If

αn ≥ αn−1 ≥ · · · ≥ α1 ≥ α0 > 0,

then the number of zeros of P(z) in |z| ≤ 1
2 is less than or equal to

1 +
1

log 2
log

αn +
n∑
j=0
|βj |

|a0|
.

Upadhye [8] in 2007 generalized Theorem 1.3 by proving the following result:

Theorem 1.4. ([8]) Let P (z) =
n∑
j=0

ajz
j be a complex polynomial of degree n

with aj = αj + iβj , j = 0, 1, 2, · · · , n where αj and βj are real numbers. If for
some k ≥ 1,

kαn ≥ αn−1 ≥ · · · ≥ α1 ≥ α0,

then the number of zeros of P(z) in |z| ≤ δ, 0 < δ < 1 is less than or equal to

1

log 1
δ

log

k (αn + |αn|) + |α0| − α0 + 2
n∑
j=0
|βj |

|a0|
.

Gulzar [3] in 2012 generalized Theorem 1.4 as follows:
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Theorem 1.5. ([3]) Let P (z) =
n∑
j=0

ajz
j be a complex polynomial of degree n

with aj = αj + iβj , j = 0, 1, 2, · · · , n where αj and βj are real numbers. If for
some k ≥ 1, 0 < τ ≤ 1

kαn ≥ αn−1 ≥ · · · ≥ α1 ≥ τα0,

then the number of zeros of P(z) in |z| ≤ δ, 0 < δ < 1 is less than or equal to

1

log 1
δ

log

k (αn + |αn|) + 2|α0| − τ(α0 + |α0|) + 2
n∑
j=0
|βj |

|a0|
.

Irshad et al. [4] recently proved the following results:

Theorem 1.6. ([4]) Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n with

complex coefficients such that

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|
and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ |a0|,
where 0 ≤ k ≤ n− 1 and for some real β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n.

Then the number of zeros of P (z) in |z| ≤ 1
2 does not exceed

1

log 2
log

(
2λ|ak| cosα+ 2|λ− 1||ak| sinα+ |an|(sinα− cosα+ 1)

|a0|

+
2 sinα

∑n−1
j=0 |aj |+ 2|1− λ||ak|
|a0|

)
.

Theorem 1.7. ([4]) Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n with

complex coefficients such that

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|
and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ |a0|,
where 0 ≤ k ≤ n− 1 and for some real β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n.
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Then all the zeros of P (z) lie in∣∣∣∣z+
an−1
an
−1

∣∣∣∣ ≤ 1

|an|

{
2λ|ak| cosα+2|λ−1||ak| sinα−|an−1|(sinα+cosα)

+ α

n−1∑
j=0

|aj | − |a0|(sinα+ cosα− 1) + 2|1− λ||ak|
}
.

2. Main results

In this paper we generalize Theorems 1.6 and 1.7 as follows:

Theorem 2.1. Let P (z) =
n−1∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients such that for some integer k, 0 ≤ k ≤ n − 1, for some λ ≥ 1,
0 < µ ≤ 1 and for some real α, β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n,

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|
and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ µ|a0|.
Then all the zeros of P (z) lie in∣∣∣∣z +

an−1
an
− 1

∣∣∣∣ ≤ 1

|an|

{
2λ|ak| cosα+ 2(λ− 1)|ak| sinα

− |an−1|(sinα+ cosα) + 2 sinα
n−1∑
j=0

|aj |

− µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}
.

Theorem 2.2. Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients such that for some integer k, 0 ≤ k ≤ n − 1, for some λ ≥ 1,
0 < µ ≤ 1 and for some real α, β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n,

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|
and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ µ|a0|.
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Then the number zeros of P (z) in |z| ≤ R
c , (c > 0, R > 0, c < R) is less than

or equal to

1

log c
log

1

|a0|
Rn+1

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ α
n−1∑
j=0

|aj |+ 2|a0| − µ|a0|(cosα− sinα+ 1)

}
, for R ≥ 1

and

1

log c
log

1

|a0|

{
|a0|+R|an|(sinα− cosα+ 1)+2λ|ak| cosα+2(λ− 1)|ak| sinα

+ α

n−1∑
j=0

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
, for R ≤ 1.

Remark 2.3. Taking µ = 1 in Theorem 2.1, we get Theorem 1.5.

Taking c = 1
δ , 0 < δ < 1, R = 1 in Theorem 2,2, we get the following result:

Corollary 2.4. Let P (z) =
n−1∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients such that for some integer k, 0 ≤ k ≤ n − 1, for some λ ≥ 1,
0 < µ ≤ 1 and for some reals α, β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n,

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|

and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ µ|a0|.

Then the number of zeros of P (z) in |z| ≤ δ, 0 < δ < 1, is less than or equal
to

1

log 1
δ

log
1

|a0|

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ α

n−1∑
j=0

|aj |+ |a0| − |a0|(cosα− sinα+ 1)

}
.

Taking c = 2 in Theorem 2.2, we get following result:
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Corollary 2.5. Let P (z) =
n−1∑
j=0

ajz
j be a polynomial of degree n with complex

coefficients such that for some integer k, 0 ≤ k ≤ n − 1, for some λ ≥ 1,
0 < µ ≤ 1 and for some reals α, β,

|argaj − β| ≤ α ≤
π

2
, j = 0, 1, 2, · · · , n,

|an| ≤ |an−1| ≤ · · · ≤ |ak+1| ≤ λ|ak|
and

λ|ak| ≥ |ak−1| ≥ · · · ≥ |a1| ≥ µ|a0|.
Then the number of zeros of P (z) in |z| ≤ R

2 (R > 0) is less than or equal to

1

log 2
log

1

|a0|
Rn+1

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ 2 sinα

n−1∑
j=0

|aj |+2|a0|−µ|a0|(cosα−sinα+1)

}
, for R ≥ 1

and

1

log 2
log

1

|a0|

{
|a0|+R|an|(sinα− cosα+ 1)+2λ|ak| cosα+2(λ− 1)|ak| sinα

+ 2 sinα
n−1∑
j=0

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
, for R ≤ 1.

Many other results can be obtained from Theorems 2.1 and 2.2 by taking
different values of parameters.

3. Lemmas

For the proofs of the above results we need the following results:

Lemma 3.1. For any two complex numbers b1, b2 such that |b1| ≥ |b2| and
|argbj − β| ≤ α ≤ π

2 , j = 1, 2 for some reals α, β, we have

|b1 − b2| ≤ (|b1| − |b2|) cosα+ (|b1|+ |b2|) sinα.

Lemma 3.1 is due to Govil and Rahman [2].

Lemma 3.2. If f(z) is analytic in |z| ≤ R, but not identically zero, f(0) 6= 0
and f(ak) = 0, k = 1, 2, · · · , n, then

1

2π

2π∫
0

log |f(Reiθ)dθ| − log |f(0)| =
n∑
k=1

log
R

|ak|
.
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Lemma 3.2 is the famous Jensen’s Theorem(see page 208 of [7]).

Lemma 3.3. If f(z) is analytic,|f(z)| ≤ M in |z| ≤ R, f(0) 6= 0, then the
number of zeros of f(z) in |z| ≤ R

c , c > 1 does not exceed 1
log c log M

|f(0)| .

Lemma 3.3 is simple consequence of Lemma 3.2.

4. Proofs of theorems

Proof of Theorem 2.1. Consider the polynomial

F (z) = (1− z)P (z)

= (1− z)(anzn + an−1z
n−1 + · · ·+ a1z + a0)

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1 + · · ·+ (ak+1 − ak)zk+1

+ · · ·+ (a2 − a1)z2 + (a1 − µa0)z + (µa0 − a0)z + a0

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1

+ · · ·+ (ak+1 − λak + λak − ak)zk+1

+ · · ·+ (a2 − a1)z2 + (a1 − µa0)z + (µa0 − a0)z + a0.

For |z| > 1 so that 1
|z|j < 1, j = 1, 2, .., n, we have by using the hypothesis and

Lemma 3.1,

|F (z)| ≥ |anzn+1 − (an − an−1)zn| −
{
|an−1 − an−2||z|n−1 + · · ·

+ |ak+1 − λak + λak − ak||z|k+1 + |ak − λak + λak − ak−1||z|k

+ · · ·+ |a2 − a1||z|2 + |a1 − µa0 + µa0 − a0||z|+ |a0|
}

≥ |anzn+1 − (an − an−1)zn| −
{
|an−1 − an−2||z|n−1 + · · ·

+ |ak+1 − λak||z|k+1 + |λak − ak||z|k+1 + |ak − λak||z|k

+ |λak−ak−1||z|k+...+|a2−a1||z|2+|a1−µa0||z|+|µa0−a0||z|+|a0|
}

= |z|n|anz + an−1 − an| −
{
|an−1 − an−2|

|z|
+ · · ·+ |ak+1 − λak|

|z|n−k−1

+
|λ− 1||ak|
|z|n−k−1

+
|1− λ||ak|
|z|n−k

+
|λak − ak−1|
|z|n−k

+ · · ·

+
|a2 − a1|
|z|n−2

+
|a1 − µa0|
|z|n−1

+
|µ− 1||a0|
|z|n−1

+
|a0|
|z|n

}
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> |z|n|anz + an−1 − an| −
{
|an−1 − an−2|+ · · ·+ |ak+1 − λak|

+ |λ− 1||ak|+ |1− λ||ak|+ |λak − ak−1|+ · · ·

+ |a2 − a1|+ |a1 − µa0|+ |µ− 1||a0|+ |a0|
}

≥ |z|n|anz + an−1 − an| −
{

(|an−2| − |an−1|) cosα

+ (|an−2|+ |an−1|) sinα+ · · ·+ (|λak| − |ak+1|) cosα

+ (|λak|+ |ak+1|) sinα+ (|λak| − |ak−1|) cosα

+ (|λak|+ |ak−1|) sinα+ · · ·+ (|a2| − |a1|) cosα

+ (|a2|+ |a1|) sinα+ (|a1| − µ|a0|) cosα

+ (|a1|+ µ|a0|) sinα+ (1− µ)|a0|+ |a0|+ 2|λ− 1||ak|
}

= |z|n|anz + an−1 − an| −
{

2λ|ak| cosα+ 2(λ− 1)|ak| sinα

− |an−1|(sinα+ cosα) + 2 sinα
n−1∑
j=1

|aj | − |a0|

− µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}

> 0,

if

|z|n|anz + an−1 − an|

>

{
2λ|ak| cosα+ 2(λ− 1)|ak| sinα− |an−1|(sinα+ cosα)

+ 2 sinα

n−1∑
j=1

|aj | − |a0| − µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}
.

Thus F (z) does not vanish in∣∣∣∣z +
an−1
an
− 1

∣∣∣∣
>

1

|an|

{
2λ|ak| cosα+ 2(λ− 1)|ak| sinα− |an−1|(sinα+ cosα)

+ 2 sinα

n−1∑
j=1

|aj | − |a0| − µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}
.
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In other words, those zeros of F (z) whose modulus is greater than 1 lie in∣∣∣∣z +
an−1
an
− 1

∣∣∣∣
≤ 1

|an|

{
2λ|ak| cosα+ 2(λ− 1)|ak| sinα− |an−1|(sinα+ cosα)

+ 2 sinα
n−1∑
j=1

|aj | − |a0| − µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}
.

Since those zeros of F (z) whose modulus is less than or equal to 1 already
satisfy the above inequality, it follows that all the zeros of F (z) and hence
P (z) lie in∣∣∣∣z +

an−1
an
− 1

∣∣∣∣
≤ 1

|an|

{
2λ|ak| cosα+ 2(λ− 1)|ak| sinα− |an−1|(sinα+ cosα)

+ 2 sinα
n−1∑
j=1

|aj | − |a0| − µ|a0|(cosα− sinα+ 1) + 2|a0|+ 2|λ− 1||ak|
}
.

That completes the proof of Theorem 2.1. �

Proof of Theorem 2.2. Consider the polynomial

F (z) = (1− z)P (z)

= (1− z)(anzn + an−1z
n−1 + ...+ a1z + a0)

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1 + ...

+ (ak+1−ak)zk+1 + ...+ (a2−a1)z2+(a1−µa0)z+(µa0−a0)z+a0

= −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1 + ...

+ (ak+1 − λak + λak − ak)zk+1 + ...

+ (a2 − a1)z2 + (a1 − µa0)z + (µa0 − a0)z + a0.

For |z| ≤ R, we have, by using the hypothesis and Lemma 3.1

|F (z)| ≤ |an|Rn+1 +
{

(|an| − |an−1|) cosα+ (|an|+ |an−1|) sinα
}
Rn

+
{

(|an−1| − |an−2|) cosα+ (|an−1|+ |an−2|) sinα
}
Rn−1 + · · ·

+
{

(|ak+1| − λ|ak|) cosα+ (|ak+1|+ λ|ak|) sinα
}
Rk+1

+ |λ− 1||ak|Rk+1 + |λ− 1||ak|Rk
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+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}
Rk + · · ·

+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}
R2

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}
R2 + |1− µ||a0|R+ |a0|.

This implies for R ≥ 1 so that Rj ≤ Rn+1, for all j = 0, 1, 2, ..., n,

|F (z)| ≤ Rn+1

{
|an|+

{
(|an−1| − |an|) cosα+ (|an−1|+ |an|) sinα

}
+
{

(|an−2| − |an−1|) cosα+ (|an−2|+ |an−1|) sinα
}

+ · · ·
+
{

(λ|ak| − |ak+1|) cosα+ (λ|ak|+ |ak+1|) sinα
}

+ |λ− 1||ak|
+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}

+ · · ·
+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}

+ |µ− 1||a0|+ |a0|
}

= Rn+1

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ 2 sinα
n−1∑
j=1

|aj |+ 2|a0| − µ|a0|(cosα− sinα+ 1)

}
and for R ≤ 1 so that Rj ≤ R, for all j = 1, 2, ..., n+ 1,

|F (z)| ≤ R
{
|an|+

{
(|an−1| − |an|) cosα+ (|an−1|+ |an|) sinα

}
+
{

(|an−2| − |an−1|) cosα+ (|an−2|+ |an−1|) sinα
}

+ · · ·
+
{

(λ|ak| − |ak+1|) cosα+ (λ|ak|+ |ak+1|) sinα
}

+ |λ− 1||ak|
+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}

+ · · ·
+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}

+ |µ− 1||a0|
}

+ |a0|

= |a0|+R

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ 2 sinα

n−1∑
j=1

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
.

Since F (z) is analytic for |z| ≤ R, F (0) = a0 6= 0, it follows by Lemma 3.2
that the number of zeros of F (z) in |z| ≤ R

c (c > 0, R > 0, c < R) is less than
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or equal to

1

log c
log

1

|a0|
Rn+1

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ α
n−1∑
j=0

|aj |+ 2|a0| − µ|a0|(cosα− sinα+ 1)

}
, for R ≥ 1

and

1

log c
log

1

|a0|

{
|a0|+R|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ α

n−1∑
j=0

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
, for R ≤ 1.

On the other hand, we have

F (z) = G(z) + a0

where

G(z) = −anzn+1 + (an − an−1)zn + (an−1 − an−2)zn−1 + · · ·

+ (ak+1 − ak)zk+1 + · · ·+ (a2 − a1)z2 + (a1 − µa0)z + (µa0 − a0)z.

For |z| ≤ R, we have by using the hypothesis and Lemma 3.1,

|G(z)| ≤ |an|Rn+1 +
{

(|an| − |an−1|) cosα+ (|an|+ |an−1|) sinα
}
Rn

+
{

(|an−1| − |an−2|) cosα+ (|an−1|+ |an−2|) sinα
}
Rn−1 + ...

+
{

(|ak+1| − λ|ak|) cosα+ (|ak+1|+ λ|ak|) sinα
}
Rk+1

+ |λ− 1||ak|Rk+1 + |λ− 1||ak|Rk

+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}
Rk + ...

+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}
R2

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}
R2 + |1− µ||a0|R.

This implies for R ≥ 1 so that Rj ≤ Rn+1, for all j = 0, 1, 2, ..., n,
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|G(z)| ≤ Rn+1

{
|an|+

{
(|an−1| − |an|) cosα+ (|an−1|+ |an|) sinα

}
+
{

(|an−2| − |an−1|) cosα+ (|an−2|+ |an−1|) sinα
}

+ · · ·
+
{

(λ|ak| − |ak+1|) cosα+ (λ|ak|+ |ak+1|) sinα
}

+ |λ− 1||ak|
+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}

+ · · ·
+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}

+ |µ− 1||a0|
}

= Rn+1

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ 2 sinα

n−1∑
j=1

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
= M1

and for R ≤ 1 so that Rj ≤ R, for all j = 1, 2, ..., n+ 1,

|G(z)| ≤ R
{
|an|+

{
(|an−1| − |an|) cosα+ (|an−1|+ |an|) sinα

}
+
{

(|an−2| − |an−1|) cosα+ (|an−2|+ |an−1|) sinα
}

+ · · ·
+
{

(λ|ak| − |ak+1|) cosα+ (λ|ak|+ |ak+1|) sinα
}

+ |λ− 1||ak|
+
{

(λ|ak| − |ak−1|) cosα+ (λ|ak|+ |ak−1|) sinα
}

+ · · ·
+
{

(|a2| − |a1|) cosα+ (|a2|+ |a1|) sinα
}

+
{

(|a1| − µ|a0|) cosα+ (|a1|+ µ|a0|) sinα
}

+ |µ− 1||a0|
}

= R

{
|an|(sinα− cosα+ 1) + 2λ|ak| cosα+ 2(λ− 1)|ak| sinα

+ 2 sinα

n−1∑
j=1

|aj |+ |a0| − µ|a0|(cosα− sinα+ 1)

}
= M2.

Since G(z) is analytic for |z| ≤ R, G(0) = 0, it follows from Schwarz Lemma
that for |z| ≤ R,

|G(z)| ≤M1|z|, for R ≥ 1

and
|G(z)| ≤M2|z|, for R ≤ 1.
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Hence, for |z| ≤ R, R ≥ 1,

|F (z)| = |G(z) + a0|
≥ |a0| − |G(z)|
≥ |a0| −M1|z|

> 0, if |z| < |a0|
M1

and similarly for |z| ≤ R, R ≤ 1,

|F (z)| > 0, if |z| < |a0|
M2

.

This shows that F (z) and hence P (z) has all its zeros in |z| ≥ |a0|
M1

for R ≥ 1

and in |z| ≥ |a0|
M2

for R ≤ 1. That completes the proof of Theorem 2.2. �

References

[1] K.K. Dewan, Extremal properties and Coefficient Estimates for polynomials with re-
stricted Zeros and on location of zeros of polynomials, Ph.D. Thesis, IIT Delhi, (1980).

[2] N.K. Govil and Q.I. Rahman, On the Enestrom-Kakeya Theorem, Tohoku Math. J., 20
(1968), 126–136.

[3] M.H. Gulzar, On the number of zeros of a polynomial in a prescribed region, IRJPA,
2(2) (2012), 35–46.

[4] I. Ahmad, T. Rasool and A. Liman, Zeros of certain polynomials and analytic functions
with restricted coefficients, Journal of Classical Analysis, 4(2) (2014), 149–157.

[5] M. Marden, The Geometry of Polynomials, Amer. Math. Soc. Providence, RI 1966.
[6] Q.G. Mohammad, On The zeros of polynomials, Amer. Math. Monthly, 72(6) (1965),

631–633.
[7] E.C. Titchmarsh, Theory of functions, 2nd edition, Oxford University Press, London,

1945.
[8] C.M. Upadhye, On the zeros of a polynomial, Theory of polynomials and Applications,

Deep and Deep publications, New Delhi, (2007), 197–202.


