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Abstract. The fundamental theorem of algebra guarantees the existence of exactly n zeros
of any nth degree polynomial. But unfortunately, there is no general method for finding
these zeros. Hence there is a need of locating at least the regions where some or all the zeros
of a polynomial lie. A vast literature is available in this regard. In this paper, we put certain
restrictions on the coefficients of a polynomial and specify the regions where some or all its

zeros lie. Our results generalize many already well-known results.

1. INTRODUCTION
The following Enestrom-Kakeya Theorem [5] is well-known result in the
theory of distribution of zeros of a polynomial:

Theorem 1.1. ([5]) Let P(2) = Y ajz? be a polynomial of degree n such that
j=0

(p = Gp—1 2 -+ > a1 > ag > 0.

Then all the zeros of P(z) lie in |z| < 1.

In the literature there exist various extensions and generalizations of The-

n .
orem 1.1. For a polynomial P(z) = ) a;z’ whose coefficients satisfy the
=0
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Enestrom-Kakeya condition, Mohammad [6] found a bound for the number of
its zeros in |z| < 1. In fact he proved the following result:

Theorem 1.2. ([6]) Let P(z) = Y a;27 be a polynomial of degree n such that
=0

p > Ap—1 > -+ > a1 > ag > 0.
Then the number of zeros of P(z) in |z| < § is less than or equal to

an

1+ log —.
ag

log 2

Dewan [1] in 1980 generalized Theorem 1.2 to polynomials with complex

coefficients and proved the following result:
n .
Theorem 1.3. ([1]) Let P(z) = > a2’ be a complex polynomial of degree n
j=0
with aj = oj + 185, j =0,1,2,--- ,n where o; and B; are real numbers. If

Qp > 0p_1 > > a1 > ap >0,

then the number of zeros of P(z) in |z| < § is less than or equal to

an + > |5l
lo =0

1
* log 2 8 |ao

Upadhye [8] in 2007 generalized Theorem 1.3 by proving the following result:

n .
Theorem 1.4. ([8]) Let P(z) = ) a2’ be a complex polynomial of degree n
j=0
with aj = oj +iBj, 7 =0,1,2,--- ,n where o and B; are real numbers. If for
some k > 1,

ko > apy 2 --- 2 a1 2 ag,
then the number of zeros of P(z) in |z| < 6,0 < § <1 is less than or equal to

n
. k(on + o) + o] — a0 +2 > | 5]
=0
1 J
°8 |ao

log %

Gulzar [3] in 2012 generalized Theorem 1.4 as follows:
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n .
Theorem 1.5. ([3]) Let P(z) = > a;jz’ be a complex polynomial of degree n
j=0
with aj = oj +iBj, 7 =0,1,2,--- ,n where a; and B; are real numbers. If for
somek>1,0<7<1
kan > ap—1 > -+ > a1 > Tay,

then the number of zeros of P(z) in |z| < 9,0 < § < 1 is less than or equal to

k(o + |an[) + 2|aol = 7(ao + [aol) +2 22 [5;]
=0

1 ‘77

log %

1
o8 |ao|

Irshad et al. [4] recently proved the following results:

n .
Theorem 1.6. ([4]) Let P(z) = ) a2/ be a polynomial of degree n with
=0
complex coefficients such that
|an| < fan—1| < -+ < agt1| < Aag]

and
Mag| > lag—1| > -+ > |a1]| > |ao|,

where 0 < k <n —1 and for some real [,
|argaj—B]§a§g, j=0,1,2,---,n.

Then the number of zeros of P(z) in |z| < % does not exceed

1 o 2X|ag| cos o + 2|\ — 1||ag| sina + |ap|(sina — cosa + 1)
log 2 & lao|
: -1
2sina Y7120 |aj] + 21 — Alag]
|aol '

n .
Theorem 1.7. ([4]) Let P(z) = ) a2’ be a polynomial of degree n with
§=0
complez coefficients such that
|an| < an—1] < -+ <agia| < Aagl

and
Aag| > ag—1] > -+ > |a1| = |aol,
where 0 < k <n —1 and for some real (3,

|argajfﬁ]§a§g, j=0,1,2,--- ,n.
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Then all the zeros of P(z) lie in

_ 1
’z—l—an ! —1‘ < H{Makycosa+2])\_1|]ak]Sina—]an_1|(sin04+COSOé)
an G

n—1
+a > aj| - lag|(sino+ cosa — 1) + 2|1 — )\||ak|}.
j=0

2. MAIN RESULTS

In this paper we generalize Theorems 1.6 and 1.7 as follows:

n—1

Theorem 2.1. Let P(z) = Y a;27 be a polynomial of degree n with complex

7=0
coefficients such that for some integer k, 0 < k < n — 1, for some A > 1,
0 < <1 and for some real o, 3,

larga; — Bl <a< =, 7=0,1,2,--- ,n,

T
2
|an| < lan—1| < -+ < laggr| < Aagl
and
Mag| > fag—1] > -+ > |a1] > plagl.
Then all the zeros of P(z) lie in

_ 1
sy dntt < ——19 2\ |ag| cosa + 2(\ — 1)|ag|sin o
an |an|
n—1
— |ap—1|(sina + cos @) + 2sinaz |laj]
=0

— plag|(cosa — sina + 1) + 2|ag| + 2|\ — 1\|ak|}.

n .
Theorem 2.2. Let P(z) = ) a;z’ be a polynomial of degree n with complex
j=0
coefficients such that for some integer k, 0 < k < n — 1, for some A > 1,
0 < p <1 and for some real o, 3,

’argaj_6’§a§ ) j:071727"'an7

T
2
|an| < fan—1| < -+ <agt1| < Aag]
and
Mag| > |ag—1] = --- > |a1| > plagl.
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Then the number zeros of P(z) in |2| < £, (¢ > 0,R > 0,c < R) is less than
or equal to

1 1
——log — R" ™ |a,|(sin o — cos o + 1) + 2\|ag| cos o + 2(\ — 1)|ag| sin a
loge = |aol
n—1
+ az laj| + 2|ag| — plao|(cos o — sina + 1)}, for R>1
j=0
and
1 1 . .
——log — ¢ |ag|+Rlay|(sina — cos o + 1) 42\ |ag| cos a+2(\ — 1)|ag| sin o
loge ™ [aol

n—1
+az laj| + |ag] — p|ao|(cos oo — sina + 1)}, for R<1.
j=0

Remark 2.3. Taking y = 1 in Theorem 2.1, we get Theorem 1.5.
Taking ¢ = %, 0<éd <1, R=1in Theorem 2,2, we get the following result:

n—1 .
Corollary 2.4. Let P(z) = ) a2’ be a polynomial of degree n with complex
j=0
coefficients such that for some integer k, 0 < k < n — 1, for some A > 1,
0 < u <1 and for some reals a, 53,

7T .
|argaj—ﬁ|§a§§, ]:0,1,2,"',7'L,

lan] < lan—1] < < |agy1] < N ag
and
Mag| > lag-1] > -+ > [a1] > plaol.

Then the number of zeros of P(z) in |z| < 0,0 < 6 < 1, is less than or equal
to
1 1 . .
— log — < |as|(sina — cos a + 1) + 2A[ag| cos o + 2(\ — 1)]ag| sin
logg |ao|

n—1
+ O‘Z laj| + |ao| — |ag|(cos v — sina + 1)}
j=0

Taking ¢ = 2 in Theorem 2.2, we get following result:
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n—1 )
Corollary 2.5. Let P(z) = ) a;z’ be a polynomial of degree n with complex
§=0
coefficients such that for some integer k, 0 < k < n — 1, for some A > 1,
0 < p <1 and for some reals a, S,
|(I7"gaj _6| <ac< gv j:071727"' , 1,
|an| < lan—1] < -+ < laggr| < Aagl
and
Aag| > lag—1] > -+ > |a1] > plaol.
Then the number of zeros of P(z) in |z| < %(R > 0) is less than or equal to

1 1
1 gR”H{\anl(sina —cosa+ 1) + 2\ ag| cosa + 2(A — 1)]ag|sin o

log 2 © lao|
n—1
+ 2SiIlOéZ aj\—|—2|a0]—u|a0|(cosa—sina+1)}, forR>1
j=0
and
1 1 . .
——log — < |ao|+ R|an|(sina — cos a + 1) +2X|ag| cos a+2(A — 1)|ag| sin
log 2 |aof{
n—1
+ 2sino¢2 laj| + |ao| — plag|(cos v — sinar + 1)}, for R<1.
j=0

Many other results can be obtained from Theorems 2.1 and 2.2 by taking
different values of parameters.
3. LEMMAS

For the proofs of the above results we need the following results:

Lemma 3.1. For any two complex numbers by, by such that |by| > |be| and
largb; — Bl < a < 5, j =1,2 for some reals a, 3, we have

|b1 — ba| < (]b1] — |b2]) cos a + (|b1] + |b2]) sin av.

Lemma 3.1 is due to Govil and Rahman [2].

Lemma 3.2. If f(z) is analytic in |z| < R, but not identically zero, f(0) # 0
and f(ap) =0, k=1,2,--- ,n, then

27
1 ; = R
or [ 1os1 (R 8] ~log | F(0)] = > tog
2 = |axl
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Lemma 3.2 is the famous Jensen’s Theorem(see page 208 of [7]).

Lemma 3.3. If f(z) is analytic,|f(z)] < M in |z| < R, f(0) # 0, then the

number of zeros of f(z) in |2| < £, ¢ > 1 does not exceed @log WNOI)\'

Lemma 3.3 is simple consequence of Lemma 3.2.

4. PROOFS OF THEOREMS

Proof of Theorem 2.1. Consider the polynomial
F(z)=(1-2)P(z)
= (1= 2)(anz" + an_12""t + -+ a1z + ag)
= —ap 2" 4 (ap — an1)2" + (an_1 — an_2)2" "L+ + (apy1 — ap) 2
+ - 4 (ag — a1)2® + (a1 — pao)z + (nao — ag)z + ag
= —a, 2" + (an — @pn_1)2" + (apn_1 — an_2)2" !
+ o+ (ape1 — Aag + Aag — ag)2FH
+ -+ (ag — a1)2® + (a1 — pao)z + (pag — ag)z + ap.

1
EE

For |z| > 1 so that
Lemma 3.1,

<1,j=1,2,..,n, we have by using the hypothesis and

|F(2)] > |anz"*! = (a5 — an-1)2"| — {|an_1 — an—a|z|" "+
+ ’akJrl — Aay + Aag — akHz‘k-&-l + ’ak — \ag + \aj, — akleZ”k

+ - |ag — aq]]22 + |ay — pao + pag — aol|z| + |ao|}

> Jane™ ! = (an — an_1)e"| - {|an1 I S
+ |ags+1 — /\akHzlkH + |Aay — aLkHzV€+1 + |ag — )\akHzlk
+ !Aak—ak1\!Z!k+---+\a2—alHZ\2+!al—uaoHZ\+\ﬂao—aoHZ!+!ao!}

|an—1 — an—2] lag+1 — Aag]
R

A —1lla 1—\Alla Aag — Q—
| ||1<:|+| Hk|+|k k1]

= |2"|anz + an—1 — an| — {

+ |2[n—F—1 |2k |2k o
n lag —a1| | |a1 — pao| | [p—1lag|  laol
e T N P N P
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> ’z‘n‘anz +an-1— an| - {‘an—l - an—2’ +---+ ‘akJrl - )\ak|
+ A = Ulap| + |1 = Allag| + [Aax — ap—1| + -

—H@—aﬂ+Mrﬂwd+W—Hmd+md}

> |z|"anz + ap—1 — an| — {(|an_2| — |an—1|) cosa

+ (lan—2| + |an—1]) sina + - - - 4 (|Aag| — |axr41]) cos o
|Aak| + |ag+1]) sina + (|Aag| — |ag—1]) cos a

|Aag| + |ag—1])sina + - - - 4 (Jaz| — |a1]) cos o

~ o~~~

+
+
+ (laz| + |a1|) sina + (|a1| — plag|) cos a
+

<mn+m%nwuwwl—mmo+ma+mA—umu}

= |z|"|anz + an—1 — an| — {2)\ak cosa + 2(A — 1)|ag| sin

n—1
— |an—1|(sina + cos ) + 2sinaz la;| — |ao]
j=1

— plag|(cos v — sina + 1) + 2|ag| + 2|A — 1|]ak}
>0,
if
|2|"|anz + an—1 — an|

> {2/\|ak] cosa + 2(A — 1)|ag|sina — |ap—1|(sin @ + cos @)

n—1
+2sina Y |aj| — |ao| — plaol(cos @ — sina + 1) + 2|ag| + 2|\ — 1||ak|}.
j=1

Thus F(z) does not vanish in

an—1
an,

’z+ —1'

1
> ||{2)\|ak| cosa + 2(A — 1)|ag|sina — |ap—1|(sina + cos @)
Gn

n—1
+ QSinaZ laj| — |aog] — plao|(cos v — sinar + 1) + 2|ag| + 2|A — 1|]ak]}.
j=1
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In other words, those zeros of F'(z) whose modulus is greater than 1 lie in

Gp—1
Qnp

’z+ —1'

1
< ||{2)\|ak| cosa + 2(A — 1)]ag| sina — |anp—1|(sin a + cos @)
(7%

n—1
+ QSinaZ laj| — |aog] — plao|(cos v — sina + 1) + 2|ag| + 2|A — 1|]ak]}.
j=1
Since those zeros of F'(z) whose modulus is less than or equal to 1 already
satisfy the above inequality, it follows that all the zeros of F(z) and hence
P(z) lie in
anp—1
an,

’z—i— —1‘

1
< H{?)\’ak’ cosa + 2(A — 1)|ag|sina — |ap—1|(sin o 4 cos a)
Qn

n—1
+2sina Y |aj| — |ao| — plaol(cos @ — sina + 1) + 2|ag| + 2|\ — 1||ak|}.
j=1
That completes the proof of Theorem 2.1. O

Proof of Theorem 2.2. Consider the polynomial
F(z) = (1= 2)P(2)
=(1—2)(an2" + an_12"" ' + ... + a1z + ap)
= —a, 2" (ay — an_1)2" + (an_1 — an_2)2" 1 + ...
+ (a1 —ag) 2+ L+ (ag—a1) 2%+ (a1 — pag) 2+ (pag—ag) z+ag
= —a, 2" + (an — an—1)z" + (an—1 — an_g)z"_l + ..
+ (ape1 — A + Aay —ag) 2+

+ (ag — 1)z + (a1 — pag)z + (pao — ao)z + ao.

For |z| < R, we have, by using the hypothesis and Lemma 3.1
IF(2)] < Jan|R" + {(lan| — |an-1]) cosa + (|an| + |an—1]) sina} R"
+ {(lan-1] = |an—2]) cosa + (Jan—1| + |an—2|) sina} " 4 - -
+ {(Jars1] — Mag|) cos @ + (|ag11| + Mag|) sina} RF
+ A = 1[ag| R+ (A = 1[ag|RY
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+ {(Nak| = |ak—1]) cos a + (N ag| + |ar—1]) sinoz}RlC + -
+ {(las| — |a1]) cosa + (|as| + |a1|) sina } R?

+ {(la1| = plao|) cos a + (Jar| + plao]) sin @} R? + |1 — pl|ag| R + |ag|.
This implies for R > 1 so that R < R**! for all j =0,1,2,...,n,

rf%z>\s<R"+1{\an\+-{aan_1|—|anw<chx+-0an_1w+\anwsnla}

+ {(Jan—2| = lan—1]) cos & + (lan—2| + |an—1]) sina} + - -
+ {(Nak| = |ars1]) cosa + (N ag| + |aps1]) sina} + |A = 1|]ay]
+{(

(

Mag| — lag—1]) cosa + (A|ag| + |ag—1|) sina} 4
+ {(Jaz| — |a1]) cosa + (|az| + |a1]) sin o}

+ {(lal = plao) cosaa-+ (fa + plansin ) + I = 1] + ol
= R”+1{|an|(sina —cosa+ 1) + 2Mag| cosa + 2(A — 1)|ag|sin «
n—1
+ QSinaZ laj| + 2|ag| — plao|(cosa — sina + 1)

=1 }
and for R < 1sothat R/ <R, forall j =1,2,...,n+1,

|F(z)| < R{\an\ + {(Jan—1| = |an|) cos a + (|an—1] + |an|) sin o}

+ {(|an_2| — |an—1|) cosa + (Jan—2| + |an_1|)sina} 4+ ..

+ {(Mak| = ags1]) cosa + (Nag| + |ag41]) sina} 4+ [X — 1f|ag|
+ {(Nag| = |ak—1]) cos o + (A|ag| + |ag—1|) sina} + - - -
+ {(|a2| — |ai]) cosa + (|az| + |a1]) sina}

+{(laa] = plao]) cosa + (lar| + plaol) sina} + | — 1Hao\} + |ao|

n—1

= |ag| + R{]an\(sina —cosa+ 1) + 2Mag| cosa + 2(A — 1)|ag|sin «

—i—QSinaZ laj| + |ao| — plag|(cos v — sinar + 1)}
j=1

Since F'(z) is analytic for |z|] < R, F(0)
that the number of zeros of F(z) in |z| <

I Il

ag # 0, it follows by Lemma 3.2
- (c>0,R>0,c < R) is less than
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or equal to

1
log R”+1{|an\(sina —cosa+ 1) + 2 ag| cosa + 2(A — 1)|ag|sin «

Toge 8 Tagl
n—1
+ az laj| + 2|ag| — plao|(cos o — sina + 1)}, for R>1
=0
and
1 1 . .
— log{|ao\ + Rlay|(sina — cos o + 1) + 2A|ag| cos o + 2(A — 1)]ag| sin
Toge 8 Tagl
n—1
+ az laj| + |ao| — plag|(cos v — sina + 1)}, for R <1.
=0

On the other hand, we have

22"t (an — an—1)2" + (@1 — an—2)2" " 4 -

=—a
+ (apgr — ap) 2" 4 4 (a9 — a1)2® + (a1 — pag)z + (pag — ag)z.
For |z| < R, we have by using the hypothesis and Lemma 3.1,

1G(2)] < |an|R" ™ + {(|an| — |an-1]) cos @ + (|an| + |an—1]) sina} R"
+ {(]an_1| — lan—2|) cosa + (|an—1| + |an—2|) sina}R"_l + ...
+ {(Jars1| — Mak|) cos o + (|ag41] + Alag]) sin oz}R/’H'1
+ |A = 1|ag| RFF 4 |\ — 1]|ag| RF
+ {(Nax| — |ag—1]) cos a + (Aag| + |ay_1]) sina} R* + ...
+ {(laz| — |a1]) cos @ + (|ag| + |a1|) sin o} R?
+ {(la1] — plao|) cos a + (Jar| + plao]) sina} R? + |1 — p|ao| R.

This implies for R > 1 so that R < R**! for all j =0,1,2,...,n,
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G(2)] < R”+1{|an| + {(lan—1] = lanl) cos o + (lan-1] + |an|) sin o}

+ {(|an—2| = lan-1]) cosa + (|an—2| + |an—1]) sina} + - - -

+ {(Max| = lag+1]) cos o+ (Nag| + |ags1]) sina} + [A — 1f]ax]
+ {(Nag| = |ak—1]) cos e + (A ag| + |ag—1|)sina} + - - -

+ {(Jaz| — |a1]) cos a + (|az| + |a1|) sin o}

+ {(lat] — plao]) cos @ + (lar] + lao]) sina} + | — 1||ao|}

= R"+1{|an|(sina —cosa+ 1) + 2X|ag| cos a + 2(A — 1)]ag|sina

n—1
+ 2sinaz laj| + |ao| — plag|(cos v — sin v + 1)}
j=1
=M

and for R < 1so that R < R, forall j =1,2,...n+1,
G2)l < R{|an| + {(Jon-1] — lanl) o5 + (Jan1] + lan]) sina}

+ {(|an—2| = lan-1]) cos a + (|an—2| + |an—1]) sina} + - - -

+ {(Mag| — [ags1]) cosa + (Aagl + lagsal) sinak + A — 1ja
+ {(Nag| — |ak-1]) cos o + (A ag| + |ak—1|) sina} + - -

+ {(Jaz| = |a1]) cosa + (Jaz| + |a1|) sina}

+ {(lar] = lao]) cos @ + (lar] + lao|) sina} + | - 1||ao|}

= R{|an\(sina —cosa+ 1) + 2Mag| cosa + 2(A — 1)|ag|sin «

n—1
+ QSinaZ laj| + |ao| — plag|(cos v — sina + 1)}
j=1
= M.
Since G(z) is analytic for |z| < R, G(0) = 0, it follows from Schwarz Lemma
that for |z] < R,
|G(2)] < M|z, for R>1

and
|G(2)] < Ms|z|, for R<1.
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Hence, for |z| < R, R > 1,
[F(2)] = |G(2) + ao|
> |ao| — |G(2)]
> |ao| — Mi|z|

|ao|

>0, if <
c i el <

and similarly for |z| < R, R <1,

. |aol
F f .
| (Z)’ > 07 1 |Z| < M2

This shows that F'(z) and hence P(z) has all its zeros in |z| > |§40| for R>1
1
and in |z| > |§/})| for R < 1. That completes the proof of Theorem 2.2. O
2
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