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Abstract. Mathematical model for the effect of antiretroviral therapy on the dynamics of
HIV-1 infection model with three distributed delays are proposed and analyzed. The effect
of time delay on stability of the equilibria of the system has been studied and sufficient
condition for local asymptotic stability infection free and chronic infected equilibrium. The
basic reproduction number of our model reveals that the basic reproduction number of
a model that neglects either cell-to-cell spread or virus-to-cell infection might be under

evaluated.

1. INTRODUCTION

Mathematical modeling of within host virus models has flourished over the
past few decades. These models have been used to describe the dynamics inside
the host of various infectious diseases such as HIV, HCV, HTLV, as well as the
flu or even the malaria parasite. However, recent studies have revealed that
a large number of viral particles can also be transformed from infected cells
to uninfected cell through the formation of virally induced structure termed
virological synapses [6]. Indeed, the direct cell to cell transmission of HIV-I
is found to be more potent and efficient means of virus propagation than the
virus to cell transmission mechanism. Cell to cell spread of HIV-I may educe
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the effectiveness of neutralizing antibodies and viral inhibitors. However, it is
unclear whether this mechanism of HIV-I viral spread is susceptible or resistant
to inhibition (by neutralizing antibodies) and to entry inhibition, causing some
controversy in this field of study [2, 10].

On the other hand, great attention has also been paid to the study of in
vitro cell to cell spread of virus since many features are easier to determine
experimentally in tissue cultures than in the blood stream. For example, HIV
is thought to be active in areas such as lymphnodes and the brain where cell
to cell spread would be much more important mode of infection than virus to
cell spread [3, 16]. Nowadays, a large number of deterministic models have
been developed to describe the immune system and its interaction with HIV
as well as the effects of drug therapy [11, 13].

Antiretroviral therapy slows the clinical progression of HIV infection at
the beginning of the therapy. However drug resistance due to viral mutation
typically occurs after some time and poses a challenging problem for long-
term treatments. Some studies have speculated that alternating between drug
regimens on a fixed schedule might forestall therapeutic failure. Early stages
of the virus evolution are assumed to be mutation free. During further stages,
the virus mutation can no longer be ignored. This is considered for instance
in [5] in which the mutation of the virus is modeled using switching systems,
which include 64 virus strains and three drug combinations. This issue remains
the topic of ongoing research. Motivated by the works [12], recently, many
authors discussed HIV-I virus dynamics for both virus to cell and cell to cell
transmissions models in [8, 18].

Here we consider x1(t), z2(t), x3(t) and x4(t) are the concentration of un-
infected target cells, infected cells that are producing virus, after protease
inhibitors are given, virus is classified as either infectious, x3 , i.e., not influ-
enced by the protease inhibitor, or as non-infectious, x4, due to the action of
the protease inhibitor which prevents virion maturation into infectious parti-
cles at time t, respectively. The infected cells may die or be cleared at rate
71, before become productively infected and thus after a time period of length
71, only a proportion e~ "7t survives. The infectious and non-infectious virion
cells may be die or be cleared at rate v» and ~3, before generating new virus
cells, and thus after a time period of length 75 and 73, only a proportion
e 7T 4 = 2,3 survives. The time for infected cells to become productively
infected may vary from individual to individual, and hence a distribution func-
tion fi(71) is introduced to account for such variance. Similarly for generation
of new virus cells may vary from individual to individual, and hence a dis-
tribution function f;(7;) i = 2,3. Note that 71, 7o and 73 are all integration
variables, withoutloss of generality they all will represented as 7. Now, we
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present the following DDE model for antiretroviral therapy for both virus to
cell and cell to cell transmission model is given by

Z1(t) = h—dri(t) — (1 —m)Brzr(t)zs(t) — (1 — n2)Baw1(t)z2(t),

£a(®) = [ A0 mBim(e = sl — 1)+ (1 - Bt = aalt — 7))
X7 Fy ()T — s (t),

da(t) = /O T = ng)bwa(t — P)e 2 fo(r)dr — caa(t),

Z4(t) = /000 n3bxa(t — 7)e” BT f3(T)dT — cxy(t), (1.1)

where 11 and 79 are the effectiveness of the RTT in preventing new infections
from virus to cell and cell to cell transmission mode. 73 is the efficacy of the
protease inhibitor. Thus, 11, 172, 73 = 1 corresponds to a completely effective
drug therapy while 11, 12, n3 = 0 represents a null therapy.

Table I:
Parameters description and Values
Parameter Description
h Rate at which new uninfected cells are generated
d death rate of uninfected cells
51 infection rate of free virus
5o infection rate of productively infected cells
11 death rate of infected cells
b Rate at which new virus cells are generated
c death rate of infected cells

2. PRELIMINARIES

In ref 7], we consider, for each o > 0, the Banach space of fading memory
type,
C = {¢ €C((—00,0],RY) : £ — ¢(£)er* is uniformly continuous on
(—OO, 0] and sSup ‘qs(g)‘epé < OO},
£<0

where p is a positive constant and endowed with the norm ||¢|| = sup |¢(¢)|e?’.
<0

The nonnegative cone of C is defined by Cy = C((—00,0],R%). For ¢ €
C, let ¢ € C as ¢(0) = o(t +60),0 € (—o00,0]. We consider solutions
z1(t), x2(t), x3(t), x4(t) of system (1.1) with initial conditions

(.1'1(0),.1'2(0),.%3(0),.%4(0)) S C+4 = C+ X C+ X C+ X C+. (2.1)
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i.e., initial functions taken from the natural positive cone of this phase space
given by Z := Cy x Cy x Cy x Cy, denote Z = Z°\JZy = Cy, Z° is open
and dense set in Z, where C; = {¢p € C: ¢(0) > 0 for 0 € (—o0,0]}. By the

standard theory and functional differential equations [7, 4], we can obtain the
existence of solutions for ¢t > 0. Let

(51' = / 6_'Yi7fi(7')d7', 1= 1, 2,3.
0

Theorem 2.1. Let z1(t), x2(t), z3(t), z4(t) be the solution of the system (1.1)
with initial conditions (2.1) are ultimately uniformly bounded for t > 0.

Proof. Note that from (1.1), we obtain

zi(t) = mmwﬁﬁgfhfW%wa:f{u—mWwﬂ@m@)
+(1 = m2) Baw1 (§)wa(§) } e 1 79dg,
m@:xQBW‘//{wmmmnM>
+(1 = m2) Ba1 (§)wa(§)} e M7 f(r)dre M1 70dg,
x3(t) = e~ + // (1 —n3)bf(r)e 2 dre= (=94,
24(t) = x3(0)e " + /0 /0 nabf(T)e 3 dre =8 dg. (2.2)
Using (2.1), we have z1(t) > 0, () > 0,

3(t
for all t > 0, our solution (z1(t),z2(t), z3(t), x
in C+4.

) >0, :C4()ZO,WZO. Hence
4(t)) € C.* with all parameters

To prove the boundedness, first by the positivity of solutions we have

£1(t) < h — day (1),

h
It follows that lim sup,_, ., < L implying that x1(t) is bounded.

Next we prove the boundedness of x2(t). To this end, we define
G(t) = / e N f(T)x(t — 7)dT + 22(8).
0
Since z1(t) is bounded and [° f(7)dr is convergent, the integral in G(t) is

well defined and differentiable with respect to t. Moreover, when taking the
time derivative of G(t), the order of the differentiable and integration can be
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switched. Thus, we have

Gt) = h/ooo ve(T)dr—d/Ooo e N f(T)zy(t — T)dr
- [ = B = Dasle = )+ (L= )P (¢ Phale 7))
< fir+ [0 m)Ban(e - (e - 1)

+(1 = m2)Box1(t — T)x2(t — )} 7 f(T)dT — p1z2(2)
= h/o e M7 f(r)dr — d/o e N f(m)x1(t — 7)dT — pyxa(t),

< hé; —mG(t),
where
0; = / e T f(r)dr, i=1,2,3, m=min{d,u1} > 0.
0
Therefore, limsup,_, . G(t) < @, implying that limsup,_, . z2(t) < @ So,
m

m
xo(t) is bounded. Then from the third and fourth equation of system (1.1),
we have

E5(t) +da(t) < b /0 T (1 m)aa(t — T)e T F(P)dr — clas(t) + za(t)),

< PO o(ay(t) + malt),

where
Y=+, X=x3+24.

bhd bhd
Thus, limsup,_, ., X(t) < —L which implies that lim sup;_, o, 23(t) < -
cm cm
bho
and limsup,_, . z4(t) < —L Therefore z; (t), z2(t), x3(t) and x4(t) are ulti-

mately uniformly bounded. (]

Remark 2.2. Theorem 2.1 implies that omega limit set of system (1.1) are
contained in the following bounded feasible region:

Ao {“1“)’””2“)’x3<t>7x4<t>> e CL (]l < a3, laa0)]] < 2%,
lea)l < 2ot hea(o) < 2t |

It can be verified that the region A is positively invariant with respect to the
system (1.1) and the system is well posed.
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System (1.1) has an infection free equilibrium Iy = (z9,0,0,0), where

2y = v We define the basic reproduction number as follows:

Ry = Roi+ R
(1 —m)B1aY61(1 — n3)bda n (1 — m2)Baz06;
Hnic H1

which represents the average number of secondary infections. In fact,

1-— 961(1 — n3)b.6
( m)hion (1 = n)b-0, is the average number of secondary viruses caused
1

I
by a virus, that is the basic reproduction number corresponding to virus to cell
(1 —n2)Ba(d

transmission mode, while is the average number of secondary

M1
infected cells caused by an infected cell, that is the basic reproduction number
corresponding to cell to cell transmission mode.

3. LOCAL STABILITY OF EQUILIBRIA

System (1.1) has the infection-free equilibrium Iy = (h/d,0,0,0). In order
to determine the stability of Iy, we consider the linearization (1.1) at I:

B(t) = ()~ (1= m)Brys(t) — (1 =)o (1)
Yo(t) = /000 {(1 - 771)51%93(75 -7)+ (- Uz)ﬁzgyz(t - T)} e T f(r)dr
—H1Y2

i) = [0 mlbalt — e ()~ can
ya(t) = /OOO N3bya(t — 7)e” BT f(T)dT — cyy. (3.1)

The characteristic equation of the above system (3.1) is given by

—d- (- 0wk o
h h
0 —m+A-m)byar(d) =A A-m)fizea(r) 0 _ 0
0 (1 —n3)baa(N) —c— A 0
0 ?’]3[)0[3()\) 0 —c—A
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where

ai()\):/ e iFNT () i =1,2,3.

0

We obtain from the above the determinant the above system (3.1) has an
eigenvalue A = —d, —c, and other eigenvalues are determined by

PRED) <c+ pup — (1 — nQ)ﬁQZoq()\)> +uc(l—=Ry) = 0. (3.2)

Theorem 3.1. The infection free steady state of model (3.1) is locally asymp-
totically stable when Ry < 1 and unstable when Ry > 1.

Proof. We have to prove the local stability of model (3.1), when Ry < 1. The
characteristic equation (3.2) at the infected free steady state can be rewritten
as,

O+ )0+ )
= A+ Bl = ) gea) + (1= m)Br Ger ()1 = m)bas(N).
After simplification we get

(A+¢) </;\1+1>

. al()\)Roz O[l(A)ROQ 061(/\)042()\)R01
_RO< 01 R >\C< 01 Ro * 0102 R '

(3.3)

We first consider the case Ry < 1. We show that if A = = 4 iy is a solutions
of (3.3), then > 0. Otherwise > 0 would imply that

(A +0)] > ‘ (al(/\)RO?/\ +e (O‘l()‘)ROQ + al(A)aQ(A)RM))

)

61R0 51R0 (51(52R0

‘<A+1>‘21, alw‘gl, ag(A)’gL
M1 (51 52
and thus
A a1(A)Roz2 (al (N Ro2 al()\)ag()\)R()l)) ’
Adco)| —=+1)| >Ry | ——=—X+c + ,
( ) <:“1 )‘ ’ 0 < 01 Ro 01Ro 6192 Ry

which is a contradiction to (3.3). Therefore all roots of (3.3) have negative
real parts and hence the infection free steady state of the model (3.1) is locally
asymptotically stable when Ry < 1.
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For the case of Ry > 1, then we obtain,

P = (A+e) <A + 1)

M1

041()\>R02 a1 ()\)R()Q a1 ()\)OéQ()\)Rol
— T . (3.4
By ( 01 R Ate ( 01 R * 0102 R (3:4)

Thus, (0) = ¢(1 — Ry) < 0. On the other hand, noticing that

ai()\):/o ew“)Tf(T)drg/O f(rydr =1, i=1,2,3.

Thus,
A R <Roz R )>
A) > Mo —+1)|—-Ry| —=A+c + , (3.5
v ( )<M1 ) O<5lRo 01Ry  0102Rg (3:5)

the above inequality (3.5) leads to ¥(A) — oo, as A — oo. Now, obtain
form the equation (3.3), which it has atleast one positive root, therefore the
infection free equilibrium I is unstable if Ry > 1. O

Theorem 3.2. If Ry > 1, then the system (1.1) has a chronic equilibrium
I*(x7, x5, %, ) (t.e., ] >0, 5 >0, 23 > 0, z} > 0) where x}, x5, x5 and x}
are given in the proof.

Proof. If Ry > 1, then the system (1.1) becomes as follows:
h —day — (1 —m)fiziz; — (1 = n2)Baxizy =0,
(1= m)B12325 + (1 — 1) a}a — g = 0,
(1 —n3)bxy — cx3 =0,

n3bxy — cx) = 0. (3.6)
From the above system (3.6), we easily get
R
1 — dR()’
dc
x5 = Ry—1),
? (1 =m)B1(1 =m3)b+ (1 - 772)52( o= 1)
* (1 —173)() *
T3 = c Lo,
b
o = B2 (3.7)
c
O

Theorem 3.3. If Ry > 1, then the system (1.1) has a chronic infection equi-
librium I*(xf, x5, x5, x}) given by (3.7), which is locally asymptotically stable.
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Proof. Now, we have to ascertain the stability of I*(x7, 23, 23, z}) for the sys-
tem (1.1) at I*

yi(t) = —dyi(t) — (1 —m)Bixiys(t) — (L —m)Brzzyi(t)
—(1 = m2)Ba3y1(t) — (1 — n2) Baxiya(t),
ht) = /0 {(1 = m)Buaiys(t —7) + (1 — ) Braiyn (¢ — 7)

+(1 = n2)Bewyyr(t — 7) + (1 — m2) Baxiy2(t — 7)}e” "7 f(7)dT
—py2(t),

B0 = [0 w1 )i - (o)
50 = [ mbete =)y~ o) (3.

The determinant of the above linear system (3.8) is given by,

(d+(1—m)fras+

(1= 12) Bah) + A (1 —12)Bazy 1—n)Bai 0
—ar ()1 —m)Bizg  —ea (V)1 —m)Bars+ ,
j_(l - 772)ﬂ21x§)1 ’ ' 1 —|—)\2 2 _61(1 - 771)61131 0
0 —az(A)b(1 — n3) c4A 0
0 —ag(N)bn3 0 A

= 0.

Noticing that d + (1 — m)S1z5 + (1 — n2)faxs = dRp, we have

A+ dRy (L=m2)fozy  (I—m)Brizy 0
) art(N) (X +d) A+ 0 0
T\ = S
0 —a2(A)b(1 —n3) A+c 0
0 0 c+ A Atc

or

(A+dRo) {(A+p1)A+c)(A+c) } = (1=n2) faziaan (M) (A + d) (A + ¢) (A + ¢)
—(1 =m)Brzt {ar (M) (A + d)aa(M\)b(1 —n3)(A + ¢)} = 0.
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Thus, one of the eigenvalue of the chronic infection steady state is A = —c,
then the remaining eigenvalues are calculated as follows:
(A+dRo) {(A+p1)(A+0)} = (1 —m)fariar(N)(A+d)(A+¢)

+(1 = m)Brz1on (M) (A + d)az(A)b(1 — n3)

= (A d)ar(N) <W/\ + %110 (R02+R01)>

= A+ d)al()\)%()\Roz + cRy)
1

i.€.,

(A+dRo){<:1+1> (A+c)} - ()\+d)a16(1>\>R0 </\};§02+c>.(3.9)

Assume \ = z + iy is a solution of (3.9), we show that x < 0 is Ry > 1.
Otherwise z > 0 would imply,

R
Ro + c’ ;

<1.

A+ dRo| > |\ +d;

A
—1—1‘21; ]/\+c\>’/\
M1

a1 (M)
01
Thus,

>

‘(A+dRo) (:1+1> (A +c) (A+d)a15(1)‘) (/\RROOQ-FC)’.

This leads to contradiction to (3.9). Therefore if Ry > 1, then all the roots of
(3.9) have negative real parts, implying that the chronic infection equilibrium
I* (a7, x5, x5, 1) is locally asymptotically stable. O

Summarizing the above analysis, we’ve the following theorem.

Theorem 3.4.
(i) The infection free steady state Io(z9,0,0,0) is Locally asymptotically
stable for all 7 > 0, when Ry < 1.
(ii) The chronic infection steady state I*(z7, x5, x5, x}) is Locally asymp-
totically stable for all T > 0, when Ry > 1.

4. PERSISTENCE OF INFECTION

In this section, we will show that the model (1.1) is persistent when Ry > 1.
The methods and techniques, we are using have seen recently employed in
[9] Theorem 2, [14] Theorem 6.1, [17] Theorem 3.1 for distributed and infinite
delay systems and in [15] for a discrete delay system. To proceed, we introduce
the following notation and terminology. Let S(t) be the solution semiflow of
model (1.1) with initial conditions (2.1). Then, we shall make use of the
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following theorem on the semiflow S(¢) on Z, which does not require S(¢) to
be compact.

Theorem 4.1. Suppose we have the following:

(i) Z° is an open and dense set in X with Z°U Zy = Z and Z°N Zy = O;
S(t) satisfies S(t)Z° C Z° and S(t)Zy C Zy for t > 0;
S

where Ay, is the global attractor of S(t) restricted to Zy;

(vii) For each Q; € Q,W*(Q:)NZ° = @, where W* refers to the stable set.
Then S(t) is uniformly persistent; i.e., there is a o > 0 such that for
any z € Z°,

liminf d(S(t)x, Zo) > o.

t—o00

Applying the above theorem, we can prove the following persistence result
for the system (1.1).

Theorem 4.2. For system (1.1), if Ry > 1, then the solution semiflow S(t)
is uniformly persistent; i.e., there is a o > 0 such that for any z € Z9,

hggg)lf z1(t) > o, hggégf xo(t) > o, hggéglf x3(t) > o and htIgg)lf x4(t) > 0.

Proof. Let Z° be as in (2.1) and
Zo ={¢ = (¢1, P2, P3,04) € X : ¢2(0) = ¢3(0) = ¢4(0) =0, V6 € (—00,0]}.

As based on the above Theorem 4.1, the conditions (i) and (ii) are obvious. It
has to be confirmed in Section 2. Now, we have to prove (iii), i.e., the solutions
of the system (1.1) with initial conditions (2.1) are ultimately bounded. By

liminf; o0 21(t) < ot we know that there exists an n; > 0 such that x(t) <

h
p + 1 for all ¢ > ny. Let n; be the maximum of x;(¢) on [0,n1]. Then for any
0 <t <nq, we have

1) = sup [z1(0)]e®” = sup |z1(0)]e e
—00<6<0 —oo<r<s
< maX{nghHeAt,nleAte*At}
< max {[|¢1][,n1}

and for ¢ > rq, we obtain

h
< max{||¢1|eAt,nleA”e_At, p + 1} .
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Thus there is an ro > r; such that

A h
H¢1||€At < d—l—l—l and eA”e_Atga—i—l for t>nry

and therefore

h
|lz1(t)]| < E—i—l =z for t>ro. (4.1)
h bhd
Similarly lim sup,_, ., x2(t) < L and  limsup, . 23(t) < ciml and
limsup,;_, . z4(t) < bhél. We know that there exist 73 > 0 and 74 > 0 such
cm
that
hé
22 ()] < ﬁl +1i=mgy for t>rs, (4.2)
bho
lzs(t)]| < —— +1:= a3y for t>ry, (4.3)
cm
bhd
lzs@)]| € =2 +1:=a4py for t>rs. (4.4)
cm

Thus, the solution (x1(t), x2(t), z3(t), x4(t)) are ultimately bounded. i.e., S(t)
is point dissipative in Z. Hence the condition (iii) proved.

Noticing that the above four bounds in (4.1), (4.2), (4.3) and (4.4) are all
independent of initial functions, conditions (iv) is verified.

Next we verify the condition (v), S(t) is asymptotically smooth; that is for
any bounded subset N of Z, for which S(t)N C N, for ¢t > 0, there exists a
compact set P such that d(S(t)N,P) — 0 as t — co. Let N be an arbitrarily
given bounded set in X, and let (x1, x2, 3, 4) be the segment of solution with
initial condition (¢1, @2, P3, Ps) € N. Set

Py = {¢ eCh: SUP¢1(9)€%9 < 37173} ,

0<0

VAN
Py = {¢ €C :supga(f)ez b < 37273} ,

0<0
0<0

VAN
P3 = {¢ €C" :supgs(f)ez 6 < 903?} ;

0<0

YAN
Py = {¢ €Ct :suppy(f)ez 0 < 9647?}
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and let P = Py x P2 x Py x Py. It follows from Lemma 3.2 in [1] that
P is compact in Z. Then, by using exactly the same argument in proving
lim¢ o0 d(E¢, M) = 0 in the proof of Theorem 6.1 in [14], we conclude that

tliglo d(xl,P1) = O’tl—iglo d(xQ,PQ) = O’tl—iglo d(a??,,'Pg) = O,tliglo d(x4,734) =0.

For condition (vi), it is obvious that N = {Ip}, and it is isolated, where
Iy = (h/d,0,0,0). Thus the covering @ = {Iy}, which is acyclic because there
is no orbit connecting I to itself in Zj.

Finally we verify condition (vii), to show W*(Iy) N Z° = @. We as-
sume the contrary, that is there exists a solution (z1,2,z3,24) € Z° such

h
that limy_eo z1(2) < L limy_, o0 z2(t) = 0; limy o0 23(t) = 0 and

limy_,o0 24(t) = 0. Note that Ry > 1 is equivalent to

(1 —n1)B12951 (1 — n3)bdapic + (1 — na)cBoxd1 1 /000 e N7 f(r)dT > pye.
Choose €1 > 0 be sufficiently small such that
<Z - 61> ((1 —n1)B161(1 = n3)bdapu1c 4 (1 — 12)cfad1 1 /000 QVITf(T)dT>
> pic.
For this €1, there exists 7 > 0 such that x;(¢) > g —¢€¢ forall t>T.
Truncating the above integral, there is another 7 > 0 such that
(’; - el> <<1 — BB (L= e + (1= m)esadun [ ve(r)clT)
> pic. (4.5)
Let 79 =7 + 7. Then, for t > 75, we have
£at) > [ {0 = m)ma (e = st =)
+(1 —m2)Boz1(t — T)xo(t — 1)} e M7 f(7)dT — p122(1),
= /t tT {1 =m)Braa(Qrs(Q) + (1= m)Bam1 (Qwa(O)} e f(t = ()
~ )
- (Z B 61) /tt {(1 = m)Bras(Q) + (1 — n2)Bawa(Q)} e ) f(t — ¢)d¢

-7

— p1za(t)
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- <Z - 61> /071 {@=m)Brizs(t — 1) + (L —m2)Baxa(t — 1)} e "7 f(7)dr

— H1T2 (t)
This suggests that the following comparison system for (z2(t), x3(t), z4(t)):

i) = (§-a) [T 10wt -0+ 0= m)sam (e - 1)
e M f(r)dT — pina(2),

nig(t) = /071(1 —n3)bni(t — 1)e” 27 f(1)dT — cna,

ns(t) = /OT1 n3bnyi(t —1)e” 37 f(1)dT — cna. (4.6)

for ¢ > 19. Noticing that this is a monotone system and hence by the com-
parison theorem and the equations lim; ,o z2(t) = 0,limy_o 23(t) = 0 and
lim¢ o0 z4(t) = 0, one should have lim; o0 (z2(t), 23(¢), z4(t)) = (0,0,0). On
the other hand, the above system (4.6) are in the same forms of the system

h
(3.1), except the upper limit co in the integral is replaced by 71 and the 7

h
is perturbed to — — €. Repeating the same argument for proving instability

of Iy in Theorem 3.1 and replacing the condition Ry > 1 by (4.5), we con-
clude that the characteristic equation of (4.6) has a positive real eigenvalue,
which is a contradiction to limy_o(x2(t), 23(t), 24(t)) = (0,0,0). Thus, we
have W*(Iy) () Z° = @. confirming the condition (vii).

Now, by Theorem 4.1, there exist o1 > 0 such that lim inf; o d(S(¢)¢, Zo) >
o1 for every ¢ € Z°, implying that xo(t), z3(t) and x4(t) components of the
solution with initial function ¢ € Z° satisfy

lig(i)gf |z2(t)|| > o1, ligiogf |zs(t)|]| > o1 and litrgcigf |za(t)]| > o1.
By estimates similar to those in the proof of Theorem 2.1, we obtain

liminf zo(t) > o1, liminf z3(t) > 01 and liminfx4(t) > o;.
t—o0 t—o0 t—o0

It remains to show that the persistence of z1(t). From (4.1) and (4.2), we have
Z1(t) > h—(d+ (1 —m)bixs+ (1 —n2)Paxe) x1(t) for t > rg.
Where rg = max{rs,r4,75}. This means that whenever
x21(t) <oy :=h/(d+ (1 —m)Bixzs + (1 — n2)B2x2)

with ¢ > rg, 21(t) will be increasing which implies that liminf; o 1 (t) >
09/2, taking o = min{oy, 02/2}. Hence the proof. O
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5. CONCLUSION

Mathematical analysis of HIV-1 viral dynamics and immune responses has
led to a number of important insights about the dynamics and pathogenesis of
HIV infection. Modeling plasma virus decay under therapy demonstrated the
fast turnover of virus, explaining the potential for generation of mutants and
the development of drug resistance Our article is focused on antiretroviral ther-
apy for both virus to cell and cell to cell transmission mode. HIV-I infection
can be very effectively a combination of drugs that block various steps in the
HIV-1 lifecycle such as the ability of the virus to reversely transcribe its RNA
genome to DNA (RT inhibitor), integrate DNA into the cell genome, or make
viable new virions by the cleavage of viral protein precursors (protease in-
hibitor). However, these antiretroviral therapies cannot completely eliminate
HIV-1 infection, and the infection can re-establish itself within weeks after
therapy interruption in virus to cell transmission mode. But our proposed
model overcomes all the difficulties from the virus to cell infection mode.
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