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Abstract. In this paper we consider a class of semilinear uncertain dynamic systems on
Banach spaces subject to dynamic and additive uncertainty without any probabilistic struc-
ture. The problem is to find a control law that minimizes the maximum risk. We present
two distinct results on the existence of optimal controls in the presence of system uncertainty
and additive unstructured disturbance. The first result is concerned with the question of
existence of optimal controls from the class of general vector measures, and the second re-
sult is concerned with the question of existence of optimal policies from the class of purely

impulsive controls.

1. INTRODUCTION

In this paper we consider optimal control problems in the presence of un-
certainty in the system dynamics and additive perturbation without assuming
any particular probabilistic structure. The problem is formulated as min-max
problem minimizing the maximum loss or equivalently maximizing minimum
payoff. These problems are substantially more difficult compared to the prob-
lems of optimal control of deterministic finite or infinite dimensional systems
[13,16,19]. In recent years substantial interest in impulse driven systems has
been noted. In particular, important and interesting applications in physics,
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engineering, biology and medicine [17,21,22,24,25,26] have been recorded. Im-
pulse driven systems are particular cases of measure driven systems, particu-
larly measures taking values in Banach spaces. In this area substantial progress
has been made as seen in the work of the author [2]-[14] including the refer-
ences therein. Most of the systems in this series of papers are governed by
semilinear evolution equations with the principal operator being the infinites-
imal generator of Cp-semigroups except the reference [8]. In [8] the principal
operator is nonlinear, monotone, hemicontinuous, and driven by signed mea-
sure. In most of these cases, the system is infinite dimensional offering the
possibility of further applications in distributed parameter systems (for ex-
ample, systems governed by partial differential equations) arising in physical
and biological sciences. Here in this paper we consider optimal control by
use of vector measures as well as Dirac measures which include the impulse
controls as special cases. We present a unified approach not only for control
of deterministic systems but also for uncertain systems. This is very impor-
tant because most of the systems used in physical and biological sciences are
incomplete in the sense that the values of the fundamental parameters deter-
mining the system are very often only the best estimates thereby introducing
uncertainty. Further, there are unknown external forces perturbing the sys-
tems. These are systems [1] subject to bounded parametric uncertainty as well
as unstructured external forces and therefore do not fall into the class of sto-
chastic differential equations driven by Brownian motion or Poisson random
measures. It is expected that more theoretical development will be inspired
by applications.

The rest of the paper is organized as follows. In section 2, we present some
typical notations. In section 3, we present the mathematical model describing
the system including the uncertainties and formulate the problem considered
in the paper. After introducing the basic assumptions the question of exis-
tence of solutions and their regularity properties are presented. In section
4, we present results on continuous dependence of solutions on the opera-
tors representing perturbation of the semigroup (generator), and the process
representing additive noise. In section 5, these results are used to prove the
existence of optimal control policies from the class of vector measures. In
section 6, purely impulsive controls are considered and existence of optimal
policies are proved.

2. SOME NOTATIONS

Let {X,Y,U} denote a triple of real separable Banach spaces represent-
ing the state space, the space of additive uncertainty, and the control space
respectively. Let I = [0,7] denote any closed bounded interval. For any sep-
arable reflexive Banach space Z, we let Li(I, Z) denote the space of Bochner
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integrable functions with values in Z, and its dual by Lo (I, Z*). Let Z1, Z,
be any pair of real Banach spaces and £(Z7, Z2) the Banach space of bounded
linear operators from Z; to Zs.

In any Banach space Z, and for any s > 0, let Bs(Z) denote the closed ball
of radius s > 0 centered at the origin. Let By (I, £(Z1,Z2)) denote the space
of operator valued functions which are measurable in the uniform operator
topology and uniformly bounded on the interval I in the sense that

sup{[| T'(t) || c(z,25),t € I} < 00

for T € B (I, L(Z1,Z53)). Suppose this is furnished with the topology of strong
convergence (convergence in the strong operator topology) uniformly on I in
the sense that, given T,,,T € By (I, L(Z1,7Z2)), T, — T in this topology iff
for every z € Zy,

sup{|Tn(t)z — T(t)z|z,,t €I} — 0

as n — oo. In particular, for any normed space Z, B (I, Z) denotes the class
of bounded measurable functions defined on I and taking values from Z.

3. SYSTEM WITH UNCERTAINTIES AND PROBLEM FORMULATION

Let X,Y,U be real Banach spaces with topological duals denoted by {X*,
Y*,U*}. The space X denotes the state space where z takes its values from,
Y is the space where additive noise (uncertainty) £ takes its values from, and
U is the space where the controls u take their values from. The system is
governed by the following semi-linear evolution equation in the Banach space
X,

dx = Azdt + R(t)xdt + F(t,z(t))dt + G(t)&(t)dt + B(t)u(dt),
z(0) =x9, te I =1[0,T], T < o0, (3.1)

where A is the infinitesimal generator of a Cy-semigroup S(t),¢ > 0, of bounded
linear operators on X. The operator valued process R, perturbing the semi-
group generator A, takes values from the Banach space £(X) of bounded linear
operators in X.

This represents the uncertainty in the system dynamics (modeling uncer-
tainty), in the sense that the exact value of R at any given time is not known,
but it is known that it takes values from a bounded set in £(X), for example,
the closed ball B,(L(X)) of radius v > 0 around the origin. We denote this
class of operator valued functions by V, = B (I, By(L(X))).

The function F' : I x X — X represents nonlinearity in the system. For
most practical situations, it is reasonable to assume that the disturbance pro-
cess {{} is bounded. So without any loss of generality we may assume that the
process {£} is strongly measurable taking values from the closed ball Bs(Y") of
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radius § > 0 and centered at the origin. We denote this class of disturbance
processes by Ds = Boo(I, B5(Y')). The operator G € Lo (I, L(Y, X)), the space
of essentially bounded uniformly measurable operator valued functions while
the operator B € B (I, L(U, X)), the space of bounded uniformly measurable
operator valued functions.

Let X1 denote the sigma algebra of Borel subsets of the set I and M4, (27, U)
the space of countably additive bounded (in total variation norm) U valued
vector measures. For any pu € Mg, (27, U), its total variation norm is given
by

I o= sup > (o),
T gen
where 7 denotes any finite disjoint measurable partition of the interval I =
[0,7] and the supremum is taken over all such partitions. Furnished with the
total variation norm, M., (X7, U) is a Banach space. We denote the admis-
sible controls by Uyg C Meapy(21,U). Exact choice of the set of admissible
controls is specified later.
The performance of the system over the time horizon I = [0, T] is measured
by the following functional (called cost functional)

J(u,R, &) = /E(t,:v(t))dt +&(x(T)) + ¥(u) = J(u, R, &) + U(u), (3.2)
I
where the first term represents the running cost, the second term gives the
terminal cost and the last term given by W(u) represents the cost of control.
In general ¢ is a Borel measurable map from I x X to R and continuous in
the second argument; ® : X — R is continuous and ¥ : M4, (X7, U) —
Ry = [0,00]. The cost functional depends on control u and the dynamic un-
certainty R and the additive noise (uncertainty) £ in force during the period
I. Our objective is to find a control v € U,q that minimizes the maximum
risk (maximum possible cost). This problem can be formulated as min-max
problem:
inf sup  J(u, R, ).
u€lad (R,£)eV, x Dy

Given this pessimistic view, an element u® € U,q is said to be optimal if and
only if

Jo(u®) = sup  J(u’, R, ¢§)
(R£)EVy xDs
< sup J(u, R, &) = Jo(u), YVu € Uyg. (3.3)
(R,E)EV’\/X'DL;

BASIC ASSUMPTIONS: To consider the above problem, we introduce the
following basic assumptions:
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(A1) The Banach spaces {X,Y} are reflexive and U is any real Banach
space.

(A2) The operator A is the infinitesimal generator of a Cp-semigroup of
compact operators S(t),t > 0, on X satisfying sup{|| S(t) [|z(x),t €
I} =M € [1,).

(A3) The operator valued process R perturbing the semigroup is any uni-
formly measurable operator valued function defined on I and taking
values from the closed ball B,(L£(X)) of radius v > 0. This repre-
sents uncertainty in the system model and it is denoted by V., =
By (I, B,(L(X))).

(A4) The nonlinear operator F' is a Borel measurable map from I x X
to X and uniformly Lipschitz in the second argument with Lipschitz
constant K.

(A5) The disturbance (noise) process £ : I — Y/, is any strongly measurable
function taking values from the closed ball Bs(Y') of radius § > 0.
We denote this family by Ds = Bso(I, Bs(Y)). This represents the
uncertainty without any probabilistic structure.

(A6) G € Loo(I,L(Y, X)) and B € Boo(I,L(U, X)) NC(I,L(U, X)) where
C(I,L(U, X)) denotes the Banach space of bounded and strongly con-
tinuous operator valued functions.

It is important to mention that we do not assume any probabilistic structure
for the uncertainties {R,¢}. They are simply bounded strongly measurable
process.

Before we conclude this section we present the following result on the exis-
tence and regularity of solutions of the system (3.1). This is used later in the
paper.

Lemma 3.1. Consider the uncertain system given by (3.1) over any finite
time horizon I = [0,T], and suppose the assumptions (A1)-(A6) hold. Then,
for every initial state x(0) = xg € X, and any control u € Uyq and disturbance

(R,€) € Vy x Ds, the system (3.1) has a unique mild solution x € Boo(I,X).
Further, the solution set

X = {:E(u,R,E)(-) € Boo(I,X):u€Uyg, RV, € € D5}

is a bounded subset of Boo (I, X).

Proof. By definition, the mild solution of the system (3.1) is given by the
solution of the following integral equation
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z(t) = S(t)xo —i—/o S(t—r)R(r)x(r)dr—i—/o S(t—r)F(r,z(r))dr

+ /0 S(t— PG (r)E(r)dr + /0 S(t — ) B(r)u(dr) (3.4)

on the Banach space X. Define the integral operator F as follows,
t ¢
(Fz)(t) = S(t)xo +/ S(t —r)R(r)x(r)dr +/ S(t—r)F(r,z(r))dr
0 0

—i—/o S(t—r)G(r)f(r)dr—i—/O S(t —r)B(r)u(dr), t € 1.(3.5)

Clearly it suffices to verify that F has a fixed point. Since R € V, C
Boo(I,L(X)), and u € U,y and £ € Dy are given, it is easy to verify that
F maps Boo(I,X) into itself and that for each n € N (the set of positive
integers), the n-th iterate of the operator F satisfies the following inequality

172 = Fy o)< o | 2 =y B x) &0

where ay, = (M(y + K)T')"/n!l. Clearly for sufficiently large n, oy, < 1 and
therefore the corresponding iterate F" is a contraction and by Banach fixed
point theorem it has a unique fixed point, say, z* € By (I,X). It follows
from this that z* is also a unique fixed point of the operator F itself. Hence
follows existence as well as uniqueness of solution for the integral equation
(3.4) and therefore, the existence and uniqueness of a mild solution for the
evolution equation (3.1). That the set X is bounded follows from Gronwall
lemma applied to the following inequality,

t
2(t)|x < C1 + 02/ () xdr, el
0
where Cy = M (v + K) and

C1 =M (Jxo|x+0 || Gl r,evix) + || Bllper,cw,x)) sup{ll v llv, u € Uaal}),

with || u ||, denoting the total variation norm as defined above. Since U,q is a
bounded subset of M qp, (X7, U) it is clear that C; < oo. This completes the
brief outline of the proof. O

4. CONTINUOUS DEPENDENCE OF SOLUTIONS

For proof of existence of optimal controls we need continuity of solutions
with respect to the triple {u, R, £} € Uyq x V. x Djs. Since continuity is crucially
dependent on the topology of both the domain and the target spaces, it is nec-
essary to specify the admissible topologies. For the target space Boo (I, X), we
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have already the natural sup-norm topology. So we must specify the topologies
on the domain spaces

uad - Mcabv(zla U),
Vy = Boo(I, By(L(X))) C Boo(I, £(X))
and Ds = Boo(I, B5(Y)) C Boo(I,Y).

(A7) (Admissible Controls U,q) Let C(I,U*), furnished with the standard
sup norm topology, denote the Banach space of continuous functions
on I with values in the Banach space U*, the topological dual of U. Let
M apy (X1, U) denote the space of countably additive U valued vector
measures having bounded total variation. Furnished with the total
variation norm it is a Banach space. It is clear that the embedding

C(I, U*) — (Mcabv(217 U))*

is continuous but not surjective. We assume that M 44, (X7, U) is
equipped with the weak topology 7, and that the admissible controls
Ugq is a weakly sequentially compact subset of M qp, (21, U).

The necessary and sufficient conditions for weak compactness is given by
the celebrated Bartle-Dunford-Schwartz theorem [Diestel and Uhl.Jr. 18, The-
orem 5, pl05]. For convenience of the reader we present this below.

Theorem 4.1. (Bartle-Dunford-Schwartz) Suppose both the Banach spaces
{U,U*} satisfy Radon-Nikodym property (RNP). Then a set My C Meapy (X1, U)
1s weakly conditionally compact if and if the following three conditions hold:

(cl) My is bounded,

(c2) there exists v € M},
with respect to u € Mpy.

(c3) for each o € ¥y, the set My(o) = {u(o),u € My} is a conditionally

weakly compact subset of U.

(X1) such that lim, o) [u|(o) = 0 uniformly

Now we can characterize the system uncertainty which consists of model uncer-
tainty and uncertainty due to additive noise without satisfying any probabilistic
structure.

(A8) (System Uncertainty V) We consider the set V, representing uncer-
tainty in the system model. Since X is a reflexive Banach space, it
is well known that the closed ball B,(£(X)) is compact with respect
to the weak operator topology 7y,. Using this fact we may now equip
Vy = Boo(I, By(L£(X))) with the Tychonoff product topology and de-
note this by 774, With respect to this topology V, is a compact
Hausdorff space.
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(A9) (Additive Uncertainty Ds) We consider the set D5 = By (I, Bs(Y))
with Bs(Y) denoting the closed ball of radius § > 0 (centered at the
origin) representing the measurement uncertainty. Reflexivity of Y
implies that Bs(Y') is weakly compact. The set Ds is endowed with
the Tychonoff product topology 7r,. With respect to this topology
Ds is a compact Hausdorff space.

Now we are prepared to consider the question of continuity. This is given
in the following theorem.

Theorem 4.2. Consider the system (3.1) and suppose the assumptions (AT)-
(A9) and those of Lemma 3.1 and Theorem 4.1 hold and that the operator A
is the infinitesimal generator of a compact Cy-semigroup S(t),t > 0. Then
the map (u, R,§) — x(u, R, &) is jointly continuous from Uaq x Vs x Ds to
Boo (I, X) with respect to their respective topologies.

Proof. Let {u™, R™,&"} € Upq X V, x Ds be a sequence and suppose u" NN
w® in Upg, R ™ R in V., and £" % ¢o in Ds. Let {z",2°} denote the
mild solutions of equation (3.1) corresponding to the triples {(u", R™,£™)} and
{(u®, R°,£°)} respectively. Then by the definition of mild solutions, {x", 2°}
are the solutions of the following integral equations,

() = St m0+/ S(t — 5) R (s)a" s)ds—l—/ S(t— $)F(s, " (s))ds
/St—s $)E" (s ds—l—/ S(t—s)B(s)u"(ds), teI,(4.1)

t t
z°(t) = S(t)xo+ / S(t— s)R°(s)z°(s)ds + / S(t—s)F(s,z°(s))ds
/ S(t—s)G(s)&(s ds—{—/ S(t—s)B(s)u’(ds), tel, (4.2)

respectively and they belong to B (I, X). Taking the difference and rearrang-
ing the terms suitably, we have the following expression

z°(t) — z™(¢)
:/0S(t—r)R"(r)(xo(r)—x"(r))dr—i—/ S(t—s)F(s,z°(s))—F(s,z"(s))ds

+ [ (=) - R+ / S(t = )G(r)(€° — €)(r)dr

/St—r ) (u(dr) — u"(dr)), te . (4.3)
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Introduce the sequence of functions {e; ,,i = 1,2,3},en as follows:
¢
e1n(t) = / S(t—r)(R°(r) — R"(r))xo(r)dr, tel,
0
¢
2n(®) = [ S(t=1)GEE ), teT,
0

esn(t) = /0 S(t—r)B(r)(u’(dr) —u"(dr)), tel.

Clearly, these are elements of By (I, X). Using these expressions in equation
(4.3) and evaluating the norms on either side of the identity, it follows from
assumptions (A2)-(A4) that

|2o0(t) = ()] x Snn(t)+M<7+K)/0 |20(r) = xn(r)|xdr, tel, (44)

where 7, (t) is given by
n(t) = lern(t)x + [e2n(t)|x + lesn(t)]x-

Hence it follows from Gronwall inequality applied to (4.4) that
|[o(t) — zn(t)|x

<M (t) + M(y+ K) exp[MT (v + K)]/O Nu(r)dr, t€I. (4.5)

We show that the expression on righthand side of the above inequality con-
verges to zero uniformly on I. Note that the integrand, defining ey ,, is dom-
inated by 2M~|z,(t)|x < 2M~ || zo [|p(1,x),t € I. Since R" — R° in the
Tychonoff product topology 77y, it is clear that (R°(t) — R™(t))x,(t) con-
verges weakly to zero in X for each t € I. Thus by the compactness of the
semigroup S(t),t > 0, we have e ,,(t) — 0 strongly in X uniformly on I. Con-
sider the second term es . Since £ — £° in the Tychonoff product topology
Try on Ds and G € By (I, L(Y, X)) and so for each r € I, G(r) € L(Y, X)
(so norm bounded), it is clear that G(r)(£°(r) — £"(r)) converges weakly to
zero in X for each r € I, and the integrand is dominated by the integrable
function 2M¢ || G(r) [|z(v,x) - Thus again by virtue of compactness of the
semigroup, we conclude that e, (t) converges strongly in X uniformly on I.
We use Bartle-Dunford-Schwartz theorem 4.1 and compactness of the semi-
group to prove that es,(t) converges strongly to zero uniformly on I. By
our assumption (A7), the set of admissible controls U,y C Meapy(X7,U) is
weakly compact and hence it follows from Bartle-Dunford-Schwartz theorem
that there exists a measure v € M (31) such that the elements of U, are

cabv
uniformly v continuous. Since U satisfies RNP, for each sequence {u"} € U,q,
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there exists a sequence ¢g" € Ly (v,U) such that for every o € X

u"(0) = /U g™ (s)v(ds).

Since the set U,q is bounded it is clear that the sequence {¢"} is contained
in a bounded subset of L;(r,U) and since the elements of U,y are uniformly
v-continuous, the sequence {g"} is uniformly integrable. By hypothesis, both
U and U* satisfy RNP and therefore it follows from Dunford theorem [Diestel
& Uhl.Jr, 18, Theorem 1, p101] that the sequence {g"} is weakly sequentially
compact and since u” —— u°, there exists a ¢° € L1 (v, U) such that g" — ¢°
in Li(v,U). Hence e3,, can be written as

t
e3.n(t) E/O St =r)B(r)(g°(r) — g"(r))v(dr).

For any € > 0 and ¢ € I, we can split this integral into two parts giving
t
canl®) = [ St nBOYG )~ 9" ()wlar)
0
t—e

= S() ; S(t—e—r)B(r)(g°(r) —g"(r))v(dr)

)/ St —r)B(r)(g°(r) — g"(r))v(dr). (4.6)
—E

By virtue of compactness of the semigroup, it is clear that the first term
converges to zero uniformly on the interval (¢, T]. For the second term we use
a well known result that states that a Banach space satisfies RNP if and only
if it satisfies RNP with respect to Lebesgue measure. Since U satisfies RNP
with respect to v € M;;bv(Z[), it satisfies RNP also with respect to Lebesgue
measure. Thus there exists an h € L;i(v) such that v(ds) = hds and the second
term of the expression (4.6) can be rewritten as

t

Ene(t) = . St =r)B(r)(g°(r) — g"(r))v(dr)
=/ S(t=r)B(r)(g°(r) — g"(r)h(r)dr
=/ St —r)B(r)(g°(r) — g"(r))dr, (4.7)

where g = gh € L1(I,U) for g = {g°, g"}. Since the operator valued function
B is uniformly bounded we have sup{| B(t) |zw.x),t € I} = b < oo, and
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consequently it follows from (4.7) that

t
|Ene(t)]x < Mb / 3 — §ludr.

t—e

We conclude from the above inequality and uniform (Bochner) integrability of
the family {g°,§"} C L1(I, X), that

lim E,, .(t) = 0
Him ne(t)

for all n € N, uniformly on (g,7]. Since € > 0 is arbitrary, it follows from
these facts that 7, (t) = |e1n(t)|x + |e2.n(t)|x + |esn(t)|x — 0 uniformly on
I. Consequently, it follows from the inequality (4.5) that x,(t) —= z,(t) in X
uniformly on I, that is, ™ — x° in By (I, X). This completes the proof. [

Note that the cost functional has two parts J and ¥. First we prove that
the first component .J, appearing in the expression (3.2), is jointly continuous
on Uyqg X Vy X Ds.

Corollary 4.3. Suppose the assumptions of Theorem 4.2 hold and the func-
tions £ and ® satisfy the following assumptions:

(A10) (al) The integrand £ is measurable in the first variable and continuous
in the second and there exists a p € [1,00) and g € LT (I) and
c1 > 0, such that

|€(t,1:)|§g(t)+cl\:v|§(, re X, t>0.

(a2) The function ® is continuous on X and there exist constants
co,c3 > 0 such that

[@(2)] < c2 + ezl
for the same p.

Then, the functional (u, R,§) — j(u,R, €) s jointly continuous on Ugg X
V, x Ds with respect to the topology T, X Trwoe X TTw-

Proof. Let {u™, R",£"} be a sequence from the set U,q X Vy x Ds converg-
ing to {u®, R° £°}. Let 2" € Boo(I,X), 2° € Boo(I,X), denote the corre-
sponding mild solutions of the evolution equation (3.1). Then by assumption
(A10), it follows from Theorem 4.2 that, along a subsequence if necessary,
O(t,x™(t)) — £(t,z°(t)) a.e; and that it is dominated by an integrable func-
tion since the sequence of solutions {z"} are uniformly bounded [see Lemma
3.1]. Since {z",2°} € Boo(I,X) and by our assumption the Banach U has
RNP, it is easy to verify that, for each t € I, the states {x(t), z,(t)} are well
defined as elements of X. Thus it follows from continuity of the function ®
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that ®(z™(T)) — ®(z°(T)). Hence, letting n — oo, it follows from dominated
convergence theorem that

n—oo n—oo

lim J(u", R, ") = lim {/E(t,x"(t))dt—l—@(x"(T))}

I
- /Ig(t,g;O(t))dt + ®(x°(T))
= J(u° R°£°).

This proves the joint continuity of the functional J as stated. g

Now we are prepared to prove the existence of an optimal control u® € U,y
that solves the min-max problem in the sense of (3.3). For this we need the
notions of upper and lower semi-continuity of multi functions.

Definition 4.4. Let Z1, Z5 be any pair of topological spaces. A multi function
G : Z; — 272\ () is upper semi-continuous if for every closed set C' C Zo,
the preimage G™1(C) = {z € Z; : G(x) N C # 0} is closed. And it is lower
semi-continuous if for every open set D C Zy the preimage G~1(D) = {x €
Zy : G(z) N D # (0} is open.

For details on multi-functions see the Handbook by Hu and Papageorgiou
[16].

5. EXISTENCE OF OPTIMAL CONTROL

In this section we consider the question of existence of optimal controls. We
prove this following a similar approach as in [1, Theorem 6.1].

Theorem 5.1. Consider the control system (3.1) with the min-maz problem
(3.3). Suppose the assumptions of Theorem 4.2 and Corollary 4.3 hold and
the functional U is weakly lower semicontinuous on Meqp, (X1, U) satisfying
U(u) > 0. Then there exists an optimal control u® € Uaq in the sense that

Jo(u?) = sup J(u’ R,§)
REV, £€D;
< sup  J(u, R, &) = Jo(u), Yu € Uyy. (5.1)
REVry,{G'D(;

Proof. We prove this in two steps. First we prove that, under the given as-
sumptions, the functional J, given by

A

Jo(u) = sup{j(u, R, £),(R,&) € Vy x D(;} (5.2)
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is continuous and then we show that J, = jo + U is weakly lower semicontin-
uous. For each u € U,4, define the set

M(u) = {(R,€) € Vy x D5 : J(u, R, )
= sup{J(u,Q,n) : (Q,n) € Vy x Ds}}.

By virtue of joint continuity of J in all its arguments (Corollary 4.3) it is clear
that, for each fixed u € Uyg, the functional (R, &) — J(u, R, €) is Trwo X TTw-
continuous on V, x Ds. Since the set V, X Ds is Trywe X 71 compact, the
set II(u) is well defined and so II(u) # (. In general, this is a multifunction
I : Uyg — 2V7%Ps \ ). Define, for each u € Uyg,

Jo(u) = J(u, (u)).
We show that this functional is 7, continuous on U,4. Consider the sequence
{u™} C Uyq and u® € Uyq such that u” % u°. By definition of Jo, it is
clear that J,(u") = J(u™ II(u")) for n € N. Thus there exists a sequence
(R™,€") € T(u™) such that J,(u™) = J(u", R €"). Since Uyg x Vy x Ds is
Tw X TTwo X TTyw compact, there exists a subsequence, relabeled as the original
sequence, and a triple (u°, R% £°) € Uyq X V., x D5 such that
(un7 Rn’ gn) - (UO’ RO’ 50)

with respect to the product topology T, X T1Twe X Trw. Again, by virtue of joint
continuity of J (Corollary 4.3), we have lim, o J(u”, R", £") = J(u®, R°, £°).
Thus, to complete the proof of continuity of the functional ©u — jo(u), we
must show that (R°,£°) € II(u®). For this it suffices to verify that the graph
G,(IT) of the multifunction II is closed. It is well known that an upper semi-
continuous multifunction from a Hausdorff topological space to a regular topo-
logical space has closed graph [20, Proposition 2.17|. Thus, as both U, and
V, x Ds are Hausdorff regular, it suffices to show that the multifunction II is
upper semi-continuous. More precisely, we show that u — II(u) is upper semi
continuous (usc) with respect to the given topologies on the domain space Uyq
and the target space V, x Ds. According to the Definition 4.4, we must verify
that, for any closed set C C V, x Ds, the preimage

THC) = {u € Upg : TI(w) NC # 0}

is closed. Let {u"} € II"1(C) C Uyq be any sequence and note that it follows
from the definition of II that

J(u", I(u")) > J(u", R,€), V(R,€) €V, x Ds. (5.3)
Hence, for any sequence {R",¢"} € II(u") N C, we have
J(u™, R", ") > J(u", R,£), V(R,&) €V, xDs, neN. (5.4)
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Since Uyqx Vy x D5 is compact in the product topology (because of compactness
in their respective topologies), there exists a subsequence, relabeled as the
original sequence, (u", R" £") and an element (u®, R°,£°) € Ugq x Vy X Ds
such that

(un7 an gn) — (UO, R07 60)
in the product topology. Since the topologies are Hausdorff the limit is unique.

Taking the limit in (5.4), it follows from Corollary 4.3, asserting joint conti-
nuity of J, that

J(u®, R°,£°) > J(u°, R,€) ¥ (R,€) € Vs x D. (5.5)

Since this holds for all (R, &) € V., x Ds, it follows from this inequality and the
definition of the multi function II that (R° £°) € II(u®). On the other hand,
since C is closed, the limit of any sequence from it must belong to it and hence
(R°,£°) € C and therefore (R°,£°) € M(u®) N C. Thus u® € II~1(C) proving
the closure as required. Hence u — II(u) C 2¥7*Ps \ ) is an upper semi-
continuous multi function and therefore, by Proposition 2.17 [14], the graph
G,(II) is closed. Thus we conclude that J(u°, R%,£°) = J(u, I (u°)) = J,(u°)
proving the continuity, lim,, jo(u") — jo(u"), as required. This completes
the first part of the proof. By assumption, ¥ is weakly lower semicontinuous
and therefore the functional J, given by the sum

Jo(u) = Jo(u) + ¥(u)
is also weakly lower semicontinuous. Since U,q is 7, compact it is clear that
J, attains its minimum on U,y. This proves that the min-max problem (5.1),
equivalently (3.3), has a solution and hence an optimal control exists. ]

Remark 5.2. An important example of the control cost W(u) is given by the
total variation norm ¥(u) =|| u ||, as defined in section 3. It is well known
that the norm in any Banach space is weakly lower semi continuous and hence
this functional is weakly lower semi continuous. Another related functional is
given by ¥(u) = ¢(|| u ||») where ¢ is a continuous nonnegative nondecreasing
extended real valued function satisfying ¢(0) = 0.

In case of linear-quadratic-regulator (LQR) problems, the control cost is
quadratic. In this case

U(u) = (Ku,u) = / (K (t, s)u(ds), u(dt)) - 17

IxI

where K is the kernel corresponding to the operator

]C € E(Mcab'u(zly U)7 C(I7 U*))
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For example, the kernel may be chosen as the tensor product of linearly inde-
pendent elements from C(I,U*) C Mgpy (X1, U) giving

Z‘Pz ® ;s

1>1

Clearly, in this case

o< w(w) = Y ([ et utan, ) (ZrmP)nun%,

i>1

where || ¢ ||co= sup{|pi(t)|u~,t € I} and || u ||, is the total variation norm of
the vector measure u. Clearly, the operator K is positive and it is also bounded
if > || @i %< 0o. Thus ¥, as defined above, is lower semicontinuous in the
weak star topology, which is weaker than the weak topology. It is known that
if U has the RNP (Radon Nikodym Property) then, under certain additional
technical assumptions such as continuum hypothesis and that the cardinality
of Meapy(27) is < 2% holds [23], the dual of M, (X7, U) is given by the
space Boo(I,U*) of bounded measurable functions with values in U*. In this
case {p;} C Boo(I,U*) and u — V¥ (u) is weakly lower semicontinuous.

6. PURELY IMPULSIVE CONTROLS

For practical applications, it is often preferable to consider control policies
which consist of a finite number of impulsive forces delivered at a discrete set
of appropriate time instants to steer the system along a desirable path and
reach the goal with minimum possible cost.

Let I = [0,T] be any closed bounded interval and D any countable subset
of I and Xp the power set of D. The class of countably additive discrete
vector measures defined on Xp and taking values in the Banach space U
having bounded variation is denoted by M qp, (X p, U). By definition, for any
set J € Xp, an element p € M gpy(Xp, U) has the following representation

:Zut (515

teJ

where u; € U and d; denotes the (unit) Dirac measure concentrated at the one
point set {t}. The variation of y on J is given by |u[(J) = >, ; |u¢|v and hence
the total variation norm is given by || u |[,= |u|(D). With respect to this norm
topology M apw(Xp,U) is a Banach space. Since p is of bounded variation,
it is clear that for any ¢ > 0, the cardinality of the set {t € J : |u|y > €}
is finite. In case U is the real line, M g (Xp, R) = Map(Xp) denotes the
space of signed measures supported on the set D. For any set J € ¥p, an
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element v € M4, (Xp) has the representation

I/(J) = Z Oétét
teJ

with oy € R satisfying >, ; |ou| < 0o. Let v € M, (¥p) having the above

representation with a; > 0 and define the Lebesgue-Bochner space Ly (v, U),
1 < p < 00, of U valued v-measurable functions which are Bochner integrable
with respect to the measure v, that is, for each I’ € Xp, u(T') = [pu(t)v(dt) €

U and
/yu(t) Do) =3 agful? < oo.
1 teD

Let N denote the set of natural numbers and let {t; € R:t; € IND,i € N} be
any enumeration of the set D. This makes D isomorphic to N. Then it is clear
that L,(v,U) is actually equivalent to the weighted sequence space £,(v,U)
which consists of U valued sequences {u;} C U such that >, a;|u;ff; < oo. In
general, for 1 < p < oo with 1/p+1/¢q = 1, and any finite positive measure v,
the dual of L, (v, U) equals L,(v, U*) if and only if U* has the Radon-Nikodym
Property (RNP). In the case of sequence spaces it turns out that this is not
necessary. The topological dual of £,(v,U) (denoted by £,(v,U)*) is given by
ly(v,U*) (without requiring U* to have RNP). Thus the dual of ¢;(v,U) is
given by lo (v, U*). For any u € £,(v,U) and v € £,(v, U*) we have the duality
pairing

(U, V), (0,0 g (0, U*) = /(U(t%v(t))U,U*V(dt) = ay(ug, vr)uu--

I teD
Clearly, it follows from Holder inequality that

[ttt opevian| = | S et v

1 teD
1/p 1/q
< (Z%!m\%) <Zat!vt|§ﬂ>
teD teD

=[ u ||ep(y,U)H v ||€q(u,U*) .

We state the following Lemma characterizing conditionally (sequentially) weakly
compact sets in the Banach space ¢1(v,U). Let P, denote the projection map
of ¢1(v,U) into its t-section (or t—th coordinate), that is, for each u € ¢1(v,U),
Py (u) =u € U.

Lemma 6.1. A set K C {1(v,U) is conditionally weakly compact if and only
if the following two conditions are satisfied:

(C1) > sk at;lug,| — 0 as k — oo, uniformly for u € K.
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(C2) P, (K) = {w,;,u € K} is conditionally weakly compact in U for each
1€ N.

Proof. See [15, Theorem 2, p.183]. d

We are interested in the characterization of weakly compact subsets of the
space of vector measures M4, (Xp, U). This is where our controls take values
from. The following result on the characterization of weak compactness is
essentially the sequential version of the celebrated Bartle-Dunford-Schwartz
theorem [18, Theorem 5, p105] for the continuous case.

Theorem 6.2. A set My C Mapo(Xp,U) is conditionally weakly compact if
and only if the following conditions hold:

(1) The set My is bounded.

(2) There exists av € ML, (¥p) such that lim,,,)_o [u|(c) = 0 uniformly
with respect to u € My.

(3) For each o € Xp, the set {u(o) : u € My} is a conditionally weakly

compact subset of U.

Proof. Fundamentally the proof is similar to that of Bartle-Dunford-Schwartz
theorem given by Diestel and Uhl. Jr [18, Theorem 5, p.105] as stated here
in Theorem 4.1. In fact it is simpler. For convenience of the reader we give
a short proof. To prove the necessity, suppose M, is conditionally weakly
compact. Clearly, the condition (1) is obvious. For each o € Xp, define
the linear operator L, : Mgy (Xp,U) — U by Ls(u) = u(o). Since My is
conditionally weakly compact and L, is a bounded linear operator, L, (M)
is conditionally weakly compact proving the necessity of condition (3). We
prove condition (2) by contradiction. Suppose it is false. Then there exists
a sequence {u"} C My such that the sequence of scalar measures {|u"|(-)} is
not uniformly countably additive. Define the measure pu(-) = (1/2")u™|(-)
on Y p and note that it is a bounded positive measure. Consider the space
¢1(p,U), and the linear operator T}, : £1(u,U) — Meap(Xp,U) given by

(To9)(0) = / g(s)ulds), g€ LU,

We show that 7}, is an isometric-isomorphism of ¢;(u,U) on to a closed sub-
space of Mqpw(Xp,U). Define my(E) = (T,,9)(E), for E € ¥p. The variation
of the measure my on any set £ € Xp is given by

my|(E) = sup Y _ Img(0)|u,
4 ocm

where 7 is any partition of the set F into a finite number of disjoint Xp-
measurable sets with the supremum taken over all such partitions. It is clear
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from this that |mg|(E) < [519(s)|up(ds). Since E(€ ¥p) is otherwise arbi-
trary, it follows from this that

| mg flo< /D 19(8) |1 ds). (6.1)

Now we verify the reverse inequality. For any g € ¢1(u,U) it follows from
Hahn-Banach theorem that there exists an h € foo (11, U*) with || b [l (u,0+)=
1 such that

/ 9(s)|oalds) = / (9(5), h(8)) e pds).
D D

Since h € flo(p,U*) there exists a sequence of (simple) functions {h,} C
loo(pt, U*) converging in u-measure to h such that

n
ha(t) =Y 0} X0, (t), tE D,
=1

where (Ji_, 0in = D for all n € N and uj,, € 9B1(U*) for 1 <i <n € N.
Thus

/ 9()|oulds) = / (9(5), h(8))grre p(ds)
D D

= tim [ (g(s). b))y p(ds)

n—0o0 D
n
= z; (). Wiy -
1=
n
Sgggo;lmg(%n)lu < llmg [lo - (6.2)
1=

It follows from the inequalities (6.1) and (6.2) that 7}, is an isometric iso-
morphism of ¢1(u,U) on to a closed subspace of M up,(Xp,U). Clearly the
range of T, contains the set {u"}, that is, R(T,) D {u"}. Since {u"(-)} is
not uniformly countably additive, the set T, '({u"}) C €1(p,U) is not uni-
formly integrable, and so it follows from Lemma 6.1, condition (C1), that
the set T}, 1({u™}) can not be contained in a weakly conditionally compact
subset of ¢1(p,U), and therefore T, (T, ' ({u"})) = {u"} can not be con-
tained in a conditionally weakly compact set My leading to a contradic-
tion. Thus condition (2) is necessary. Now we prove that the conditions
(1)-(3) are sufficient for the set My to be conditionally weakly compact. Let
M(v,U) C Meapw(Xp,U) denote the class of v-continuous vector measures.
It follows from condition (2) that My C M(v,U). For the given v, define the
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operator 1), : {1(v,U) — M(v,U) C Meapw(Xp,U) by
T,(h)(E) E/ h(s)v(ds), for h € {4(v,U) and FE € Xp.
E

It is clear from the preceding analysis that 7, is an isometric isomorphism
of £1(v,U) on to a closed subspace of M up,(Xp,U) and that the range of
T, contains My, that is, R(T,) D My. Clearly, T, '(My) C ¢1(v,U). Since
M, satisfies conditions (1) and (2), T, '(Mp) is a bounded subset of ¢1(v,U)
satisfying condition (C1) of Lemma 6.1. It follows from assumption (3) that

for each {t;} € Xp,

Pu (T, (Mp))

{htp h e Ty_l(Mo)}

is conditionally weakly compact. Thus condition (C2) of Lemma 6.1 is satis-
fied for K = T, '(My). Hence, by Lemma 6.1, the set T, ' (M) C ¢1(v,U) is
conditionally weakly compact. Since compactness is preserved under isomor-
phism, we conclude that the set T},(T;,'(My)) = My is conditionally weakly
compact. This completes the proof. O

Now we are prepared to consider control problems for the system (3.1) with
purely impulsive controls as the admissible controls. First we prove a result on
continuity of solution with respect to the triple {u, R,{} — z(u, R, &). Here
we consider admissible controls given by the weak closure of the conditionally
weakly compact set My C M qp(Xp, U) of Theorem 6.2. That is Uyg = U, =
el
Theorem 6.3. Consider the system (3.1) with admissible controls U, = M
and suppose the assumptions of Lemma 3.1 including (A8)-(A9) hold and
that the operator A is the infinitesimal generator of a compact Cy-semigroup
S(t),t > 0, and the operator valued function B € C(I,L(U, X)) and that it
is compact for each t € I. Then the map (u,R,§) — x(u, R,§) is jointly
continuous with respect to product topology Ty X TTwoe X TTw 0n Uy X Vo X Ds
and the uniform norm topology on B (I, X).

Proof. The proof is similar to that of Theorem 4.2 with slight modification
required because of the choice of impulsive controls U,. It suffices to show that
under the given assumptions the function es,, (see Theorem 4.2), given by

esn(t) = /0 S(t —r)B(r)(u°(dr) —u"™(dr)), tel,

converges to zero strongly in X uniformly in ¢ € I. Since {u®, u"} C U, it
follows from Theorem 6.2 that there exists a sequence {¢°, g"} C ¢1(v,U) such
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that

esn(t) = /0 St —r)B(r)(u°(dr) —u"(dr)),

¢
= /0 St —r)B(r)(¢g°(r) — g"(r))v(dr), tel. (6.3)
Since v € M7

dpe(XD), it has the representation v(dr) = ) oy, (dr) where
ay; > 0 and 0y, (+) is the Dirac measure with support {t;} C D. Hence

esn(t) = Z S(t—ti)B(ti)(g°(t:) — 9" (ti)) o, t€1. (6.4)

t;CDN[0,1]

It is clear that weak convergence of u" to u° in U, implies weak convergence
of g" to g° in ¢1(v,U) which, in turn, leads to weak convergence of (¢°(¢;) —
g"(t;))ay, to zero in U for each {t;} C D. For t = t;, € D, the expression (6.4)
reduces to

esnlte) = Y Sty —ti)B(t:)(g°(t:) — g™ (t:))ow,
i<k—1
+B(tr)(9°(tk) — 9" (tr)) .- (6.5)
Since for each t € I, B(t) € L(U, X) is compact, both the terms on right hand
side of the above identity converge to zero strongly in X. For any ¢ € [t, tx11),
we have

637n(t) = S(t — tk)e?),n(tk)y e <t <41 (66)
and e3,(-) € C([tg, try1), X) followed by a jump at ¢4 of intensity

B(tre41)(9° (k1) — 9" (trv1)) oty
and they both converge to zero strongly in X. Thus e3 ,(t) — 0 strongly in X
uniformly in ¢ € I. In view of Theorem 4.2 and the necessary modifications as
described above, we conclude that the map (u, R,§) — x(u, R, ) is jointly
continuous with respect to the product topology Ty, X Trwe X 71w on Uy XV X Dy
and the supnorm topology on By (I, X). This completes the proof. O

Remark 6.4.

(a) It is clear from the expression (6.5) why the assumption on compact-
ness of the semigroup alone does not guarantee strong convergence in
X.

(b) Tt is also clear from the above result that the mild solutions of equa-
tion (3.1) corresponding to controls from the set U, are elements of
By (I, X) and that each solution z admits a decomposition into a con-
tinuous and a discontinuous part: = = z.+ x4 where x. € C(I\ D, X)
and z4 € Boo(D, X).
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Now we are prepared to prove the existence of an optimal control from the
class U,. Recall that J(u, R, &) = J(u, R, €) + ¥(u) and

Jo(u) = sup{J(u, R, &), (R,§) € Vy x Ds}.

Theorem 6.5. Consider the system (3.1) with admissible controls U, = mﬂ
and the min-maz problem (3.3). Suppose the functional ¥(> 0) is weakly lower
semicontinuous on Meap(Xp,U) and the assumption (A10) (related to the
cost functional, see Corollary 4.3) and those of Theorem 6.3 hold. Then there
exists a control u* € U, such that Jo(u*) < Jo(u) for all u € U.

Proof. 1t follows from Theorem 6.3 that the map (u, R,{) — z(u, R,§) is
jointly continuous with respect to the topology T X T1uwe X 71y on Uy X Vy X Ds
and the supnorm topology on Boo (I, X). Thus in the case of sequence spaces as
we have here, the conclusions of Theorem 4.2 and Corollary 4.3 remain valid
(without requiring the pair (U,U*) to satisfy RNP). Therefore, under the
assumption (A10), related to the functions {¢,®} determining the functional
J, it follows from Corollary 4.3 that the functional (u, R,&) — J(u, R, &) is
jointly continuous on U, XV, x Ds with respect to the topology 7w X T7we X T
Hence it follows from Theorem 5.1 that v — jo(u) is weakly continuous
on U, and therefore it follows from weak lower semi continuity of W that
u — Jo(u) = Jo(u) + U(u) is weakly lower semi continuous. Since U, is
weakly compact there exists a control policy v* € U, such that

Jo(u*) < Jp(u), Yu€U.
This completes the proof. O

Remark 6.6. In the case of vector measures with values in general Banach
spaces, one can use Lebesgue decomposition theorem [18, Theorem 9, p31] to
conclude that any vector measure u € M, (X7, U) admits Lebesgue decom-
position (with respect to Lebesgue measure \) giving u = u, + us where u, is
A-continuous and ug is singular with respect to A. Then the set of admissible
controls can be decomposed as U,q = U, & U and so for U,q to be weakly
compact, it is necessary and sufficient that each member of the decomposition
has this property. We believe our results from section 5 and section 6 can be
combined to deal with this case.

An Open Problem in Vector Measure Theory: An interesting open
problem in the general case (where {U,U*} do not posses RNP) is the prob-
lem of characterization of conditionally (or relatively) weakly compact sets
in Mapy(27,U) with respect to a topology possibly weaker than the weak
topology used in Bartle-Dunford-Schwartz theorem.
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Interesting Potential Extensions:

[1]

(1) Necessary conditions of optimality for impulsive systems without un-
certainties can be found in [5],[6],[7]. Necessary conditions of optimal-
ity of output feedback control law for uncertain stochastic systems can
be found in [10]. It will be interesting to develop necessary conditions
of optimality for uncertain systems driven and controlled by vector
measures considered here.

(2) An interesting problem is to extend the results of this paper to a
larger class of systems where the operator valued function B appearing
in equation (3.1) is state dependent as in [11]. Also it is of interest
to extend the results of this paper to infinite dimensional stochastic
systems subject to both the system and measurement uncertainty as
in [1].

REFERENCES

N.U. Ahmed, Infinite Dimensional Uncertain Dynamic Systems on Banach spaces and
Their optimal Output Feedback Control, Discussiones Mathematicae Differential Inclu-
sions, Control and Optimization, DICO, 35 (2015), 65-87.

N.U. Ahmed, Controllability of Evolution Equations and Inclusions Driven by Vector
Measures, Discussiones Mathematicae Differential Inclusions, Control and Optimization,
24 (2004), 49-72.

N.U. Ahmed, Optimal Relaxed Controls for Systems Governed by Impulsive Differential
Inclusions, Nonlinear Funct. Anal.& Appl., 10(3) (2005), 427-460.

N.U. Ahmed, Vector and operator Valued Measures as Controls for infinite Dimensional
Systems: Optimal Control, Discussiones Mathematicae, Differential Inclusions, Control
and Optimization, 28 (2008), 95-131.

N.U. Ahmed, Optimal impulse Control for Impulsive systems in Banach spaces, Inter-
national Journal of Differential Equations and Applications, 1(1) 2000, 37-52.

N.U. Ahmed, Necessary Conditions of optimality for Impulsive Systems on Banach
Spaces, Nonlinear Analysis, 51 (2002), 409-424.

N.U. Ahmed, Ezistence of Optimal Controls for a General Class of Impulsive Systems
on Banach Spaces, STAM J. Control and Optim., 42(2) (2003), 669-685.

N.U. Ahmed, K.L. Teo and S.H. Hou, Nonlinear Impulsive Systems on Infinite Dimen-
sional Spaces, Nonlinear Analysis, 54 (2003), 907-925.

N.U. Ahmed, Optimal Feedback Control for Impulsive Systems on the Space of Finitely
Additive Measures, Publ. Math. Debrecen, 70(4-4) (2007), 371-393.

N.U. Ahmed, Necessary Conditions of Optimality for Output Feedback Control Law for
a Class of Uncertain Infinite Dimensional Stochastic Systems, Nonli. Func. Anal. and
Appl., 18(1) (2013), 103—126. http://nfaa.kyungnam.ac.kr/jour-nfaa.htm

N.U. Ahmed, State Dependent Vector Measures as feedback Control for Impulsive Sys-
tems in Banach Spaces, Dynamics of Continuous Discrete and Impulsive Systems, 8
(2001), 251-261.

N.U. Ahmed, Optimal Control of Impulsive Stochastic FEvolution Inclusions, Discus-
siones Mathematicae, Differential Inclusions, Control and Optimization, 22 (2002),
155-184.



[13]
[14]
[15]

[16]
[17]

Uncertain systems controlled by vector measures 715

N.U. Ahmed and K.L. Teo, Optimal Control of Distributed Parameter Systems, Elsevier,
North Holland, New York, Oxford, (1981).

N.U. Ahmed, Dynamics of Hybrid Systems Induced by operator Valued Measures, Non-
linear Analysis: Hybrid Systems, 2(2) (2008), 359-367.

J.K. Brooks and N. Dinculeanu, Weak Compactness in Spaces of Bochner Integrable
Functions and Applications, Advances in Mathematics, 24 (1977), 172-188.

L. Cesari, Optimization Theory and Applications, Springer-Verlag, (1983).

G. Chen and X. Dong, From Chaos to Order-Perspectives and Methodologies in Con-
trolling Chaotic Nonlinear Dynamical Systems, Int. J. Bifurcation and Chaos, 03 1363,
(1993). DOI: 10.1142/S0218127493001112.

J. Diestel and J.J. Uhl Jr., Vector Measures, Mathematical Surveys and Monographs,
AMS, Vol.15. (1977).

H.O. Fattorini, Infinite Dimensional optimization and Control Theory, Encyclopedia of
Mathematics and its Applications, 62, Cambridge University Press, (1999).

S. Hu and N.S. Papageorgiou, Handbook of Multivalued Analysis,(Theory), Kluwer
Academic Publishers, Dordrecht, Boston, London, (1997).

M. Itoh, T. Yang and L.O. Chua, Conditions for Impulsive Synchronization of
Chaotic and Hyperchaotic Systems, Int. J. Bifurcation Chaos, 11 551, (2001).
DOI:10.1142/S0218127401002262.

Z.H. Lu, X.B. Chi and L.S. Chen, Impulsive Control Strategies in Biological Control of
Pesticide, Theoretical Population Biology, 64(1) (2003), 39-47.

R.D. Mauldin, The Continuum Hypothesis,Integrationand Duals of Measure Spaces, Illi-
nois J. Math., 19 (1975), 33-40.

0.J. Sul, M.R. Falvo, R.M. Taylor II, S. Washburn and R. Superfine, Thermally Actuated
Untethered Impact-driven Locomotive Microdevices, Applied Physics Letters, 89203512,
(2006).

W. Verhelst, On the Quality of Speech Produced by Impulse Driven Linear Systems,
ICASSP, 1991, IEEE International Conference, Toronto, ISBN:0-7803-0003-3, 501-504.
X. Wang and S.N. Balakrishnan, Optimal Neuro-Controller Synthesis for Variable-time
Impulse Driven Systems, American Control Conference, 2008, June 11-13, 3817-3822.



