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Abstract. In this paper, we consider the stochastic viral infection model with immune
impairment and variable diffusion rate. We prove the global existence of unique strong solu-
tion. Using the Lyapunov method, we find sufficient conditions for the stochastic asymptotic
stability of equilibrium solutions of this model. Finally, establish the existence of a unique

ergodic stationary distribution and illustrate our results.

1. INTRODUCTION

Mathematical modeling has been an important approach in analyzing the
spread and control of infectious diseases. A simple model may play a significant
role in the development of a better understanding of the disease and the various
drug therapy strategies used against it.

During the process of viral infection, a host is induced which is initially rapid
and nonspecific (natural killer cells, macrophage cells, etc.) and then delayed
and specific (cytotoxic T lymphocyte cells, antibody cell). But in most virus
infections, cytotoxic T lymphocyte (CTL) cells which attack infected cells, and
antibody cells which attack viruses, play a critical part in antiviral defense. In
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order to investigate the role of the population dynamics of viral infection with
CTL response, Regoes [12] and Wang [14] construct a mathematical model
describing the basic dynamics of the interaction between activated CD4" T
cells, z(t), infected CD4™ T cells, y(¢), and immune cells, z(t). The model is

given by

% = Bry — ay — pyz, (1.1)
% b
o =y bz —myz.

where activated CD4% T cells are produced at a rate of s cells day~!, decay
at a rate pu day~!, and can become infected at a rate that is proportional to
the number of infected CD4™ T cells y(¢) with a transmission rate constant 3
day~! cell™!. The infected CD4* T cells are assumed to decay at the rate of
a day~!'. The CTL responses eliminate at a rate that is proportional to the
number of CTLs with a killing rate constant p day~! cell™!, proliferate at the
rate of ¢ day~! and decay at a rate of b day~! and the immune impairment

-1 -1 .
rate m day™" cell™". Let us assume that g < min {%, b} .
The model (1.1) can have at most two equilibrium solutions, namely unin-
fected equilibrium solution E; = (x1,y1, 21), where

T = —, y1 =0, 21=0

and infected equilibrium solution Ey = (x2,y2, 22), where

. :1<a+cpy2>
2 3 b+mys )’

1
=5 {—B + /B2 + 4Ab(sp — au)} :
b+ mys’
where A = fB(am + ¢p) and B = abf + cup — m(sf — ap). The infected
equilibrium solution exists if the condition

22

S
ap

where Ry is the basic reproduction number, holds.

Ro 1

)

Wang [14] have investigated the global stability of uninfected equilibrium
and infected equilibrium solutions of the model (1.1).
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However, any system is inevitably affected by the environmental noise, it is
an important component in an ecosystem. May [9] has revealed that due to
environmental fluctuation, the birth rate, death rate, transmission coefficient
and other parameters involved with the system exhibit random fluctuations
to a greater or lesser extent. Mao et al. [8] found the presence of even a
small amount of white noise can suppress a potential population explosion.
Therefore, it is important to investigate the effect of random fluctuations in
the environment on population dynamics.

There are many types of approaches for applying modeling techniques of
stochastic differential equation (SDE) to introduce environmental noises into
biological systems. One of the technique is parameter perturbation, which
is the most commonly used procedure in constructing SDE models [3, 7,
10, 11, 13, 16]. In recent years, several authors have studied the effect of
environmental noise on the transmission dynamics of diseases by proposing
epidemic SDE model with stochastic disturbances via the above technique
[5, 6, 11, 13, 15, 16].

Using the above technique, we perturbed the deterministic system (1.1), by

a white noise and obtained a stochastic counterpart by replacing the rates g

aw
by 8 + F(z,y,z)—— where F is locally Lipschitz-continuous functions on D
and W is Wiener processes defined on a filtered complete probability space
(Q7 fa {ft}t207 ]P))

The stochastic model takes a form as,

dr = (s — pz — Bry) dt — vy F(z,y, 2)dW,
dy = (Bxy — ay — pyz) dt + xyF(z,y, z)dW, (1.2)
dz = (cy — bz — myz) dt,

where the functions F is locally Lipschitz-continuous on I and

]D):{(:U,y,z)ER?’:x>(),y>07z>0’g;+y_|_2azg5}_
T

The rest of this paper is organized as follows. In section 2, we discuss
existence of a unique global solution for the stochastic model (1.2). In section
3, we discuss the stochastic asymptotic stability of uninfected equilibrium and
the infected equilibrium with the help of Lyapunov functions. In section 4, we
show the existence of a unique ergodic stationary distribution. In section 5,
we visualize our results.
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2. EXISTENCE OF A UNIQUE GLOBAL SOLUTION

In this section, we discuss existence of a unique global solution of the model
(1.2).

Consider the d-dimensional stochastic differential equation of the form
AX(8) = F(X (0.0t + g(X (1), W (D) (2.1)

with an initial value X (to) = Xo, to <t < T < oo, where f : R? x [to, T] — R?
and g : R? x [tg, T] — R¥™ are Borel measurable, W = {W(t)};>¢, is an
R™-valued Wiener process, and Xy is an R%valued random variable.

The infinitesimal generator £ associated with the SDE (2.1) is given by
82

i 63;18% '

d m

d g 1 T

= a5 Ly b)) a ) ) 2.2
£= G+ Lo+ 3 (om0 0) (2.2
Theorem 2.1. (D-invariance. Khasminskii [4] as appears in [2]) Let D and
D,, be open sets in RY with

Dy CDhy1, Dy CD  and D=[JD,
n

and suppose f and g satisfy the existence and uniqueness conditions for so-

lutions of (2.1) on each set {(t,z) : t > to,x € D,}. Suppose there is a

non-negative continuous function V : D x [ty, T] — Ry with continuous partial

derivatives and satisfying LV < ¢V for some positive constant ¢ and t > tg,

x € D. If also,

inf V(z,t) 00 as n— oo,
t>tg, 2€D\Dp,

then for any Xo independent of W (t) such that P(Xo € D) = 1, there is a
unique Markovian, continuous time solution X (t) of (2.1) with X(0) = Xo,
and X (t) € D for allt >0 (a.s.).

Now, we prove existence of a unique global solution of (1.2).

Theorem 2.2. Let (2(ty),y(to), 2(t0)) = (zo,Y0,20) € D, and (xo,yo, 20) is
independent of W (t). Then the stochastic model (1.2), admits a unique con-
tinuous time, Markovian global solution (z(t),y(t),z(t)) on t > to and this
solution is invariant (a.s.) with respect to D.

Proof. We use Theorem 2.1 and follow ideas of [13]. Since the coefficients of
the system (1.2), are locally Lipschitz-continuous and satisfy linear growth
condition on D, for any initial value (zg,y0,20) € D, there is a unique local
solution on ¢ € [ty, 7(DD)), where 7(ID) is the random time of first exit of stochas-
tic process (x(t),y(t), z(t)) from the domain D, started in (z(s),y(s), 2(s)) =
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(20, Y0,20) € D at the initial time s € [tp,00). To make this solution global,
we need to prove that

P(r(D) =00) =1 a.s.
Let
_ s _ _ s _
]D)n::{(x,y,z):e”<x<—e",€"<y<—€n>
0 I
e_"<gz<§—e_", :L"—I—g/%—gzgi
2c W 2c I

for n € N. The system (1.2), has a unique solution up to stopping time 7(ID,,).
Let

V(z,y,z2) =2 —Inz + (S—x> —In <s—x> +y—1Iny
9 ! (2.3)

defined on D and assume that E (V(z,y,2)) < oco. Note that V(z,y,z) > 4
for (x,y,z) € D. Let W(z,y, z,t) = e_c(t_S)V(azjy,z), defined on D X [s, 00),

where
1 3 2 2
c=-(2u+Sa+ (B+"21p) 2+ B4m) (2
4 2 a n n

3 /s\?
+3 () sup F2($,y,2).
8 2 (z,y,2)€D

Apply the infinitesimal operator £ on equation (2.3), we obtain

1 1 1
LV(2,y,2) = (s — pw = Pry) | 77—~ = | + (Bzy —ay — pyz) <1—>
e y
1
a 1
- ) R
+ (cy — bz myz)QC —
- —z
wo 2c
1 1 1
+ fx2y2F2(:c, Y, 2) 5 + 2 + ?
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After a little algebra, we have

Bxy S
LV(2,y,2) =p— 5=~ — - T u+By+Pry—ay—pyz—fr+a
i)
I
a Y ab z am Yz
+pz—|—2 a 2c (s a 2c (s a
2_ = Z__, 2_ =
wo 2c uw 2c wo 2c
a ab 1 222

1 1
+ §y2F2([E,y,Z) + 5.%'2F2([13,y,2’).
Since  +y + 5.2 < f, we have
L

afb
2c

1
+ 2 F*(z,y,2) + §y2F2(fv,y, z),

am

3
LV(z,y,2) < 2p+ ga+ By + fay + (p+ 5 )2+ 5 ~y2

3 2 2
LV (z,y,2) <2u+ —a+ <ﬁ+0p+b> f+(5—1—m) <8>
2 a % %
3(s\° 9
e sup F*(x,y,z) = 4ec.
2 2 (z,y,2)€D
Since V(z,y, z) > 4 for (z,y,2) € D, so LV (z,y,2) < ¢V (zx,y, z), Hence
LW (z,y,2,t) = e (—cV(z,y,2) + LV (2,5, 2)) < 0.
Note that

inf V(z,y,z) >n+1 for neN.
(z,y,2)ED\Dp

Now define 7, := min{¢, 7(D,)} and apply Dynkin’s formula to get
E W (z(7n), y(1n), 2(7n), 7)] = E[W (2(s), y(s), 2(5), )]

+E / LW (z(u),y(u), z(u),u)du

S E[W(x(s),y(s), 2(s), s)]
=E[V(z(s),y(s),z(s))] = E[V(xo,yo, 20)] -
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Next, to show that P(7(Dy,,) < t) = 0, we take the expected value of
eV (@(7), y(7a), 2(n)).

E [V (a(m), (). 2(7)) | = B [TV (a(r), y(7a), 2(7)|
= E [ W (2(7), y(ra), 2(ra), )|
< e“CIE [V (0, yo, 20)] »

and obtain
0<P(r(D) <t) <P(r(Dy) <), since D, CD
=P(r, < t)
=E(1,, <), where 1 is the indicator function
< i [t VD). (B0)), 20|
inf V(z,y,2) "
(z,y,2)€D\Dy,
< ec(tfs) E(‘;(ﬂfO»il/O(, ZO)) )
in x,Y, 2z
(z,y,2)€D\Dy, y
< ec(tfs) E (V(:EO’ Yo, ZO)) '
- n+1
E(V
Since e°(t~) (V{zo, Y0, 20)) — 0 as n — oo for all (xg,yo, 20) € Dy, (for large

n+1

n) and for all ﬁxed+t € [s,00), thus P(r(D) < t) = P(v(D,) < t) = 0, for
(0,90, 20) € D and t > to, that is, P(7(D) = o0) = 1.

This proves the invariance property and the global existence of the solution

(x(t),y(t),z(t)) on D. Uniqueness and continuity of the solution is obtained

by Theorem 2.1. O

3. STOCHASTIC ASYMPTOTIC STABILITY OF UNINFECTED AND INFECTED
EQUILIBRIUM SOLUTIONS

In this section, we discus stochastic asymptotic stability of equilibrium so-
lutions of (1.2).

Before giving the main results, we present definitions and theorem. Theo-
rem 3.4 is a useful criterion for stochastic asymptotic stability of equilibrium
solutions in terms of Lyapunov function [1].

Consider the d-dimensional SDE
AX (1) = F(X(0), )t + g(X (D), )W (2), ¢ > to, X(t) =a0.  (3.1)
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Assume that f and g satisfy, in addition to the existence and uniqueness
assumptions, f(z*,t) = 0 and g(z*,t) = 0, for equilibrium solution z*, for
t > tg. Furthermore, let’s assume that xy be a non-random constant with
probability 1.

Definition 3.1. The equilibrium solution z* of the SDE (3.1) is stochastically
stable (stable in probability) if for every e > 0 and s > tg

lim P (Sup | X s,20 () — 2| > e) =0, (3.2)
To—>x* s<t

where X ;,(t) denotes the solution of (3.1), satisfying X (s) = zo, at time
t > s.

Definition 3.2. The equilibrium solution z* of the SDE (3.1) is said to be
stochastically asymptotically stable if it is stochastically stable and

lim P (lim Xoao(t) = a:) =1 (3.3)

xo—x* t—o00

Definition 3.3. The equilibrium solution z* of the SDE (3.1) is said to be
globally stochastically asymptotically stable if it is stochastically stable and
for every zg and every s

P (lim Xoao(t) = :,;) =1 (3.4)

t—o00

Theorem 3.4. ([1]) Assume that f and g satisfy the existence and uniqueness
assumptions and they have continuous coefficients with respect to t.

(i) Suppose that there exist a positive definite function
V e C* (U, x [to, ),
where Uy, = {x € RY: ||z — z*|| < h} for h > 0 such that
LV (z,t) <0, Vt>ty, z€Up, (3.5)

then the equilibrium solution x* of (3.1) is stochastically stable.

(ii) If, in addition, V is decrescent (there exists a positive definite function
Vi such that V(z,t) < Vi(x) for all x € Uy) and LV (z,t) is negative
definite, then the equilibrium solution x* is stochastically asymptoti-
cally stable.

(iii) If the assumptions of part ii) hold for a radially unbounded function
Vet (Rd X [to, oo)) defined everywhere, then the equilibrium solu-
tion x* is globally stochastically asymptotically stable.
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Now, we discuss equilibrium solutions of the stochastic model (1.2). The
stochastic model (1.2) can have at most two equilibrium solutions, namely un-
infected equilibrium solution E; = (x1,¥1,21) and infected equilibrium solu-
tion By = (x2,y2, 22). The infected equilibrium solution exists if the condition

Ro = ﬁ >1 and F(xg,yQ,ZQ) =0.
ae

holds.

Theorem 3.5. The uninfected equilibrium solution Ey = (x1,y1,21) of (1.2)
1s globally stochastically asymptotically stable on D, if Ry < 1.

Proof. We use Theorem 3.4 and define a Lyapunov function
1 T
Vi(z,y,2) = 3 (x — 21 +y)* + 221y + 17276122. (3.6)

The infinitesimal generator £ acting on the Lyapunov function Vi can be
written as:

LV\(z,y,z)

= (s — px — Bzy) (x — 21 + y) + (Bzy — ay — pyz) (z — 21 + y + 221)
+ (cy — bz — myz) (%z) + 2?2 F2(2,y, 2)(1 — 1),

LVi(z,y,2)

= (z — 21 +y) (s — px — Py + fry — ay — pyz)
+2x1(Bry — ay — pyz) + %z(cy — bz —myz).

Since Fj is equilibrium and p < a, we have
LVi(z,y,2) < (x — 21 +y) (—p(r — 21 +y) — py2)
+ 221 (Bay — ay — pyz) + L?Z(Cy — bz —myz),

LVi(z,y,2) < —p (@ — 21 +y)* — pryz + priyz — pyz + 2Bx1ay

bx M
p 122_}9 1y22
c

— 2ary — 2pr1yz + priyz —

)

S
LVi(2,y,2) < —p(z— 21 + y)2 — pryz — py*z — 211 <a — i) Y

pbr1 5 pmz1 4
- CZ— B yz=,

LVi(z,y,2) < —p(z — 21 +y)* — pryz — py’z — 2az1 (1 - Ro)y

bx mx
P 1.2 _ p 1y22-
c c
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If Rop <1, then LV (z,y, z) becomes negative definite on D. By Theorem 2.1,
the uninfected equilibrium solution E; of the stochastic model (1.2) is globally
stochastically asymptotically stable on D. O

Theorem 3.6. The infected equilibrium solution, Eo = (x2,y2, z2) of the sys-
tem (1.2) is stochastically asymptotically stable on D if Rg > 1 and satisfies
n(x,y,z) <0, where

1
n(x,y,z) = —p(z — 12)* — bk(z — 20)? + 5952 (v + zay2) F2(z,y,2)  (3.7)

px2

fOT’k: m

Proof. Note that the condition Rg > 1 and F(Ss, I3, R2) = 0 are needed for
the existence of the infected equilibrium solution. Define a Lyapunaov function

1 k
Va(z,y,z) = 5(55 —29)? + 12 <2/ — Y2 —y2ln <52>> + 5(2 — )%, (3.8)

where k is positive and chosen later.
The infinitesimal generator £ acting on the Lyapunov function V5 can be
written as:

LVa(2,y,2) = (s — px — Pay) (v — x2) + (Bay — ay — pyz) 2 (1 - Zf)

1
+ (cy — bz —myz) k(2 — 29) + ~2?y*F%(x,y, 2)

2
;3:23/;523/2}72(%3/,2).
After a little algebra, we have
LVa(x,y, 2)
= (s — px = Bay) (x — 22) + (B — a —pz) 22 (y — y2) (3.9)

1
+ (cy — bz —myz) k(z — z2) + 5%'2 (y2 + :L'gyg) F2(£L‘, Y, 2).

The following identities help to simplify LVa(z,y, 2)

(i) s — po — Pry = —p(z — x2) — Bz — 22)y — Pra(y — y2),
(i) B — a —pz = Bz — 23) — p(z — 22),
(i) ey — bz — myz = c(y — 1) — b(z — 22) — My — ya)22 — my(z — 22).



Stability analysis of a stochastic viral infection model with immune impairment 33

Substituting the above identities into (3.9), we get
LVa(z,y,2) = (—p(z — 22) — B(@ — 22)y — Br2(y — y2)) (¥ — 22)
+ (B(x — x2) — p(z — 22)) 22 (y — ¥2)
+ (c(y—1y2) —b(z—22) —m(y—y2) 22 —my(z—22)) k (2 — 22)

=+ %LEQ (y2 + 3321/2) Fz(x7y7 Z)?
LVo(z,y,2) = —plx — 22)* — Bz — 22)*y — Bra(z — 22)(y — ¥2)
+ Br2(r — 22)(y — y2) — pr2(y — y2)(2 — 22)
+ ck(y — y2) (2 — 22) — bk(z — 22)* — mk(y — y2) (2 — 22)22
— mky(z — 22)2 + %1'2 (y2 + 1‘21/2) F2(Qf,y, Z)‘
bx2
(c —mzy)

LVa(z,y,2) = —pu(x — 22)* = Bz — x2)*y — bk(z — 22)°

Choose k = , we have

1
— mky(z — 22)* + §$2 (v* + z2y2) F?(2,y, 2).

Hence LVa(x,y,z) = 0 only at (x2,y2,22) and by the choice of suitable func-
tions F(x,y,z), one can obtain LVi(z,y,z) < 0 on D\ (z2,ys,22). Hence
LV5(z,y, 2) is negative definite on D for some suitable F(x,y, z). Therefore,
by Theorem 3.4, the infected equilibrium is stochastically asymptotically sta-
ble on D if Ry > 1 and for some suitable F(z,y, z) such that F(z2,ys,22) =0
and satisfies the condition (3.7). O

4. STATIONARY DISTRIBUTION AND POSITIVE RECURRENCE

We first present a lemma, which is a useful criterion for positive recurrence
in terms of Lyapunov function ([17]).

Consider the d-dimensional stochastic differential equation
k
dX(t) = b(X)dt + Y o (X)dW,(t) (4.1)
r=1

and the diffusion matrix is defined as follows
k

Az) = (aij(2)),  aij(@) = ) op(2)ol ().

r=1

Lemma 4.1. ([17]) The system (4.1) is positive recurrent if there is a bounded
open subset H of R with a regular (i.e., smooth) boundary and
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(i) there exist some i =1,2,--- ,d and a positive constant k such that
aii(x) >k forany z € H,

(ii) there exists a nonnegative function V : H¢ — R such that V is twice
continuously differentiable and that for some 68 > 0,

LV (x) < —0 forany z e HC.

Moreover, the positive recurrent process X (t) has a unique stationary distri-
bution p(.) with density in R such that for any Borel set B C R?

lim B(t,, B) = u(B)

]PJTILH;O/f ))dt = /f =1

for all z € RY and f : RY — R be a function integrable with respect to the
measure [i.

and

Theorem 4.2. The solution (z(t),y(t), z(t)) of system (1.2) with any positive
initial value (z(0),y(0),2(0)) € D, where F(x,y,2z) = f(x — x2,y — y2) is
positive recurrent and admits a unique ergodic stationary distribution in D if
Ro > 1 and

m(z,y,z) = M($—$2)2+bk(z_22)2—% (Z)2 ((Z)2+x2y2> F%(z,y, 2).

bx2

1s positive definite on H® for k = ————.
(c —mzy)

Proof. Define the following bounded open subset H of R?

Y N 'Sy TN MY S T P TP
where N, M and P are sufficiently large positive constants to be chosen in the
following, x9 and y2 ¢ H and zy € H. The diffusion matrix associated with
the system (1.2) is given by

2?2 F2(x,y,2)  —2?y?F%(x,y, 2)

0
A(‘T7y72) = _x2y2F2(l,’y’z) $2y2F2($,y, Z) 0
0 0 0
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Since H C Ri, then

all('rv Y, Z) = $2y2F2($7 Y, Z)
> inf  2%2F%(z,y,2)
(zy,2)eH
2 kla
where k; is positive constant. This implies the condition (i) in Lemma 4.1 is

satisfied. It remains for us to verify the condition (ii) in Lemma 4.1. Define
the following nonnegative function

1 k
V(z,y,2) = 5(1“ - 902)2 + x2 <y — Y2 —y21n (y)) + (2 — 22)2
Y2 2
for k= — %2 Apply £ on V(x,y, z), we have
(c — mzy)

LV (z,y,2) = —p(x — x2)? — Bz — 22)%y — bk(z — 2)*
—mky(z — 22 + 57 (4 + wayn) FA (2, 2),
LV (z,y,2) < —m(z,y,2).
Since 1 (x,y,2) > 0 on HE,

nl(xayaz) > inf 771(937%2):9>O-
(:'E7y7z)eHc

From this, we have
LV (z,y,z) <=0 forall (z,y,2)€ H".

So the condition (ii) of Lemma 4.1 is met. This completes the proof. O

We proved analytically sufficient condition for stochastic asymptotic sta-
bility of equilibrium solutions of the model (1.2) and connected to the basic
reproduction number Ry. We now illustrate our analytical results.

5. ILLUSTRATIVE EXAMPLE

In this section, we visualize our results. Consider the stochastic viral infec-
tion model with immune impairment.

dx = (s — px — Pry) dt — (%)%cy(x — x2)dW,

dy = (Bry — ay — pyz) dt + (%)3@@ — 2o)dWW, (5.1)

dz = (cy — bz — myz) dt,
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where s, p, 8, a, p, ¢, b and m are positive constants and

T2 = 1<a+cpy2>
B b+mys )’
pw o= & {~B+ VB +440(s3 — ap) }
2 24 12 )
Z Y2
b+ mys
where A = f(am + ¢p) and B = abf + cup — m(sf — ap) and Ry = Zi.

Global existence of a unique solution of the system (5.1) in

D:{(x,y,z)€R3:x>0,y>0,z>0,x+y+2az§S}
T

is proven by Theorem 2.2.

In Figure 1(A), 1(B), 1(C) and 2(A), 2(B), 2(C), dynamics of expected
values of z, y and z versus time are plotted. They show that CD4TT cell,
Infected CD41T cell and Immune cell populations, in average, settle around
the equilibrium. In Figure 1(D), 1(E), 1(F) and 2(D), 2(E), 2(F) display the
evaluation of the variances of x, y and z versus time. As it seen, variances
rapidly go to zero. Hence the equilibrium solutions are approached.

Figure 1 verifies Theorem 3.5 which states, if Ry = 0.8333 < 1, then the
uninfected equilibrium solution E; = (666.6667,0,0) of the system (5.1) is
globally stochastically asymptotically stable on D.

Figure 2 agrees to Theorem 3.6 which proves stochastic asymptotic stability
of the infected equilibrium solution Es = (893.3824,282.2222,2.3346) to the
system (5.1) on D under the assumption Ry = 16.8750 > 1 and 7 is negative
definite, which requires non-negative of the constant

4 2
b= % (%) ((Z) + x2y2> — 0.0200,

n(x,y,2) < —¢(x — x2)* — bk(z — 20)* for k=

where
px2
(c—mz)

If we choose the parameter s = 270, u = 0.02, 8 = 0.001, a = 0.80, p = 0.04,
c=0.025,b = 0.2 and m = 0.01, then the conditions of Theorem 4.2 are holds.
Hence the system 5.1 is positive recurrent, moreover, the positive recurrent
has unique stationary distribution in D.
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6. CONCLUSION

(T1,91,21) =
(666.6667,0,0) is globally asymptotically stochastically stable for the
parameters: s = 200, o = 0.3, § = 0.001, a = 0.80, p = 0.04,
¢=0.025, b =0.31, m = 0.01 (Ryp =0.8333 < 1).
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(T2,Y2,22) =
(893.3824, 282.2222,2.3346) is globally asymptotically stochastically
stable for the parameters: s = 270, p = 0.02, 8 = 0.001, a = 0.80,
p=0.04, c = 0.025, b = 0.2, m = 0.01, (Rg = 16.8750 > 1).

37

In our model (1.2), we consider general diffusion term. Hence, we have
a family of stochastic model. We established in this paper, the model (1.2)
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possesses a non-negative unique solution as this is essential in any population
dynamics models. We discussed stochastic asymptotic stability of uninfected
and infected equilibria by the help of invariance principle and Lyapunov’s
second method. As common, stochastic asymptotic stability of equilibria is
connected to the basic reproduction number Rg. A sufficient condition for
stochastic asymptotic stability is found in terms of parameters and functional
dependence on the variable. A remarkable fact of the criteria (3.7) is that a
sufficient condition for stability can be found even for general local Lipschitz
continuous F'. Our results reveal that a certain type of stochastic perturbation
may help stabilize the system and also the solution of the system (1.2) is
positive recurrent and admits a unique ergodic stationary distribution in D.
Furthermore, we visualized our results.
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