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Abstract. In this article, we consider the elliptic problem A%u = \f(u), where A > 0 and f
is asymptotically linear, in the unit ball of RY, N > 2, with Dirichlet Boundary conditions.
We introduce the notion of semi-stability for a solution. We determine the existence and
nonexistence results for positive solutions, uniqueness and regularity. We also study a type of
semi-stable solutions called extremal solutions. Moreover, we characterize the nonexistence
of singular extremal solutions.

1. INTRODUCTION

Let B ¢ RY be the unit ball of RY (centered at the origin), N > 2. We
consider the following biharmonic problem

A%y = Af(u) in B,
> 0 in B,

=0 on 0B,

u —_ —_——
on
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: . ou L
where ) is a positive parameter, — denotes the outer normal derivative of u

n
on 0B and the nonlinearity f satisfies the following assumptions:
f is in C'[0, 4+00), positive, nondecreasing and convex function. (1.1)

The biharmonic equations are an important class of equations in both physics
and engineering. In fluid dynamics, the so-called stream function satisfies the
biharmonic equation and many problems in elasticity can be formulated in
terms of the biharmonic equation. The choice of the boundary conditions is
usually related to the physical problem described by the equation, see [16].
Also the equation (Py) is the natural fourth order analogue of the classical
Gelfand problem

—Au = Af(u) in Q,
u > 0 in €, (1.2)
u = 0 on 0f),

where € is a smooth bounded domain in RN, N > 2, for which a vast literature
exists, we can cite e.g. [4, 5, 7, 8, 10, 11, 13, 14] and references therein. One of
the basic tools in the analysis of (1.2) is the maximum principle. As pointed
out in [3], in general domain the maximum principle for bi-Laplacian with
Dirichlet boundary condition is not valid any more. One of the reasons to
study (Py) in a ball is that a maximum principle holds, see [6].

As a generalization, Sanchon [15] has treated the case of a super nonlinearity
for the p-Laplacian under Dirichlet boundary condition on a smooth domain.
In this work and in order to generalize the results of [14] and [1], we suppose
that the nonlinearity f satisfies

lim fgt) =a € (0,+00). (1.3)

t—ro0

By (1.3), we call f asymptotically linear at infinity.

We will prove the existence of the bifurcation phenomena and study the
regularity of the extremal solutions. Note that the role of bifurcation problems
in applied mathematics has been synthesized by Kielhofer [12], who observed
that the buckling of the Euler rod, the appearance of Taylor vortices, and
the onset of oscillations in an electric circuit, for instance, all have a common
cause: a specific physical parameter crosses a threshold, and that event forces
the system to the organization of a new state that differs considerably from
that observed before.

In the sequel,we say that u is a solution of (Py) if u € C*(B) and satisfies
(Py) in the classical sense. By a weak solution, we mean the following.
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Definition 1.1. u € L'(B) is a weak solution of (Py) if f(u) € L'(B) and

/B uA2C = \ /B Flu) (1.4)

for all ¢ € C*4(B) with g( =(=0onJdB.
n

Moreover, if u € L°°(B) we say that u is regular while if u is not in L*°(B)
we say that v is singular. By elliptic regularity, we know that regular solutions
are smooth and solve (Py) in the classical sense.

We say that a solution uy of (Py) is minimal if uy < u a.e. in B for any
other solution of (Py).

In order to state our results, we have to introduce the stability condition
for regular solutions.

Definition 1.2. A regular solution u of (P)) is said to be stable if the first
eigenvalue 71 (A, u) of the linearized operator Ly, = A% — A\f’(u) given by

. [1aek - [ fwg

oCH2(B)\{0} lell3

mAu) =
is positive in H}(B). In other words,
A /B Fu)g? < /B AgP  forany e HI(B). (1.5)
If n1 (A, u) < 0, the solution u is said to be unstable.

Our first result is the following.

Proposition 1.3. Assume that f is a function satisfying (1.1) and (1.3). If
(Py\) has a weak solution u, then u is a regular solution and hence a classical
solution.

Before stating the other results, we give some notations. Throughout this
articles, we denote ||.||, the LP(B)-norm for 1 < p < co and ||| the H?-norm

given by
Jul® = / Al
B

We denote by \; the first eigenvalue of L = A? in B with Dirichlet boundary
condition and ¢ the positive normalized eigenfunction associated, that is,
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such that
A’p; =M1 in B,
p1 >0 in B,
0 1.6
golzﬂ =0 on OB, (16)
on
1]z =1
Let

A :={X > 0 such that (Py) admits a solution} and A\* :=sup A < +oc.
We denote
ft)

ro := inf e and [:= tlim (f(t) - at). (1.7)

t>0 —00

The following results hold.

Theorem 1.4. Let f a positive function satisfying (1.1) and (1.3). Then there
exists a critical value \* € (0,00) such that the following properties hold true.
(i) For any A € (0, X*), problem (Py) has a minimal solution uy, which is
the unique stable solution of (Py) and the mapping \ — uy is increas-
mng.
(ii) For any X € (0, %), uy is the unique solution of problem (Py).
(iii) If problem (Px+) has a solution u, then
u=u"= limuy and mA,u")=0.
A= ¥
(iv) For A\ > \*, the problem (Py) has no solution even in the weak sense.

In the next results, we study the existence and the non existence of the
extremal solution (for A = A* ). We prove the following results.

Theorem 1.5. Assume that I > 0. The following results hold.
A
(i) A==

(ii) Problem (Py+) has no solution.
(iii) )\Iin)} uy = oo uniformly on compact subsets of B.
_> *

Theorem 1.6. Assume that [ < 0. Then we have the following results.

AL A
(i) The critical value \* belongs to (;1, T—l)
0
(ii) (Px+) has a unique solution u*.

A
(iii) The problem (Py) has an unstable solution vy for any A € (;1, A*) and

the sequence (vy)x satisfies

(a) lin} vy = 0o uniformly on compact subsets of B,
A— 2L
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(b) lim vy = u* uniformly in B.
A= A*

Before the proof of the Theorem 1.5, we treat the exemplar of f(t) = at+b
in the Proposition 3.2.

This paper is organized as follows: in the next section we prove Theorem
1.4, in section 3 we give the proof of Propositions 1.3 and 3.2, and Theorem
1.5. Finally, in section 4 we prove Theorem 1.6.

2. PROOF OF THEOREM 1.4

In the proof of this Theorem, we shall make use of the following auxiliary
results. We begin by the following result due to [4] for the case of Laplacian.

Lemma 2.1. Given g € LY(B), there exists an unique v € L'(B) which is a
weak solution of

ov (2.1)

A’y = g in B,
v = 0 on 0B,

"~ on

/BUA%:/Bgc (2.2)
o

for all ¢ € C*(B) with o ¢ =0 on OB. Moreover, there exists a constant
n
co independents of g such that

in the sense that

[vlly < collglls-
In addition, if g > 0 a.e. in B, then v > 0 a.e. in B.

Proof. For the uniqueness, let v; and vy be two solutions of (2.1). Then

v = v1 — Vg satisfies
[ v =0
B
¢

for all ¢ € C*(B) with e ¢ = 0. Given ¢ € D(B), there exist a ¢ solution
n
of

_9¢ _
=5 = 0 on 0B,

/vgsz.
B

Since ¢ is arbitrary, we deduce that v = 0.
For the existence, since ¢ = g© — g, we can assume that ¢ > 0. Let
gn(7) = min{g(z),n}, then the family (g,), converge to g in L*(B).

A?2¢C = ¢ in B,
L

it follows that
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Now let v,, the solution of

A%y, = g, in B,
2.
vn:% = 0 on 0B. (2:3)
on
The sequence (vy,), is monotone nondecreasing.
On the other hand, we have
/ (v —v)1 = / (g1 — 91)Co,
B B
where (j is defined by
A’ = 1 in B,
0 24
o= go:Oon(‘?B. (24)

So

/|Uk—vz\§00/|gk—gz!dﬂf
B B

and then (vy,), is a Cauchy sequence in L!(B). Passing to the limit in (2.3),
after multiplication by ¢, we have that v = lim v,, is a weak solution of equation
(2.1). If we take ¢ = (p in (2.2), we obtain

th—/ U—/9C0<COHQHI

O

Lemma 2.2. If (Py) has a weak super solution U, then there exists a weak
solution u of (Py) such that 0 < u < U and u does not depend on .

Proof. We use a standard monotone iteration argument and maximum prin-
ciple for the operator A? with Dirichlet boundary condition in the ball. Let
ug = 0 and wu,4+1 the solution of

{ A%u,i1 = M(up) in B,
Un+1 =

azg;jl =0 on 0B,
which exists by Lemma 2.1. We provethat 0 =ug < u1 <--- < up <--- < @
and (uy), converge to u € L'(Q2) which is a weak solutlon of (Py). Moreover
u is independent of w by construction. Il

Lemma 2.3. The problem (Py) has no solution for any A > A1 /7o, but has at
least one solution provided A is positive and small enough.
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Proof. To show that (P)y) has a solution for A small enough, we use the Lemma
2.1. To this aim, let (o € C*(B)) given by (2.4). We have (j is a super solution
of (Py) for A < 1/f(||[¢olloc)- Then by Lemma 2.2, the equation (Py) has a
weak solution u for A < 1/f(|[¢olcc). Because {y € L*°(B), u is a regular
solution and then it is a classical one by elliptic regularity as mentioned in the
introduction.

Assume now that u is a solution of (P)) for some A > 0. Using ¢ given by
(1.6) as a test function, we get

/BuA2<p1 = /\/Bf(um.

Using the definition of rq, we have

()\1 — )\To)/ w1u 2 O.
B

Since ¢1 > 0 and v > 0, we conclude that the parameter A should belong to
(0, A1/70]. This completes the proof. O

Corollary 2.4. A* =sup A < co.

Lemma 2.5. Assume that the problem (P)) has a solution for some \ €
(0, \*). Then there exists a minimal solution denoted by uy for the problem
(Py). Moreover, for any X' € (0, ), the problem (Py/) has a solution.

Proof. Fix A € (0,\*) and let u be a solution of (Py). By Lemma 2.2, we
obtain a solution u)y of (Py) which is independent of u used as super solution.
Since u) is independent of the choice of u, then it is a minimal solution.
Now, if u is a solution of (Py), then u is a super solution of the problem
(Pys) for any X in (0,\) and the Lemma 2.2 completes the proof. O

Proof of Theorem 1.4 (i). First, we claim that uy is stable. Indeed, arguing
by contradiction, we suppose that the first eigenvalue 11 = 11(A, uy) is non-
positive. Then, there exists an eigenfunction

Y e CYB) and ?ﬁ:w:O on OB

such that
A*p — Af'(uy)p =m1p in B and >0 in B.
Consider u® := uy — €. Hence
AU = Af(uf) = —met + M| fun) — fluy —ep) — ef (ur)y
= 61/1(—771 + 05(1))'
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Since 11 < 0 for € > 0 small enough, we have
A%uf — Mf(uf) >0 in B.

Then, for € > 0 small enough, we use the strong maximum principle (Hopf’s
Lemma) to deduce that u® > 0. wu® is a super solution of (P)), so by the
Lemma 2.2, we obtain a solution u such that v < u® and since u® < u), then
we contradict the minimality of uy.

Now, we show that (P)) has at most one stable solution. Assume the
existence of another stable solution v # u) of problem (Py). Let ¢ := v — uy,
then by maximum principle ¢ > 0 and from (1.5) taking ¢ as a test function,
we have

s rore < [1ael = [ ente=x [ [10) = )]

Therefore
[ [#0) = 1) = F o) = w)] e = 0.
Thanks to the convexity of f, the term in the brackets is non positive, hence

f) = f(ux) = f'(v)(v —uy) =0 in B,

which implies that f is affine over [uy,v] in B. So, there exists two real
numbers a and b such that

f(z)=ax+b in [O,mng].

Finally, since uy and v are two solutions to A%w = aw + b, we obtain that

Oz/B(uAAQU—UAQUA):b/B(v—u,\):b/ng.

This is impossible since b = f(0) > 0 and ¢ is positive in B. Finally, by
Lemma 2.5 and the definition of u), we have that the function A\ — ) is an
increasing mapping.

Proof of Theorem 1.4 (ii). In this stage, we give the proof of the Proposition
1.3. By convexity of f, we have a = sup f’(¢) and
>0

F(t) <at+ f(0) forall t>0. (2.5)

Let u a weak solution of (Py), f(u) € L'(B). By elliptic regularity, u € LP(B),
for all p > 1 such that

N
N -4

p < (p<ooif N=2,3 and p < oo if N =4). (2.6)
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Again by (2.5), f(u) € LP for all p satisfying (2.6) so u € W47 (B) for all 7 > 1
such that

r< (r<oo if N=2,3,4,5,6,7 and r < o0 if N =8). (2.7)

N -8

N
By iteration and after k(n) = [Z} + 1 operations, the solution u belongs to

L>(B). By elliptic regularity and standard bootstrap argument, u € C*(B).

Next, we treat the case of f(t) = fo(t) = at + b and we prove the following
result.

Proposition 2.6. Let B C RY the unit ball of RV, N > 2. Assume that
f(t) = fo(t) = at + b, where a,b > 0. Then

() & = 2.
(ii) The problem (Py) has no weak solution for A = \*.

Proof. Let 0 < A < ﬁ, the problem (Py), given by
a

@:u = 0 on OB, (28)
on

has a unique solution in C*(B). Since Aa < A1, by Maximum principle u > 0.

{A2u)\au = M in B,

Now let A = 2. If the problem (2.8) has a solution w, then by multiplication
a

(2.8) by ¢1 the positive function associated to A; introduced by (1.6) and

integration by parts, it follows that [ 5 ®1 = 0 which is impossible since ¢1 > 0

A
in B. So for fo(t) = at + b, a and b > 0, we have \* = 2 and the equation
a

(Py\+) has no solution. O

For the proof of Theorem 1.4 (ii), let A € (0, %), b= f(0) and w a solution
for the problem (2.8) when fy(t) = at + b. Since we have for the function f in
Theorem 1.4, f(w) < aw + f(0), then w is a super-solution of (Py) and hence
by Lemma 2.2 and Proposition 1.3, the equation (P)) has a solution.

For the uniqueness, let u a solution of (Py) for a reel A € (0, %) We denote

A1(L) the first eigenvalue of an operator L, that is A\;(A2?) = A;. Because

a = sup f'(t), we have A2 — \f'(u) > A? — \a and so
t>0

M (A2 = Af'(u) > M (A% = Xa),

that is
m(A,u) > A1 — Aa > 0.

The solution u is stable then, by Theorem 1.4 (i), we obtain u = uy.
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Proof of Theorem 1.4 (iii). Suppose that (Py) has a solution u. then, for every
A € (0,X*), we have uy < u and so u* = /\lin}} uy is well defined in L'(B) and
_> *

furthermore u* is a weak then classical solution for (Py«). Since 0 < u* < w,

u* is a minimal solution and also satisfies (1.5) for A = \*. We have then

n (A*, u*) > 0.
Now, consider the nonlinear operator
G:(0,400) x C**(BYNE — CY(B)
(A, u) — A%y — Af(u),

where a € (0,1) and F the function space defined by
E = {u€H4(B)/gu:u:0 on 83}. (2.9)
n

Assuming that the first eigenvalue 7 (\*, u*) is positive. By the implicit func-
tion theorem applied to the operator G, it follows that problem (P)) has a
solution for X\ in a neighborhood of A*. But this contradicts the definition of
A* so mp (A%, u*) = 0. Furthermore, u* is a the unique solution for (Py«) and
we can proceed as in the proof of Theorem 1.4 (ii).

Proof of Theorem 1.4 (iv). If the problem (P)) has a weak solution u for
A > A, then by Proposition 1.3, u is a classical solution for (Py) and this
contradicts the definition of A*. This completes the Theorem 1.4. O

3. PROOF OF THEOREM 1.5

In the proof of Theorem 1.5, we shall use the following auxiliary result which
is a reformulation of Theorem due to Hérmander [9] and maximum principle.

Lemma 3.1. Let B C RN the unit ball of RN, N > 2. Let (uy,) be a sequence
of nonnegative functions defined on B and satisfying A?u, > 0. Then the
following alternative holds.

(i) lim w, = oo uniformly on compact subsets of B
n—oo
or

(ii) (uy) contains a subsequence which converges in L}, (B) to some func-
tion u.

We first prove the following result.

Proposition 3.2. Let f be a positive function satisfying (1.1) and (1.3). Then
the following assertions are equivalent.

(i) A* = A

(ii) (Px+) has no solution.
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(iii) /\hH)\l uy = oo uniformly on compact subsets of B.
_> *

Proof. (i)=(ii) By contradiction. Assume that (Py+) has a solution u. By
Theorem 1.4 (ii), u = u* = )\hH)\l uy and 71 (A*,u*) = 0. Thus there exists
4) *

Y € C*(B) satisfying

A*p — N f'(u*)p =0, >0 in B and ¢ = g@z) =0 on 0B, (3.1)
n
(see Remark 1.1 in [17]). Using ¢ given by (1.6) as a test function, we obtain
/ (A1 — A" F(u")) o1 = 0. (3.2)
B

A
Since 1 > 0, 1 > 0, A\* = 2 and a = sup f(t), we have A\ — \* f/(u*) > 0.
a t>0
Then equality (3.2) gives f'(u*) = a in B. This implies that f(t) = at + b
in [0, mazpu*] for some scalar b > 0 and this impossible by Proposition 2.6.
Hence (Py+) has no solution.

(ii)=-(iii) By contradiction, suppose that (iii) doesn’t hold. By Lemma 3.1
and up to subsequence, uy converges locally in L!'(B) to the function u* as
A= A%

Claim: uy is bounded in L?(B). Indeed, if not, we may assume that

Uy = k)\w)\
with
/ wyldr =1 and lim ky = occ. (3.3)
B A—A*
We have
kif(m) —0 in L, (B) as A— \*
A
and then
A*wy — 0 in LL.(B). (3.4)
We have
[1aw = [ Sunun = [ A1)
B B B ka
then

/\AwAI2S/ )\f(uA)wAgA*/awiJrf(o)w,\
B Bk B kx

<a)\*—|—c()/ wy < aX* + co/| B
B
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for some ¢y > 0 independent of A\. Then (w)) is bounded in H*(B) and up to
a subsequence, we obtain

wy — w weakly in H*(B) and

wy —w strongly in  L*(B) as A — A% (3.5)
Moreover, by the trace Theorem
% =wy=0 on OJB.
on

It follows from (3.4) and (3.5), that w = 0 in B and this contradicts (3.3).
This complete the proof of the claim. Thus uy is bounded in L?(B) and with
the same argument above, u, is bounded in H*(B) and up to a subsequence,
we have
uy — u* weakly in H*(B),
uy —u* in  L*B) as \— A\,
A%2u* = N f(u*) in B,
Ou = uw*=0 on 0B,
on
and this impossible by the hypothesis (ii). We remark clearly that (iii)=-(ii)
and hence (ii)<(iii).

(iii)=-(i) If (iii) occurs, that (ii) also is true and we have Alin; |luxll2 = oo. Let
— *

uy = kywy with H'IU)\HQ = 1. (36)
Up to subsequence, we obtain

wy —w weakly in H*(B)

and
wy —w in L*B) as A — A\ (3.7)
We have also
k/\)\f(ux)%)\*aw as A=\ (3.8)
and
A’wy — A*w in L*(B),
then
A’w = aXNw in B,
w = 0 on 0B, (3.9)

‘3—17‘1’—0 on OB.

Taking 1 as a test function in (3.9), we obtain

Al/wgalz/w(A2g01):/ aX wes.
B B B
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A
Since 1 > 0 and w > 0 in B, we have \* = 2L and this complete the proof
a

of Proposition 3.2. O
To finish the proof of Theorem 1.5, we need only to show that (P, ) has no
solution. Assume that u is a solution of (P, ). Since ’
[:= lim (f(t) - at) >0 and a=sup f'(t),
t—o00 t>0

we have [ € (0,00) and f(t) —at > 0 and

A

A?u="Lf(u) in B. (3.10)
a

Taking o1 as a test function in (3.10), we get f(u) = aw in B, which contra-
dicts f(0) > 0. This concludes the proof of Theorem 1.5. O

4. PROOF OF THEOREM 1.6

Proof of Theorem 1.6 (i). We have shown that

Moy
a o

Suppose that \* = % By Proposition 3.2, we have

)\lin)} u) = oo uniformly on compact subsets of B.
4} *

Let uy be the minimal solution of (Py) for % < A < A*. Then multiplying
(Py\) by ¢1 and integrating by parts, we obtain

/B<P1 ()\1 uy — Af(m)) = /B ©1 (()\1 —aluy — A(f(ux) — auA)) =0 (4.1)
and then
)\/B<p1 (f(uA) - auA> > 0. (4.2)

Passing to the limit in the inequality (4.2) as A tends to A*, we find

Ogl)\*/g01<0,
B

which is impossible and then A\* # )(‘1—1

If \* = ;\—;, let u be a solution of problem (Py+) which exists by Proposition
3.2. Multiplying (Py+) by ¢1 and integrating by parts, we obtain

A
)\1/ u901=1/ fw)er,
B To JB
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that is
[ (@ = rower =0,
B
then f(u) =row in B, and this contradicts the fact that f(0) > 0.

Proof of Theorem 1.6 (ii). Since \* > %, the existence of a solution to (Py~)
is assured by Proposition 3.2 and the uniqueness is given by Theorem 1.4.

Proof of Theorem 1.6 (iii). In this stage, we will use the mountain pass Theo-
rem of Ambrosetti and Rabinowitz ([2]).

Theorem 4.1. ([2]) Let E be a real Banach space and J € C*(E,R). As-
sume that J satisfies the Palais-Smale condition and the following geometric
assumptions.

(i) There exist positive constants R and p such that
J(u) > J(ug) + p, forall uweE with |lu—up| = R.

(ii) There exists vg € E such that ||[vg — up|| > R and J(vo) < J(uo), then
the functional J possesses at least a critical point. The critical value
is characterized by

a:=inf max J(u),
g€l ueg([0,1])

where
ri={g € C([0,1), ) | 9(0) = uo, (1) = vo}

and satisfies
a > J(ug) + p.

Let

w o L |Au|2—/F(u),
2 /B B

where E is the function space defined by (2.9) and
t
F(t) = /\/ f(s)ds, forall t>0.
0

We take ug as the stable solution u)y for each A € (%, A%).

The energy functional J belongs to C'(E,R) and

<J/(u),v>:/BAU.AU—A/Bf(u)U,
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for all u,v € E. Since 11 (A, uy) > 0, the function u) is a local minimum for J.
In order to transform it into a local strict minimum, consider the perturbed
functional J. defined by

Jo: FE — R

u J(u)—i—g/ |A(u — uy) %, (4.3)
2B
for all € € [0, €o], where
e = § Aa — Al
0= 1 N .

We observe that J. is also in C'(E,R) and

/AuAv— /f v+€/Au—u>\

for all u,v € E. Using the same arguments of Mironescu and Radulescu in
[14, Lemma 9], we show that J. satisfies the Palais-Smale condition and so we
have the next lemma.

Lemma 4.2. Let (u,) C E be a Palais-Smale sequence, that is,

sup |Je (up)| < 400 (4.4)
neN
and
| J2(un)|lgs — 0 as n — oco. (4.5)

Then (uy,) is relatively compact in E.

Now, we need only to check that the two geometric assumptions are fulfilled.
First, since u) is a local minimum of J, there exists R > 0 such that for all
u € E satisfying ||[u — uy|| = R, we have J(u) > J(uy) . Then

L) 2 ) + 5 [ 1A= u)P

Since u — w) is not harmonic, we can choose

e R?
= 0
P 1 >

and uy becomes a strict local minimal for J., which proves (1).
Also, we have

A € €
Je(tp1) = ?th + §A1t2 - 6)\115/ p1u) + 2>\/ flup)uy
B B (4.6)

—/F(tgol), vit>0.
B
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Recall that tlim (f(t) — at) is finite, then there exists 5 € R such that

—+00
fit)y>at+p, Vt>D0.
Hence
al,
F(t) > =12+ BAt, Vi>0.
This yields

Ja(tgal) )\1 8)\1 a\ 9 /
< (o= 22 =
2 —(2+ 2 2>+2t2 IRACYCE

which implies that

1
lim sup 2 Je(tp1 — 4+ — - —) <0, Veel0, el

t——+00
Therefore
t—I}I-Eloo Je(tp1) = —o0
and so, for all € € [0, g¢], there exists vy € E such that
Ja(UO) < Je(u)\)

and (2) is proved. Finally, let v, (respectively, c¢.) be the critical point (re-
spectively, critical value) of J..

Remark 4.3. The fact that J. increases with ¢ implies that for all € € [0, eq],
Ce € [co,ceo]- Then, c. is uniformly bounded. Thus, for all € € [0, eg], the
critical point v, satisfies [|v. — uy| > R.

Recall that for any € € [0, €], the function v. belongs to E and satisfies

A e .
f(vg)—f—mf(u;\) in B (4.7)

A2v5:—
1+¢

and

Je(ve) = ce. (4.8)
By Lemma 4.2, Remark 4.3, (4.7) and (4.8), there exists v € E such that

ve—v in E as €—0
satisfying
A%y = \f(v) in B.

From Remark 4.3, we see that v # w).
Proof of Theorem 1.6 (iii)-(a). By contradiction, suppose that (a) doesn’t hold.
By Lemma 2.5 there is a sequence of positives scalars (u,,) and a sequence (vy,)

of unstable solutions to (P,,) such that v, — v in L}, (B) as u, — A1/a for
some function v.
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We first claim that (v,) cannot be bounded in E. Otherwise, let w € E be
such that, up to a subsequence,

v, = w weaklyin E and v, — w stronglyin L*(B).
Therefore,
A%v, - A’w in D'(B) and f(v,) = f(w) in L*B),

which implies that A%w = % f(w) in B. It follows that w € E and solves
(P, /a). From Lemma 3.1, we deduce that

m ():,w> <0. (4.9)

Relation (4.9) shows that w # uy, /, which contradicts the fact that (Py, /,)

has a unique solution. Now, since A%v,, = p,, f(v,,), the unboundedness of (vy,)
in F implies that this sequence is unbounded in L?(B), too. To see this, let

Up = kpwyp, where k, >0, |wy|2=1 and &k, — co.

Then

Aw,, = %f(vn) —0 in L}OC(B).

So, we have convergence also in the sense of distributions and (wy,) is seen to
be bounded in E with standard arguments. We obtain

A*w=0 and |w|s=1.
The desired contradiction is obtained since w € FE.

Proof of Theorem 1.6 (iii)-(b). As before, it is enough to prove the L?(B)
boundless of vy near A* and to use the uniqueness property of u*. Assume
that |lv,||2 = 0o as pu, — A*, where v, is a solution to (P,,). We write again
VUp, = I wy. Then,

A, = % F(on). (4.10)

The fact that the right-hand side of (4.10) is bounded in L?(B) implies that
(wy,) is bounded in E. Let (wy) be such that (up to a subsequence)

w, —w weaklyin E and w, —w stronglyin L?(B).
A computation already done shows that
A*w=Maw, w>0 and |uw|s=1,

which forces A* to be Aj/a. This contradiction concludes the proof. g
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