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Abstract. By constructing proper cones and by making use of fixed point theory together
with the properties of Green’s function, the paper deals with the existence of positive so-
lutions for fourth-order singular nonlinear Sturm-Liouville boundary value problems. The
main results which are obtained essentially improve, generalize and unify many well-known
results. Examples are given to show the validity of the main results.

1. INTRODUCTION

The present paper considers the existence results for the following fourth-
order nonlinear singular boundary value problems of the form

yD(t) — xa(t)F(t,y(t) =0, 0<t<1, (1.1)

{ a1y(0) — b1y’ (0) = 0 = ery(1) + dry' (1),
azy”(0) — bay"(0) = 0 = coy"(1) + doy™ (1),
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where A > 0, a(t) may be singular at ¢ = 0 and/or 1; F : [0, 1] x [0, +00) —
[0, +00) is continuous, and F'(¢,y) is not identically zero on any subinterval of
[0,1], for all 0 < y < 400; aj, b;, ¢i,d; > 0, such that

A; = bic; + aje; +azd; >0, i =1,2.

The boundary value problems for differential equations arise quite naturally
in a variety of mathematical models ( see [1, 2, 8] for references along this line
and therein). Much more attention has been put to the existence of positive
solutions for fourth order non-singular boundary value problems. For example,
when Aa(t)F(t,y(t)) = e(t) — g(t,y(t)) +74y(t), the differential equation (1.1)
with the following boundary conditions

y(0) =y(1) =y"(0) =y"(1) =0 (1.3)

describes the bending of an elastic beam which is simply supported at both
ends and is at resonance. Gupta [2] established the existence and uniqueness
results of the nonlinear boundary value problem (1.1) — (1.3), where g(¢,y) is
strictly increasing on y for every ¢ in [0, 1] and fol g(t,0)sinwtdt = 0. When
Aa(t)F(t,y(t)) = e(t) —g(t)y(t),0 < t < 1, Usmani [7] presented a uniqueness
theorem for the linear boundary value problem (1.1) — (1.3), where ¢(t) and
e(t) are given real-valued continuous function on [0, 1]. Y. Yang [10] proved an
existence theorem for the equation (1.1) with the following general nonlinear
boundary condition

y(0) =tyo, y(1) =ty1, ¥"(0) =tyy, y"(1) =1y (1.4)

When F(t,y) = f(y), the differential equation (1.1) with the following bound-
ary conditions
y(0) =y'(1) =y"(0) =y"(1) =0 (1.5)

describes an elastic beam with one of its end simply supported and the other
end clamped by sliding clamps. By employing Krasnosel’skii fixed point theo-
rem of norm type cone expansion and compression, Ma and Wang [4] studied
the existence of positive solutions for the problem (1.1) — (1.3), and the prob-
lem (1.1) — (1.5), where superlinear or sublinear conditions imposed on f.

However, the singular problems have been received much more attention in
recent years (see [5, 6, 9] and the references therein). Motivated by [5, 6, 9],
the aim of the paper, we consider more general differential equation (1.1)
with more general boundary conditions (1.2), under some weaker assumptions
imposed on a(t) and F(t,y). Also, we allow a(t) may be singular at ¢ = 0
and/or 1. Moreover, the paper is not only to obtain at least one positive
solutions for the problem (1.1) — (1.2), but also to derive an explicit interval
for A, and for any A in this interval. Our results extend, contain and improve
many known results in [1, 4, 10].
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The paper is organized as follows: In Section 2, we collect some preliminaries
and properties of Green’s functions. We also construct valid integral operator.
In Section 3, The main results will be stated and proved. In Section 4, some
examples are given to show the validity of our main results.

2. SOME PRELIMINARIES

In this section we shall present some preliminaries which will be used to
prove the main results.
We denote by H(t,s) the Green’s function for the homogeneous boundary
value problem:
y(4) (t) =0, te [07 1]7
subject to the boundary conditions (1.2). We then know that H(¢,s) is non-
negative on [0, 1] x [0, 1], and is expressed by

H(t,s) = /O CHy (6 0) Ho(o, 5)do,

where H;(t,s)(i = 1,2) is the Green’s function for the following boundary
value problem

y'(t) = 0<t<1,
azy(O) by (0) = 0,
Czy<) /():07 1=1,2;

that is

Holt o) = (b +a;s)(di+c(l1—1t), if 0<s<t<l1,

=0 Tt at) i+ e(l—s), if 0<t<s<l,

for : = 1,2. By some s1mple calculations, we get
gar; (b2 + azs) (A1 (cat — 3 (ca + d2)) 1% + A(ait + by))
—AQ (01(1 —t) —‘rdl) (a18+3b1> , if 0<s<t<1,
65,0, A (bl + alt) (AQ (018 — (Cl + dl)) 52 + A(CLQS + bg))
—Al (62(1 — S) + d2) (agt + 3bg)t2, if 0<t<s<1,

where A = 2c1co + 3c1da + 3cady + 6d1ds.
For convenience, we list the following assumptions:

H(t,s) =

(A)  a(t) € C((0,1),[0,+00)), and 0 < [ Hi(s, s)a(s)ds < 400, for i = 1,2;
F(t,y) € C(]0,1] x [0, 400), [0, +00).

Remark 2.1. By (A), there exist a,b € (0,1) with a < b such that

O</H s, 8)a(s)ds < 400, i=1,2.
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In the rest of the paper, a,b will be taken in this way. It is rather straight
forward that

0 < H;(t,s) < Hi(s,s)
1 . (2.1)
< K(aiqui)(cieri) < +oo, for i=1,2, t,s€l0,1];
0 < 1;H;(s,s) < Hi(t,s), for t € [a,b] C (0,1),s € (0,1), i=1,2; (2.2)
where
di—l-Ci(l—b) bi+aai
d; + ¢; " b + a;

0<Ti—min{ }<1, for i=1,2. (2.3)

Remark 2.2. From Remark 2.1 and (2.1) together with (2.2), we know that

b
0 < min / Hi(t,s)a(s)ds < +oo, for i=1,2,
t€la,b] Jq

0< min /01 [/b Hl(t,v)HQ(v,s)a(s)dv] ds < +o0.

t€fab
Similarly,
1
0 < max / Hi(t,s)a(s)ds < +oo, for i=1,2,
te(0,1] Jo
11 1
0 < max / [/ Hl(t,’l))HQ('U,S)CL(S)d'U] ds < +o0.
te[0,1] Jo 0
Let
1 1 -1
Q= (max/ [/ Hl(t,v)Hg(v,s)a(s)dv] d5> : (2.4)
te(0,1] 0 0
1 b -1
q= <min / {/ Hl(t,U)HQ('U,S)a(S)dU] ds) : (2.5)
telab] Jo a

Note that () and ¢ are constants and 0 < Q < g < +o0.

By a positive solution of boundary value problem (1.1) — (1.2), we mean a
function y(t) € C([0,1], RT) N C¥((0,1), RT) satisfying the problem (1.1) —
(1.2), and with y(¢) nonnegative and not identically zero on [0, 1].

Now, we denote E = C|0, 1] with norm |y|| = On<1§1<xl\y(t)|,y(t) e C[o,1].

Then F is a Banach space. Let

K= {ulve o, min o) > 7l | (26)
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where C1[0,1] = {y € C[0,1] | y > 0}, 0 <7 = 772 < 1. Then, we know
that K is a positive cone and K C C1[0,1] C E. Now we define an operator
B:CT[0,1] — C*[0,1] by

1
(By)(t) = A /0 H(t, s)a(s)F(s, y(s))ds
(2.7)

_ ) /0 1 [ /O U H (60 Hy (v, 8)a(s)F (s, y())dov | ds.

It is well known that y is a positive solution of the problem (1.1) — (1.2) if and
only if y is a fixed point of operator B in C[0, 1].

Lemma 2.1. Assume that (A) holds. Then B : K — K is a completely
continuous operator.

Proof. Let G = max {H;(t,v) | t,v € [0,1]}. Suppose that y, — yo (n —
), Yn, Yo € CT[0,1]. Then there exists a constant d > 0, such that |y,| <
d < 400, for n = 1,2,---. Since F(t,y) is continuous on [0,1] x [0,d], it is
uniformly continuous. Therefore, for any ¢ > 0, there exists § > 0 such that
|y —y" |< 9, for ¢/, y"” € ]0,d], implies that

-1

| F(t,y) = F(t,y") |<e <)\G/01 HQ(s,s)a(s)ds>

Since y, — Yo, there exists a natural number N such that ||y, — yo|| < ¢ for
any n > N. Thus, for any n > N and ¢ € [0, 1], we have

-1

1
| F(t,yn(t)) — F(t,y0(t)) |[< € <)\G/0 Hy(s, s)a(s)ds) ,
which implies that
[Byn(t) — Byo(t)]l

< 1 I H(t,0) Ha(w,8)a(s) | F(s,yn(s)) — F(s,90(5)) | o) ds

< AGe ()\G/Ol Hy(s, s)a(s)ds) B </01 Hy(s, s)a(s)ds> =

for all ¢ € [0,1] and n > N, and therefore ||By, — Byo|| < € for all n > N.
Thus B is continuous.

Now, we suppose that T C C1[0,1] is a bounded set, then there exists a
constant [ > 0 such that ||y|| <, for all y € T'.

Let L = max{\F(t,y) |0<t<1,0<y <}, {= fol Hs(s,s)a(s)ds. Then
B(T) is a uniformly bounded subset of C*[0, 1], because we have ||By| < LEG
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for y € T'. Since H;(t,v) is uniformly continuous on [0, 1] X [0, 1], for any £ > 0,
there exists 0 > 0 such that

| Hl(tl,v) - Hl(tg,’l)) |< €(L€)_1

for any t¢1,ts € [0,1] with |t; —t2] < d and v € [0,1]. Then, for any y € T, and
t1,t2 € [0, 1], with |t1 — t2| < §, we have

1(By)(t1) — (By)(t2)]|

1
< )\/01 [/0 | Hy(t1,v) — Hy(to,v) | Ha(v,8)a(s)F(s,y(s))dv| ds

1
< E(Lg)_lL/O Hs(s, s)a(s)ds

=7

= ¢&.

Thus B(T) is a equicontinuous subset of E. It follows from Arzela-Ascoli The-
orem that B(T) is relatively compact. Therefore, the operator B is completely
continuous. This completes the proof of Lemma 2.1. O

Lemma 2.2. BK C K.
Proof. For all y € C*[0,1], t€0,1],

B0 = [ H(1 $)a() P (s, y(s))ds
- )\/01 UOI H (¢, v) Ha (v, s)a(s)F(s,y(s))dv] ds
< )\/01 Uol Hl(v,v)Hg(s,s)a(s)F(s,y(s))dv] ds.

Thus || By|| < A [} [ 5 Hl(v,v)HQ(s,s)a(s)F(s,y(s))du} ds.
On the other hand, we know that

11,1
tIEI%(lzg](By)(t) = tIEIEg] /\/0 [/0 Hl(t,v)Hg(v,s)a(s)F(s,y(s))dv} ds

> mgA/Ol [/01 Hl(v,v)Hg(s,s)a(s)F(s,y(s))dv} ds
=7 /0 1 [ /0 1 Hl(v,v)Hg(s,s)a(s)F(s,y(s))dv} ds.

which implies that H[liré](By)(t) > 7||Byl|, thus By € K. So BK C K. O
te

)



Positive solutions of singular boundary value problems 19

Lemma 2.3. [3] Let E be a Banach space and let K(C E) be a cone. Assume
that Q1 and Qo are open subsets of E with 0 € Q1,91 C Qo, and let B :
K(Q\1) — K be a continuous and compact operator such that either

(a) 1Byl <lyll,y € KNou, and |Byl > |yll,y € KNy, or

(b) 1Byl = llyll,y € KN oL, and ||By| < |lyl,y € K NOQs.
Then B has a fized point in K N (Q2\21).

3. THE MAIN RESULTS

In this section, we give our main results.

Theorem 3.1. Suppose that (A) holds. In addition, assume that

F(t
0 < F° = limsup maxM<Q, (1)

y—0+ t€[0,1] Yy
F(t
0 < g < Fy = liminf min (t.y)
y—+00 t€a,b] Yy

(A1)

< +c0. (I1)

Then the problem (1.1) — (1.2) has at least one positive solution in K for any

q Q
A€ (TFOO’ FO> , (3.1)

where Q) and q are defined as (2.4) and (2.5).

Proof. Let X satisfy (3.1) and € > 0 be a number such that F,, —& > 0 on
[0,1] and

q Q
— <A< = 3.2
T(Feo—€) =~ FO+¢ (3:2)
From (A;p)(I), there exists r > 0 such that
Ft,y) < (F*+e)y < (F'+e)r, (3.3)

forany 0 <y < randt € [0,1]. Let Q3 = {y € E | ||ly|l < r}. For any
y € K N0Qy, it follows from (3.3) and (2.4) that,

1
Byl = max A / H(t, s)a(s) (s, y(s))ds
te(0,1] 0

~ ) max /0 1 [ /0 U H (b o) (o, s)a(s)F(s,y(s))dv] ds

te(0,1]

1r 1
< A(F° + ¢)r max / {/ H,(t,v)Ha(v, s)a(s)dv] ds
te(0,1] Jo 0

<7 =yl
Thus, ||By| < [ly[|, for y € K N OQ.
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Again by virtue of (A;)(I1), there exists rg > r > 0 such that
F(t,y) > (Foo —€)y, for y>rp,0<t<1. (3.4)
Let R > max{2r,7o7 '} and Qs = {y € F | ||y|| < R}. Then

min > T >r
min y(t) = 7lly] = o

for any y € K N 0Qy. Thus, from (2.5) and (2.6) together with (3.4), for any
a<t<b,ye KN, we have

(B0 = [ H0)als)F (s, u(5))ds
3 [ ][ anteosatesyats) Fis. o] as
> )\/ U Hi(t,0) Ha (v, 5)a(s )F(s,y(s))dv} ds
> A(Fa - ¢ / [ / Hi0,0) oo, s)als)y()d] ds

yyu/ U Hy(t,v) Ha(o, 5)a (s)dv} s

> M(Fso — &)7ly]l min / [ / Hi0,0) (o, 5)a(s)o | ds

t€la,b]
> [lyll.

Therefore | By|| > ||y|| for y € K N 0Qs. o
From Lemma 2.3, B has a fixed point y* in K N (22\Q1). Then y* is a
positive solution of the problem (1.1) — (1.2). This completes the proof. [

Remark 3.1. From Theorem 3.1, we can see that F(¢,y) need not be super-
linear or sublinear. So our conclusions extend and improve the corresponding
results in [1, 4, 5, 10]. In fact, the conclusion of Theorem 3.1 still holds if one
of the following conditions hold:

(i) If Fy = 400, FY > 0, then for each \ € (0, %),
(ii) If Fso = +o0, F? = 0, then for each A € (0, +00);
(i) If Fsy > ¢q >0, FO =0, then for each A € (%7 —i—oo).

Theorem 3.1 yields the following corollary.
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Corollary 3.1. Suppose that (A) holds. In addition, assume that FO €
[0, 4+00), Fso € (0,+00). Then for any \ € <TF ,%) C (0,+00), the problem
(1.1) — (1.2) has nonnegative solutions.

Theorem 3.2. Suppose that (A) holds. In addition, assume that

F(t
0 < F*° = lim sup max Ft,y)
y—+oo t€[0,1] Y

F(t
0 < g < Fy = liminf min (t,y)
y—0+ t€la,b] Yy

<Q, (1)
(As2)

< +o0. (IT)

Then the problem (1.1) — (1.2) has at least one positive solution for any

qg Q
NS (TF() FOO), (3.5)

where Q and q are defined as in (2.4) and (2.5).

Proof. Let A satisfy (3.5) and € > 0 be chosen such that Fy —e > 0,t € [0, 1],

and
4 <9
T(Fp—e) = — F®+4¢
By virtue of (Ag)(II), there exists r > 0 such that F(t,y) > (Fy — ¢)y, for
O<y<r,a<t<b Let Q ={ye E||y| <r} Then

(3.6)

0< < i t) < t) < =17
Tyl tg;g}y()_trg[%y()_ [yl =

Therefore, by making use of (2.6) and (3.6), for any y € KNOQy and a <t < b,
we obtain

_ ) /0 U H(t 5)a(s)F(s.y(s))ds
_ /\/01 [/01 Hi(t, U)Hg(v,s)a(s)F(s,y(s))dv} ds
> [ 1 | " 14, ) (o, $)a(s)Fls.y(s)) o] ds

> A(Fp — <) / [/ Hy(tv) Ho(v, s)a(s)y (s)dv] ds

Fy—o)r Hy||/ U Hi(t,0) Ha(v, s)a (s)dv}ds

> ARy~ <)ol min / [ / Hi0,0) o, )a(s)do| ds > ]
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Thus ||By|| > |ly||, for y € K N 0Q;.

Let k(t,y) = sup F(t,z). Then F(t,y) < k(t,y) and k is increasing for
z€[0,y]
y € [0,400). By virtue of (A2)(I), there exist Ry > 0 such that

F(t,y) < (Feo +€)y,
fory > Ry, 0<t<1. Then
F(t,y) < Mo+ (Foo +€)y
fory >0, 0<t¢<1, where My =max{F(t,y) | (t,y) € [0,1] x [0, Ro]}. Thus

E(t
lim sup max M < F*.

y—+oo t€[0,1] Y
Consequently, by the fact that F(¢,y) < k(t,y), we have
t
lim sup max (t,9)
y—+oo t€[0,1] Y

Let R > 2r such that k(t,y) < (F* +¢)y, for y > R,0 <t < 1. Now let
Qy={yeFE ||yl <R}. Then for any y € K NN, and 0 <t < 1, we have

x>

= F*>.

1
(Bu)(®) = [ At s)a()Ps.y()ds
1r gt
< A\ max /0 _/0 Hl(t,v)Hg(v,s)a(s)F(s,y(s))dv] ds

te[0,1]

< ) max /0 1 /0 1Hl(t,v)Hg(v,s)a(s)k‘(s,y(s))dv] ds

te[0,1]

1 gt
< A\ max / / Hy(t,v)Hs(v, s)a(s)k‘(s,R)dv] ds
tel0,1] Jo |Jo

11 pt
< AMF™ 4+ )R max / {/ Hy(t,v)Hs(v, s)a(s)dv] ds
te[0,1] Jo LJo
< R = |yl
Thus ||By|| < [|y|| for y € K N 0. By virtue of Lemma 2.3, we know that

B has a fixed point y* in K N (Q2\Q1), and so y* is a positive solution of the
problem (1.1) — (1.2). This completes the proof. O

Remark 3.2. From the proof of Theorem 3.2, we can see the same conclusion
of Theorem 3.2 remains valid if one of the following conditions holds:

(i) If F*° < Q, Fy = +o0, then for each A € (O, F%),
(ii) If F>° =0, Fy = 400, then for each A € (0, 400);
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(iii) If F>° =0, Fy > ¢ > 0, then for each \ € <%, —i—oo).

The following corollary is obtained from Theorem 3.2.
Corollary 3.2.  Suppose that (A) holds. In addition, assume that F>° €

[0, +00), Fy € (0,+00). Then for any \ € <%, F%) C (0,400), the problem

(1.1) — (1.2) has nonnegative solution.

Remark 3.3. Theorem 3.1 and Theorem 3.2 extend, contain and improve
the main results in [1, 2, 4, 6, 10] from the following aspects:

(i) We allow a(t) to be singular at ¢ = 0 and/or 1. Also, a(t) is permitted
to be vanished at some subinterval of [0, 1].

(ii) The boundary conditions in our problem is more general than that of
in [1, 2, 10].

(iii) F' need not to be superlinear or sublinear. Note that if F’ is superlinear
(ie. FO =0, Fy = +0c0) or sublinear (i.e. Fy = 400, F* = 0), then for each
A € (0,400), the problem (1.1) — (1.2) has at least one positive solution. And
our results still hold for the non-singular cases as in [1, 7, 10].

4. EXAMPLES

In this section, we present some examples to illustrate the validity of our
main results.

Example 4.1. Consider the following singular boundary value problem

1 3
(1) — A (0.001(1 — 1)y? + 118792
y o (t) Vi (1—t)y Ty
9 \3 (4.1)
+0.009 | siny y) -0, 0<t<l,
y(0) = y(1) =y"(0) =y"(1) = 0.
Then the problem (4.1) has at least one positive solution.
It is obviously that a(t) = —i— is singular at ¢ = 1. The problem (4.1)

Vi—t
describes the bending of an elastic beam both of whose ends simply supported

at 0 and 1. Because of the singularity and the form of the problem (4.1), it
seems to be difficult that the problem is solved by making use of the results
obtained by [1, 2, 4, 5, 7, 10] as well as their extension. Now we study the
problem (4.1) by making use of Theorem 3.1 ( where a; = ¢; = 1,b; = d; = 0).

Let a(t) = \/%,

=

3 2
F(t,y) = A [0.001(1 — #)y® + 118791%/ £0.009 |sing? ]| , 0<t<l.
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It is easy to see that the condition (A) holds.
Now the Green’s function H;(¢,v) and Ha(t,s) are same, that is

ol t(l—s), if 0<t<s<l1,
B =3 s0-p, if 0<s<t<l.

By taking subinterval [a,b] = [1, 3], then we have

i F(ty)
im sup max
y—0+ t€[0,1] Yy

= 0.1\,

liminf min 2% /T1879.00025.

y—too e[ty y

Now we compute @ and g in Theorem 3.1. Since

o(t) = / [ / Hy(tv) Ho(v, s)a (s)dv] ds
/Hltv [/Ovs(l—v) 1d‘°‘_s+/vl<1—s)v 1‘1“”_8 v

= 3/0 Hi(t,v) (1= +v1—v)(1—v)dv

_ g(/otv(l—t)(l—v)(l— T—0)dv

+ /tl 11— (1~ VT~ 0)do)

3?5(1 —0)(24 (-1 + VT = 1) + (T0 - 48VT - ) ¢
(=35 + 24T~ 1) )

(1—t) (70t — 11¢7) .

S

<

w

15

So
2

G (1 —t)(70t — 11t2),

p(t) <
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then
2
1< = 1—1t) (70t — 11#2
max o(t) < 37 (Jé}%‘?ﬁ( ) >)
_ 2, 81— V4351 (70 (81— VA251) 11(81- V4251)
315 33 33 332
4 (—83592 4 1417+/4251)
N 343035 ’
and thus
—1
343035
= | ma t > . 4.4
@ (te[o,)f]@( )> = 4(—83592 + 1417/4251) 44)

On the other hand,

e
¢(t):/0 [/1 Hl(t,’U)HQ(U,S)CL(S)d’U] ds

5gﬂwmlf4yww$¥+Aap@vfiJm

4

_ 112/01 Hy(t,0) (9V3 = 16VT— v+ (16vT— 0 —1-9v3) v ) dv

-

:% Otv(l—t) (9v3-16vT—v+ (16VT—v—1-9V3)v) v

1 1

+5 | - (9\/§—16\/E+ (16\/E—1—9\/§)v)dv
_ ﬁu —6)(384 (<14 VI=1) + (~35 + 630v3 — 768y T — 1) ¢

n (—35 — 315v/3 + 384y/1 — t) t2>.

It is easy to verify that

min ¢(f) = min {¢(i)’¢(i)} = ¢(%)

tel3.3
1 3 1 1\ 3
= 5535 <1 - 4) (384 (—1 + 2) + <—35 + 630V/3 — 768 x 2) x5

1 9
+ <—35 — 315V/3 + 384 x 2) x E)

74345253
17920
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Thus )
- 17920
g=| min ¢1t)|] =-———+. (4.5)
te[L,2 —743 4+ 525v/3

It follows from (A;) in Theorem 3.1 and (4.2) — (4.5) that the problem (4.1)
has at least one positive solution if

1792
0.1A < 9.74978, /TISTO.0002A > — 020
—743 +525V/3
that is
17920 9.74978
<AL ——.
(=743 + 525v/3) v/11879.00025 0.1
Note that 1709
)20 ~ 0.988522,
(=743 + 525+/3) v/11879.00025
9.74978
~ 97.4978.
o1 97.4978

Then we obtain that the approximate subinterval about A is (0.98853,97.4978).
In particular, we can see that the problem (4.1) has at least one positive
solution, for A = 1.

Example 4.2. Now we consider the following singular boundary value
problem
A 4
4) t) — (109 2| o 2 Y
v — 1 (10 simyeosy? |+

L 4.6
+1wa—wwﬂmw03:m 0<t<l, (4.6)

y(0) =y(1) =y'(0) =y'(1) = 0.

Then the problem (4.6) has at least one positive solution.

It is obviously that a(t) = ﬁ is singular at ¢ = 1 and ¢ = 0. The
boundary value problem (4.6) describes the deflection of an elastic beam rigidly
fixed at both ends. Because of the singularity and the form of the problem
(4.6), it seems to be difficult that the problem is solved by using the results
obtained by [1, 4, 7, 10] as well as their extension. Now we study the problem
(4.6) by making use of Theorem 3.2.

Let a(t) == ﬁ,

ol

4
ﬂuw:AOWf\mwmmf|+ﬁ$f+m%L%ﬁf),0<t<L
v

It is easy to see that the condition (A) holds.
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Now the Green’s function of homogeneous linear problem 3 () =0, 0 <
t<1,9(0) = y(1) = y'(0) = y'(1) = 0, that is

1t2(1—3)2[(3—15)+2(1—zt)s], if 0<t<s<l,
H(t,s) = 1
652(1—t)Q[(t—s)+2(1—s)t], if 0<s<t<l.

By taking subinterval [a,b] = [1, 3], then we have

F(t )
lim sup max (ty) = 103¢/ S, (4.7)
y—0+ te01] Y 4
liminf min 209 )\ (4.8)

y——+o0 te[l Z} Yy

Now we compute @ and g in Theorem 3.2. Since

1
cpl(t)—/o H(t,s)a(s)ds
‘1

= [ 221 -t)?[(t—s — s #s
/06 (1= 02[(t = 5) + 201 = s} S

1
+/t étz(l —82[(s — 1) +2(1 —t)s]s(ll_s)ds

L2 ts2 —s —s 1 s
<G [ R0 =s) 20— 9)

! 1
+ t2/t (1—8)%(s+ 2s)mds
1

t 1 1
=—(1- t)2/ sds + t2/ 3(1—s)ds
2 0 2 )

1 3 5
= (1=t +01 -2 =01 -t)%>
2( ) +4( ) 4( )

So

max o1(£) < 2 max [(1 - £)%2] =

1
X — =
t€[0,1] ~ 4 tefo,] 16 64’

| Ot

and thus

Q= <max Lpl(t)>1 > 128, (4.9)

te(0,1]
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On the other hand,
1

o1(t) H(t,s)a(s)ds

1
21 —1)2[(t—s) +2(1 — s)t]mds

1
t2(1—5)?[(s —t) +2(1 — t)s]mds

S— —

D= O =

1

+

- 6(1 — )2t — t; +t+(1—1t)In(1 —¢t)]
+ éﬁ[%u —1)%(3 —2t) + t(1 — t) + tInt).

It is easy to verify that

[t

min ¢;(t) = ¢1(g) = ¢1(%) = 0.002643

1
te[gv%}

Thus

te(L,2

-1
q= < min]qﬁl(t)) = 378.358. (4.10)

It follows from (A;) in Theorem 3.1 and (4.7) — (4.10) that the problem
(4.6) has at least one positive solution if

5
<128, 10° {’/;A > 378.358,

that is
0.351236 < X\ < 11.8825.

Then we obtain that the approximate subinterval about A is (0.351236, 12.8).
In particular, we can see that the problem (4.6) has at least one positive
solution, for A = 1.
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