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Abstract. If p(z) = >0, a;z" is a polynomial of degree n, then from the theorem of
Maximum modulus max|.=; [p(Rz)| < R" max.|—1 |[p(z)|. Dewan and Hans [Anal. Theory
and Appl., 26 (2010), 1-6] obtained the bound of polynomial |p(Rz) + B (%)Hp(zﬂ, for
some S with |3] < 1 and R > 1, in more general form of principle of maximum modulus
of polynomial. The aim of this paper is to generalized the bound of above polynomial and
some related inequalities by extending them to the class of polynomial having restricted

zeros except s—fold zeros at the origin, where 0 < s < n.

1. INTRODUCTION

Let p(z) = >.,_,avz” be a polynomial of degree n and denoted as P,.
According to well known result on the derivative of polynomial

maxc|p'(2)] < nmas |p(=)] (L.1)

|z|=1 |z

OReceived February 29, 2016. Revised July 5, 2016.
92010 Mathematics Subject Classification: 49J40, 47H10, 47H17.
9Keywords: KKM mapping, P,-n-pseudomonotonicity, P.-n-upper sign continuity.



88 S. Hans, D. Tripathi and B. Tyagi

Inequality (1.1) known as Bernstein’s Inequality [6] and a simple deduction
from Maximum modulus principle [6]
max |p(z)| < R" max |p(z)]. (1.2)
|z|=R>1 |z]=1
The inequalities (1.1) and (1.2) are best possible and equality holds for the
polynomial having all its zeros at the origin.

It was shown by Ankeny and Rivlin [1] that if p € P, and p(z) # 0 in
|z| < 1, then

R"+1
< . 1.3
e p(2)] < —5—max|p(2)] (1.3)

Aziz and Dawood [3] obtained a refinement of inequality (1.3) by considering
m = miny,_; [p(z)| and show that, if p € P, and p(z) # 0 in |2| < 1, then

R>1
R"+1> (R"—l) )
max |p(2)| < max |p(2)| — min |p(2)|. 14
max ()] < (55 ) maxa) - (F5 ) min o)l (1)

The inequality (1.3) and (1.4) are best possible and equality holds for p(z) =
az + [ with |of = |5] = 1.

Inequality (1.3) was generalized by Jain [5], who proved that if p(z) is
polynomial of degree n and p(z) # 0 in |z| < 1, then for any [f] < 1,R > 1
and |z| =1

o) +6 () o)
3o (=) o (55 09

As a generalization of inequality (1.4) and a refinement of inequality (1.5),
Dewan and Hans [4] proved that for p(z) # 0 in |z| < 1 and for any |3| <1

i)+ 5 (2 52) vie)

2
<af{fm oo (57 roo (557 oo

Ao (7)o (527 o] oo

for |z = 1 and R > 1. The result is best possible and equality holds for
p(z) = az" + f with |af = |5].
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Aziz and Dawood [3] obtained following result concerning the minimum
modulus of polynomial p(z) analogous to (1.2) on |z| = 1 by applying a re-
striction on p € P,. Basically, they proved that if p € P, and having all its
zeros in |z| < 1, then

min z)| > R"™ min |p(2)|. 1.7

Jmin [p(e)] = B i (<) (1.7

Dewan and Hans [4] generalized above inequality (1.7) due to Aziz and Dawood

[3] and proved that if p € P,, and having all its zeros in |z| < 1, then for any
18] <1,R>1and |z| =1

)45 (5 ) ot

‘glli:q p(2)]. (1.8)

>‘R”+B<Rn+1>

2

The inequality (1.7) and (1.8) are best possible and equality holds for p(z) =
ae*®z" a > 0.

In this paper, we obtained an extension of inequality (1.6) and (1.8) for the
class of polynomial p(z) of degree n, defined as

n—s
p(z)—zs{Za,,z”}, 0<s<n

v=0
with s number of zeros at origin and we denote it as P,;. By taking s = 0, we
get p € Py, i.e., p(z) =Y., _gauz” and some other generalizations.
2. LEMMAS

For the proof of results, we require following Lemmas. The following first
lemma is due to Aziz [2].

Lemma 2.1. Ifp € P, and p(z) #0,|z| < k,k > 1, then for 0 <r <1,

w2 > (157 ) max bl 1)

|z|=r

Lemma 2.2. If p € PS and having n — s zeros in |z| < k,k < 1, then for
R>1

R—'—k n—s
>R —— . 2.2
max ()] > 1 (T4 ) maxlp(o) (2.2

Proof. Let p(z) = 2* {315 ayz}, 0 < s <nis an'™ degree polynomial and
having all its zeros in |z| < k, k < 1 with an s—fold zeros at origin 0 < s < n.
Define

q(z) = 2"p(1/7).



90 S. Hans, D. Tripathi and B. Tyagi

Clearly ¢(z) is of degree n—s with ¢(0) # 0 and having no zeros in |z| < (1/k),
then from Lemma 2.1 for 0 <r <1

r+1/k\"°
> . 2.
maxla(2) > (140 ) maxlaCe) (2.3
Equivalently
r+1/k\"°
" > . 2.4
o o) = (140 ) maxlaCe) (2.4)

By taking 1/r = R, we have

R+k\""
>R
max |p(z)] = R (1+/<:) max [p(2)];

where R > 1. This prove Lemma. O

Lemma 2.3. Let f € P? and having n — s zeros |z| < k, k < 1 and p(z)
is a polynomial of degree no exceeding that f(z) with s—fold zeros at origin
0<s<mn. If|p(z)| <|f(2)| for|z| =k, then for any B with |5| <1 and for

2 =1
)+ om (FEE) e

>
- 1+k

F(Rz) + BR° (M>_ £2)

2.5
1+k » (25)

where R > 1.

Proof. Since |p(z)| < |f(z)] for |z| = k, therefore from Rouche’s Theorem
f(2) + ap(z) has all its zeros in |z| < k,k < 1 with s—fold zeros at origin,
for some « with |a| < 1. Applying Lemma 2.2 for f(z) + ap(z), we have for
|zl =1and R>1

R+E
() + aplee)] = 7 (]

For any § with |8| < 1, we get for |z] =1,

R+Ek
1+k

) F(2) + ap(2). (2.6)

{F(R2) + ap(R2)) + GRS ( ) [£(2) + ap(2)} £0,

1.€.,

S6) = {f(RzHﬁRS (i) f<z}
k n—s

)
+a {p(Rz) + BR? (f—i—k) p(z)} #0 (2.7)
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on |z| = k. For appropriate choice of the argument of «, we have for |z| =1,

|f(RZ)+ﬂRs (1) 7=

p(Rz) + GRS (fj:) : p<z>‘- (2.8)

If the above inequality (2.8) is not true for some, then there exist a point
z = zp with |z9| = 1 such that for R > 1

F(Reo)+ BR° (M)”_Sﬂzo) < - (29)

Tk p(Rzp)+BR? (M) i p(20)

1+k

By taking « as

IR 4R () fG) 210,

p(Rzo) + BR* (%) p(z0)

Therefore, from inequality (2.9), |a] < 1. With this choice of «, we have
S(z0) = 0 for |z9| =1 from (2.7). But this contradict (2.7), i.e., S(z) # 0 for
all |z] = 1. On taking || — 1 in inequality (2.8), we have for |z| =1

R+ k n—s R+ ,If n—s
S| —— > S| — . (2.11
rraore (TEF) 1) = oo (1F) st 20
Which complete the proof of Lemma. O

If we take f(2) = (2/k)"M, M = max,|— [p(2)|, then following result has
been obtained.

Lemma 2.4. Ifp € PZ, then for any B with |3] <1 and |z| =1

R+k n—s R+k n—s
S < —-n n S .
p(Rz) + BR (1 n k:) p(2)| <k " |R" 4+ BR <1 " k:> M, (2.12)
where R > 1 and M = max,|—y [p(2)].
Lemma 2.5. Ifp € P;, then for any 8 with || <1 and |z| =1
s [R+HEN"? o (RHEN"?
B R+k; n—s B R+k n—s
< n n S S S S .
< {k R"+BR (1—|—k> +k7° |R°+ PR <1+k:) }M, (2.13)

where q(z) = (2/k)"*p(k?/Z) and M = max, | |p(z)|.
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Proof. Let p € P;. For a with |a| > 1, it follows from Rouches Theorem that
the polynomial S(z) = p(z) — a(z/k)*M does not vanish in |z| < k, then the
polynomial

T(2) = (z/k)"*S(R2/3) = (/)" *p(R2[Z) — al(z/k)" M
— g(=) — @(=/k)"M

of degree n and has all its zeros in |z| < k except s—fold zeros at origin, for
|z| = 1,]5(2)| = T'(z). Therefore, using Lemma 2.2, for T'(z)

R+k; n—s R+k n—s
S —— < S| —— 14
S(Rz)+pR <1—i—l<;> S(z)| < |T(Rz)+pSR <1+k> T(z)‘ (2.14)
for any S with |8 <1 and |z| = 1. This implies that for |z| = 1,

R+k
1+k

(b(R2) — aR°="M) + BR° ( ) (b(z) — a(z/k>8M>‘

R+k

< -
- 1+k

)

(a(Rz) — GR™ = /K)"M) + SR’ < ) (a(=) — a(=/K)" M)

i.e., for |z| =1land R>1

p(Rz)+BR® (R+k )H p(2)

—lalk—®
1+k led

R*+ R (R+k) M

1+k

s (BEEN"T _pen L g (BERYTT L

Since [p(z)| = [q(2)| for |z| = k, therefore M = max,,—;, [p(2)| = max|,— |q(2)|
and ¢(z) has s—fold zeros at origin. Now, applying Lemma 2.4 for ¢(z), we
have for |z| =k and R > 1

< (2.15)

R+ k n—s R+ k n—s
S < —n n S
q(Rz) + SR <1+k> q(z)| k™" |R" + SR <1+k> gﬁilqw)l,
i.e., for |a| > 1
R+ k n—s R+ k n—s
s < -n n s M.
a(Rz) + BR (1 + k) 4(=)| < ol [R" + R (1 : k)
Therefore inequality (2.15) implies that
J(R+EN"T sl s J(R+EN"T
g gopre (BEEN T SRR\
<l|alk™™ |R" + BR <1+k> M — |¢(Rz)+ BR <1+k> . (2.16)
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By making |a| — 1, the Lemma follows. O
We have following subsequent result by taking # = 0 in Lemma 2.5 and
Lemma 2.4 respectively.

Corollary 2.6. If p € P3, then for R>1 and |z| =1

o)+ o) < (G5 + o ) maxlp(a), (2.17)

where q(z) = (2/k)" *p(k?/Z) and k < 1.
Corollary 2.7. Ifp e P,, then for R>1 and k <1

k" max Ip(Rz)| < R" max Ip(2)I. (2.18)

3. MAIN RESULTS

Theorem 3.1. If p € PS and having n — s zeros in |z| < k,k <1 and R > 1,
then for p with |8] <1 and |z| =1

>k m, (3.1)

)+ o0 (L))

R" + BR® (R+k)

1+k

where m = miny,— |p(2)|. The result is best possible and equality holds for
p(z) = a(z/k)" ,a>0.

Proof. Let p € P;, having n—s zeros in [z < k, k < 1 and m = min|;— [p(2)].
If p(2) has a zeros on |z| = k, then result is obvious. So, we suppose all the
zeros of p(z) in |z| < k with s—fold zeros at origin, 0 < s < n, i.e., m > 0.
Therefore, it follows from Rouche’s Theorem, for any a with |a| < 1, the
polynomial p(z) — a(z/k)"™m of degree n has all its zeros in |z| < k with
s—fold zeros at origin. Applying Lemma 2.2, for p(z) — a(z/k)"m, we have
for R>1and |z| =k

R+k

Ip(Rz) — aR™(z/k)"m| > R® ( 1+k

) ) -at/irml (62)
Therefore, for any 5 with |5| < 1, it is obvious that

R+k

(Rs) — e /km) + 1 (11

) (0(2) — alz/k)m) £ 0
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on |z| =k, i.e.,

{m3@+mr(i$)_}@%—a{wwﬂm(fi:>_}(4m%n¢a (3.3)

As |a| < 1, we have for |f] <1 and R >1

)+ om (FEE) e

k,—'rb
1+ % >

m, (3.4)

R”+ﬁR5<R+k>

1+k

for |z] = 1. For |B| = 1, the result follow by continuity of zeros. This completes
the proof of Theorem. O

Remark 3.2. We have an inequality due to Zireh, Khojastehnejhad and Mu-
sawi [7] by putting s = 0 in inequality (3.1) and if we take k =1 and s =0 in
Theorem 3.1, inequality (3.1) reduces to inequality (1.8).

As for k = 1, we also have following extension of inequality (1.8) due to
Dewan and Hans [4] on the class of p(z) = 2 {3/ _ja,2"}, 0 < s < n with
an s—fold zeros at origin.

Corollary 3.3. If p € PS and having n — s zeros in |z| < 1, then for 5 with
Bl <1, R>1and|z|=1

> m, (3.5)

2 2

p(R2) + GRS (M)“p(@

1 n—s
R"+ﬁRS<R+')

where m = min|,—; [p(z)|. The result is best possible and equality holds for
p(z) = az", a > 0.

From Lemma 2.2 and with suitable choice of 3, we get for [z =1 and R > 1

)+ om (FEE) 0t

1+k 1+k

— |p(R2)] — |8 (R+ ’“) p(2)]. (3.6)

Combining above inequality (3.6) with inequality (3.1), we obtained for
2| =1 and m = min, | [p(z)],

S C s A

)+ () a0

>k " m

R"+BRS<R+k>

1+ k

-n n s R+E\"
>k {R-4mR<1+k> }m (3.7)
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and by making S — 1, we deduced the following result.

Corollary 3.4. If p € PS and having n — s zeros in |z| < k,k < 1, then for
with |B] <1 and R > 1

R+E\"* R+KE\"*
> RS M e n __ pSs )
fﬁi‘}é'p(zﬂ—R <1+k> + {R R <1+k> }m’ (38)

where M = max|, 1 [p(z)| and m = miny,— [p(2)|. The equality in above
holds for p(z) = a (2/k)", a > 0.

We next prove following extension of inequality (1.6) by using above Theo-
rem 3.1.

Theorem 3.5. If p € PS and having n — s zeros in |z| > k,k < 1, then for §
with |f] <1 and R > 1

1+k

p(Rz) + BR° (R g ) )

1 _ R+Kk\"° B R+E\N"?
< Z n n s s s s
_2[{k R"+ PR <1+k> +k°|R°+ B8R <1+k> }M
—n n S R+k; e —S S S R+k "
—{k: R"+f8R (1+k) k= |R°+BR <1+k> }m] , (3.9)

for |z| =1, where M = max,_, [p(2)| and m = min|,_;, [p(z)|. The result is
sharp and equality holds for p(z) = (z2/k)" + (z/k)*, 0 < s < n.

Proof. Since p € PS5 and having n — s zeros in |z| > k, therefore if m =
min,— [p(2)], then m < |p(z)| for |z| < k. So, for A with [A] < 1, it follows
from Rouche’s Theorem that the polynomial F'(z) = p(z) — A(z/k)®m has no
zeros in |z| < k except s—fold zeros at origin, 0 < s < n. Define

G(z) = (2/k)""F(K*[Z) = (2/k)""p(k?/Z) — A(z/k)"m
= q(2) — Az/k)"m

such as |F(z)| = G(z) for |z| = 1. It is clear that all the zeros of G(z) lies in
|z| < k with s—fold zeros at origin, therefore from Lemma 2.3 , we have for
18] <1,R>1and |z| =1

< , (3.10)

Fra)re (F)

1tk F(z)

G(Rz)+BR* <R+k )H

1tk G(z)
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which implies that,

focwoyome () st a freeom (00 oum

< { ey () )}/\{R"JrﬂRs () S}(z/k)"m C311)
i for J2] = 1,
e e (0 | i e (25
< fotmeyom (rf) g o () L. @

Since all the zeros of ¢(z) lies in |z| < k, from Theorem 3.1, therefore we have,
for || <1 and |z| =1

A(R2) + BR° (R““)

>k
1+ k -

a(z) 1+ k&

R" + ,BRS <R+k>

where R > 1 and m = min, |, [p(2)|.

Now, by suitable choice of argument of A\, we have from inequality (3.12)
for |z| =1

)+ om () p<z>‘—x|k-s rosr (TEE)
o(R+E\N"° vl on | aps (BHE
a(Rz)+BR <1+k) a(z )’ Ak | R 48R (1+k> (3.13)

and taking |A\| — 1

re) + 51 () a0

< |g(Re) + sR0 <R+’“)“q<z>|

1+ %k
{k n|Rn 4 8RS <R+k)

1+k

S S R+k —S
*|R°*+BR <1+k)

}m. (3.14)
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Equivalently,

2 () + 5 (T17) p<z>‘

p(Rz) + GR° (R“")n_sp(z) ¥

1+k
_{k—n

Using Lemma 2.5 in last inequality, we get for [5| <1 and |2| =1

R+Kk\"*
2 () + o (T ) (o)

o)+ 51 (T8) )

1+k
}m.

(3.15)

-k

R" + R <R+k>

R+E\"
—S RS RS
1+ k +5 ( )

1+k

B R+E\N"? B R+k
< k n n S k; S S S M
_{ R" + BR (1+k> + R® + BR 1+k }
-n n s R+k " —s s s R+k nes
—{k R"+ B8R <1+k:> kK ?|R°+ BR m,
(316

which follows the inequality (3.9).

We obtained another generalization of inequality (1.6) by taking & = 1 in
above Theorem 3.5, which is as follows.

Corollary 3.6. If p € P; and having n — s zeros in |z| > 1, then for 8 with
Bl <1land R>1

)+ ore (F11) 00

e ey
2 2
e ooe () e 22}

(3.17)

for |z| = 1, where M = max,_ |p(z)| and m = m1n| 11p(2)|. The result is
sharp and equality holds for p(z) = p(z) = (2/k)" (z/k‘) 0<s<n.
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Remark 3.7. By taking s = 0 in inequality (3.9), we get an inequality due
to Zireh, Khojastehnejhad and Musawi [7] and on putting s = 0 in Corollary
3.6, we have inequality (1.6) due to Dewan and Hans [4].

If we take 8 = 0 in above Theorem 3.5, we have following generalization of
inequality (1.4) due to Aziz and Dawood [3].

Corollary 3.8. If p € P? and having n — s zeros in |z| < k,k < 1, then for

R>1
1| /R R° R R°
< (s Vw2 :
lr?zi)ldp(Rz)]_ 5 [(k‘" + k5>M (k” ks)m], (3.18)

where M = max|,— [p(z)| and m = min|,;_; [p(2)|. Equality in above holds
forp(z)=2"+2z",0<s<n.
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