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Abstract. In this paper, we prove a coupled fixed point theorem for mixed monotone
mapping F-p of C-class function in partial ordered dislocated quasi metric space. The

introduced theorem extend and unify various known fixed point conclusion.

1. INTRODUCTION

In [5], some fixed point theorems were proved on complete and compact
metric spaces and also given some examples. Fixed points of a generalised
weakly contractive map was established the existence in T- orbitally completed
metric spaces with respect to boundary spaces, besides some examples were
present in [3]. Some fixed point results were attained for generalised weakly
contractive mappings with some auxiliary functions with respect to b-metric
spaces and examples were given suitable for this construction [2].
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The first author described f is a continuous function of C-class and also
some theorems, consequences and examples in [1]. A common fixed point the-
orem was testified for multi-valued and single-valued mappings in a dislocated
metric spaces verifying a weak contractive condition with function of C' with
respect to F-p-weak contractively condition in [4].

The presence of a coupled fixed point theorem is proved for a mixed mono-
tone mapping T : X x X — X under a universalized contraction and build the
exclusiveness under a supplementary assumption on partially ordered complete
dislocated quasi metric space in [8].

In this article using C-class function, we prove a coupled fixed point theo-
rem for mixed monotone mapping F-p-of C-class function in partial ordered
dislocated quasi metric space. The proffered theorem extend and unify various
known fixed point conclusion.

2. MATHEMATICAL PRELIMINARIES

We state primary definitions and notations to be used throughout the ar-
ticle, where N is the non-negative set of integers. Dislocated quasi metric
spaces are designated as below:

Definition 2.1. ([1, 8]) Let X be a nonempty set. If d: X x X — [0,00) is
a map which satisfies the conditions for all x,y,z € X:

(1) (dm) d(z,y) = d(y, ) = 0 implies x = y,

(2) (dm) d(z,y) < d(z,z) +d(z,y),
then the d is named a dislocated quasi metric ( d;—metric) on X. If d verifies
d(z,x) =0, it is named a quasi-metric on X. If d verifies d(x,y) = d(y, x), so
it is named dislocated metric.

Definition 2.2. ([1, 8]) A sequence {z,} in dg—metric space (dislocated quasi-
metric space) (X,d) is named Cauchy if given ¢ > 0, ng € N with for all
n,m > ng, implies d(xy, Ty) < € or d(Tm, z,) < &, namely

min{d(xy, Tm), d(Tm, zy)} < €.
In this instance = is named the dg limit of {x,,}.

Definition 2.3. ([1, 8]) A dg metric space space (X, d) is named complete if
every Cauchy sequence in it is dg convergent.

Lemma 2.4. ([1, 8]) Assume (X,d) is a dg—metric space. If f : X —X is a
contraction map, at the time {f"(xo)} is a Cauchy sequence for each xo € X.
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Definition 2.5. [8] Assume (X, <) is a partially ordered set and 7" : X x X —
X. If T possesses the mixed monotone property, then for any z,y € X, T(z,y)
is monotone non-decreasing with respect to x, and also it is monotone nonin-
creasing with respect to y for all x,y € X such that

$17$27y€X7 X1 jx? - T(l'l?y) jT(CUl,y)

and
yL,y2,2 € X, y1 2y = T(z,y1) = T(x,y2).

Definition 2.6. ([8]) If T'(z,y) = = and T'(y,z) = y then a member (z,y) €
X x X is named a coupled fixed point of the mapping 7'

For any (x,y), (u,v) € X x X, the multiply space X x X is equipped with
the metric p described by

d(z,u) + d(y,v)

p((p), (u,0)) = TS0,

So p is a dg—metric.

Theorem 2.7. ([8]) Assume (X,d) is a complete dg—metric space and f :
X — X s a continuous contraction map. In this case f possesses an individual
fized point.

In 2014, the concept of C'—class functions (see Definition 2.8) was introduced
by Ansari in [1] and is important,for example see numbers (1), (2), (9) and
(15) from Example 2.9. Also see [2], [4], [6] and [7].

Definition 2.8. ([1]) A continuous function F : [0,00)? — R is called C-
function if for any s,t € [0, 00), the following conditions hold:

(1) F(s,t) <s;
(2) F(s,t) = s implies that either s =0 or ¢ = 0.

An extra condition on F' that F'(0,0) = 0 could be imposed in some cases

if required. The letter C will denote the class of all C'-functions.

PROBLEM: This is an open problem, can we say that for all F' € C, F'(0,0) =
0?7

Example 2.9. ([1]) Following examples show that the class C is nonempty:
(1) F(s,t)=s—t.

(2) F(s,t)=ms,0<m< 1
(3) F(s,t) = ﬁ for some 7 € (0, 00).
(4) F(s,t) =log(t+a*)/(1+t) for some a > 1.
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(5) F(s,t) =1In(14+a®)/2 for a > e. Indeed F(s,1) = s implies that s = 0.
(6) F(s,t) = (s 4+ )W+ 11> 1 for r € (0, 00).
(7) F(s,t) = slog;,,a for a > 1.
(8) Fs,t) = s — (573)(157)-
(9) F(s,t) = s5(s), where §: [0,00) = [0,1).
(10) F(s,t) =s— k+t
(11) F(s,t) = s — ¢(s), where ¢ : [0,00) — [0,00) is a continuous function

such that ¢(¢) = 0 if and only if ¢t = 0.

(12) F(s,t) = sh(s,t), where h : [0,00) x [0,00) — [0,00) is a continuous
function such that h(t,s) <1 for all ¢,s > 0.

(13) F(s,t) =s— (f—ﬁ)t

(14) F(s,t) = /In(1 + s7).

(15) F(s,t) = ¢(s), where ¢ : [0,00) — [0,00) is a upper semicontinuous
function such that ¢(0 ) 0 and ¢(t) <t for ¢t > 0.

(16) F(s,) = e 7 € (0,00).

Definition 2.10. ([5]) A function v : [0,00) — [0,00) is called an altering
distance function if the following properties are satisfied:

(i) 9 is non-decreasing and continuous,
(ii) ¢ (t) = 0 if and only if t = 0.

Remark 2.11. We denote altering distance function as V.

Definition 2.12. ([1]) An ultra altering distance function is a continuous,
nondecreasing mapping ¢ : [0,00) — [0,00) such that ¢(¢) > 0, t > 0 and
©(0) = 0.

Remark 2.13. We denote ultra altering distance function as ®,,.

Lemma 2.14. ([3]) Suppose (X, d) is a metric space. Let {x,} be a sequence
in X such that d(zy, xny1) = 0 as n — oo. If {zn} is not a Cauchy sequence
then there exist an € > 0 and sequences of positive integers {m(k)} and {n(k)}
with m(k) > n(k) >k such that d(T, k), Tnk)) = €5, A(Tm)—15 Tnk)) < € and

(1) lim d(@me)—1; Tnck) 1) =

T _

(it) lim d(zpm ), ) = €

(iii) kli}ngo ATy -1, Tn(k)) = €-
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Remark 2.15. We note that also can see lim d(Z,(x)41, Tn(k)4+1) = € and
k—o00

i d(@ k), Ty 1) = €

3. MAIN RESULTS

Now the main conclusions are certified.

Theorem 3.1. Supposing (X, <) is a partially ordered set and (X, d) complete
dg-metric space. Assuming there is a function ¢ € ®,, F' € C and also assume
T : X xX — X is a continuous mapping possessing the mired monotone
property on X,

d(T(x,y), T(u,v)) < F(p((z,y), (u,0)), o(p((z,y), (u,v)))), (3.1)

for all x,y,u,v € X for which x < u, y = v. If there exists (xo,y0) € X x X
with xo 2 T(x0,y0), Yo = T(yo,x0), at the time T possesses an individual
coupled fized point.

Proof. Let us suppose (zg,y0) € X x X with o < T(x0,%0), yo = T(yo,x0).
Besides that let us assume zo = T'(x1,91), y2 = T(y1,21) so x1 < xo and
y1 = y2. To continue to do so through, two sequences {z,},{y,} are built in
X with 41 = T(®n, Yn), Yn+1 = T (yn, x,) and

R R G e R T SR (3.2)
and
YIZ Y2 Z  Z Yn T Yntl (3.3)
define
d(x,,x + d(yn,
5n = p((xna yn)v ($n+la ynJrl)) = ( = TL+1) 9 (yn yn—i-l) . (34)

Now, enforcing if the inequality (3.1) is implemented with (z,vy) = (zn, yn),
then (u,v) = (Zp+1, Ynt1) for n > 0. Utilizing properties of ¢, we possess

d(l‘nafEnJrl)
= d(T(xnflaynfl)aT(xnayn)) (3 5)
< F(p((@n—1,Yn-1), (@n, yn)), @ (0((Tn-1, Yn—-1), (Tn, Yn)))) '
< p((xnfla ynfl)a (xna yn))
Similarly, we can obtain
d(ynaynJrl) < p((l‘nq,ynq), (xnayn)) (3-6)
Thus, we acquire
P((Tns Yn)s (Tnt1,Ynt1)) = AT (Tn—1,Yn—1), T(Tn, Yn)) (3.7)
< Flp((@n—1,Yn—1); (@, yn)), @ (0((@n-1, Yn-1), (Zn, Yn)))) '
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and

On = p((Tn, Un), (Tna1, Uns1)) < p((Tn—1,Yn—1); (Tn, Yn)) = On—1.

Thus {d,,} is monotone decreasing bounded to the bottom. Hereby, there is
some 0 > 0 with li_)m dn, = 0. Using by equation (3.7) with n — oo we get
n oo

5 < F(3,0(5)) <6, (3.8)

so, 0 = 0 or ¢ () = 0. Therefore § = 0.
Now, we will show that {z,,} is a Cauchy sequence. Suppose, to the contrary,

that {z,} is not a Cauchy sequence. By Lemma 2.14, there exists ¢ > 0 for

which we can find subsequences {x,, }and {z,, } of {z,} with ng> mj>Fk such

that

d(xnkvxmk);d(ynkvymk)

lim p((xnka ynk>7 (xmka ymk)) = lim =g,
k—o0

k—o0

lim p((xnk—lﬂynk—l)v(mmk—hymk—l)) (39)

k—o0

= lim
k—o0

d(xnk—lﬂfmk—1)+d(ynk_17ymk_1) — ¢
5 = E.

Now, enforcing if the inequality (3.1) is implemented with (z,y) = (zn,, Yn,.)
then (u,v) = (m,, Ym, ) for ng> mp>k. We possess

(T, Tmy,)

= d(T(xnk_17xmk_1)7T(yTLk—17ymk—1))

< F(p(xnk—laynk—l)v (zmk—17ymk—1))’ ¥ (p((xﬂk—lv y”k—l)? (xmk—l’ymk—l))))
< p((Tny—1,Yni—1)s (T —1, Ymy—1))-

Similarly, we can obtain
d(ynkaymk) < F(p((l'nk*h ynkfl)a ("L‘mkfly ymkfl))v
¥ (p((l‘nk*hynk*l)a (:Emk*l’ymk*l))))-

Thus we acquire

P(Zny, Yng)s (T Ymy,))
< F(p((xnk_l’ynk_1)7 (xmk_l’ymk_l)))
(P(p((xnk—laynk—l)> (xmk—17ymk—1)))) (3'10)
with n — co. We get
e < F(e, (),

so € = 0 or ¢ (¢) = 0. Therefore ¢ = 0. This is a contraction, therefore {x,,}
and {y,} are Cauchy sequences and rest proof is similar [8]. O

With choice F(s,t) = ¢(s), where ¢ : [0,00) — [0,00) is a continuous
function such that ¢(0) = 0 and ¢(t) < ¢ for £ > 0 in Theorem 3.1 we get the
following corollary.



C-class functions on coupled fixed point theorem 105

Corollary 3.2. Supposing (X, <) is a partially ordered set and (X, d) complete
dg-metric space. Assuming there is ¢ : [0,00) — [0,00) a continuous function
such that ¢(0) = 0 and ¢(t) <t fort >0 and also assume T : X x X — X is
a continuous mapping possessing the mixed monotone property on X,

d(T(x,y), T(u,v)) < ¢(p((2,9), (u,v))),

for all x,y,u,v € X for which x < u, y = v. If there exists (xo,y0) € X x X
with xo = T(x0,v0), Yo = T(yo, o), at the time T possesses an individual
coupled fixed point.

Theorem 3.3. Let (X, =X) be partially ordered set and (X,d) complete dg-
metric space. Let T : X x X — X be a mapping having mized monotone
property. Assume there is a function ¢ like in Theorem 3.1. Assume that X
has the following property:

(a) if a non-decreasing sequence {x,} — x, then x, <Xz for all n,
(b) if a non-increasing sequence {y,} — vy, then y, =y for all n.

If there exist xo,yo € X such that xog < T(xo,y0) and yo = T(yo,x0), then
there exist x,y € X such that

x=T(z,y) and y=T(y,x),
that is, T has a unique coupled fized point.

Proof. Following the proof of Theorem 3.1, we construct a non-decreasing
sequence {x,} in X and a non-increasing sequence {y, } in X such that z,,11 =
T(zpn,yn) and ypt1 = T(yn,x,) for all n > 0 and the following equations are
satisfied

lim d(z,,z) = lim d(z,z,) =0,

Jimd(yn,y) = lim d(y,yn) = 0. (3.11)

Thus by properties of X, we have z, < u and y, = v for all n > 0. By (3.1),
we have

d(xn-i-l? T(.’E, y))

AT (zn, yn), T(2,y))
E(p((@n,yn), (,9))), (p((2n, yn), (2, 9))))

<
< pl@n,yn), (2,9)))-

(z
On letting n — oo, using (3.11), we get that
d

hm (Xnt1, T(z,y)) = 0. (3.12)
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Again from (3.1), we can get

d(T(CE, y)a xn-i—l) - d(T(:L’, y)? T('fcna yn))
F(p((@,y), (zn,yn)), 0(p((z,y), (xn,yn))))

<
< p((2,9), (20, Yn))-

On letting n — oo, using (3.11), we get that
li_>m d(T(z,y),nt1) = 0. (3.13)
On the other hand, from (ii), we get
d(ﬂj‘7 T(x’ y)) < d(ﬂj‘, xn—i—l) + d(xn-i-lv T(x’ y)) (314)

Letting n — oo in the above inequality, using (3.11) and (3.12), we have
d(xz,T(z,y)) = 0. Similarly, we can show that

d(T(Q}, y)v J}) < d(T(x7 y)a xn+1) + d($n+1v J})

Letting n — oo in the above inequality, using (3.13) and (3.11), we have
d(T(z,y),z) = 0. Then from property of d,-metric x = T'(z,y). Similarly we
can show y = T'(y, x). O
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