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Abstract. In this paper we prove the existence as well as approximation of the solutions for
a nonlinear generalized quadratic fractional integral equation of mixed type. An algorithm
for the solutions is developed and it is shown that the sequence of successive approximations
starting with a lower or an upper solution converges monotonically to the solution of the
related quadratic fractional integral equation under some suitable mixed hybrid conditions.
The existence of minimal and maximal solutions and the related integral inequalities are
also proved under certain monotonic conditions. We base our main results on the Dhage
iteration principle embodied in a recent hybrid fixed point theorem of Dhage (2014) in
partially ordered normed linear spaces. A couple of examples are also provided to illustrate

the hypotheses and abstract theory developed in the paper.

1. INTRODUCTION

The quadratic integral equations have been a topic of interest since long
time because of their occurrence in the problems of some natural and physical
processes of the universe. See Argyros [1], Deimling [4], Chandrasekher [2] and
the references therein. The study gained momentum after the formulation of
the hybrid fixed point principles in Banach algebras due to Dhage [5]-[8]. The
existence results for such quadratic operators equations are generally proved
under the mixed Lipschitz and compactness type conditions together with a
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certain growth condition on the nonlinearities involved in the quadratic op-
erator or functional equations. The hybrid fixed point theorems in Banach
algebras find numerous applications in the theory of nonlinear quadratic dif-
ferential and integral equations. See Dhage [6, 7, 8, 14, 15], Dhage and Dhage
[18, 19], Dhage et.al. [20] and the references therein. The Lipschitz and com-
pactness hypotheses are considered to be very strong conditions in the theory
of nonlinear differential and integral equations but nevertheless do not yield
any algorithm to determine the numerical solutions. Therefore, it is of inter-
est to relax or weaken these conditions in the existence and approximation
theory of quadratic integral equations. This is the main motivation of the
present paper. In this paper we prove the existence as well as approximations
of the solutions of a certain generalized quadratic integral equation via an al-
gorithm based on successive approximations under weak partial Lipschitz and
compactness type conditions.

Given a closed and bounded interval J = [0,T] of the real line R for some
T > 0, we consider the quadratic functional integral equation (in short QFIE)

2(t) = k(t, 2(t), z(a(t)))
@) 3] [ Gl ot ats)atatsas)

(@) Jo (t—s)t™4

for all ¢ € J, where the functions k, f,g : J X RXR = R, a,8,p:J — J
and v : J x J = R are continuous functions, 1 < ¢ < 2 and I is the Euler’s
Gamma function.

By a solution of the QFIE (1.1) we mean a function z € C(J,R) that
satisfies the equation (1.1) on J, where C(J,R) is the space of continuous
real-valued functions defined on J.

The QFIE (1.1) is well-known in the literature and studied earlier in the
works of Dhage [5], Dhage and Ntouyas [21], El-Sayed and Hashem [22, 23].
In particular, If f(¢,z,y) =0 for all t € J and z,y € R the QFIE (1.1) reduces
to the nonlinear functional equation

x(t) = k(t,z(t), z(a(t))), t € J, (1.2)

and if k(t,z,y) = q(t) and f(t,z,y) = 1forallt € J and z,y € R, it is reduced
to nonlinear usual Volterra integral equation

x(t) = q(t) +/0 v(t,s)g(s,x(s),z(n(s)))ds, te J. (1.3)
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Again, if f(t,xz,y) =1 for all t € J and z,y € R, then (1.1) reduces to the
following well-known nonlinear functional integral equation

w(t) = k(t, x(t), z((t)))

1 /t v(t,s)
+ — g(s,z(s),z(n(s)))ds, teJ
o | i ol a5 20(s))

Next, if k(t,z,y) = 0, f(t,z,y) = f(t,x), v(t,s) = 1 and ¢ = 1, then the
QFIE (1.1) reduces to the following quadratic integral equation

t
z(t) = [f(t,z(1))] (/0 9(8,$(8)7$(n(8)))d8> : (1.5)
which is discussed in Dhage [5] via classical fixed point theory.

Finally, if k(t,2,y) = k(t,z) + f(t,2) h(t), f(t,z,y) = f(t,2), g(t, ®,y) =
g(t,z) and ¢ = 1, then the QFIE (1.1) reduces to the following quadratic
integral equation

x(t) = k(t,z(t)) + [f(t,x(t))] <q(t) +/0 v(t,s)g(s,x(s))ds) , te . (1.6)

The QFIE (1.6) has been discussed in Dhage [14] for the existence and
approximation of the solutions under hybrid conditions via Dhage iteration
method. Therefore, the QFIE (1.1) is more general and the existence theorem
for which is proved in Dhage and Ntouyas [21] for the general case ¢ > 0
under usual classic Lipschitz and compactness type conditions via a hybrid
fixed point theorem of Dhage [5]. In this paper we prove the existence as
well as approximations of the solutions, integral inequalities, maximal and
minimal solutions and comparison principle etc. for the QFIE (1.1) under
weaker conditions which include the existence and approximation results for
all the above nonlinear functional and functional Volterra integral equations
as special cases under weak partial Lipschitz and partial compactness type
conditions.

(1.4)

The rest of the paper is organized as follows: In the following Section 2 we
give the preliminaries and auxiliary results needed in the subsequent part of
the paper. The main existence and approximations results are given in Section
3. In Section 4, a result concerning the maximal and minimal solutions are
proved for the considered nonlinear quadratic integral equation.

2. AUXILIARY RESULTS

Unless otherwise mentioned, throughout this paper that follows, let E de-
note a partially ordered real normed linear space with an order relation < and
the norm || - || in which the addition and the scalar multiplication by positive
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real numbers are preserved by <. A few details of a partially ordered normed
linear space appear in Dhage [8], Heikkild and Lakshmikantham [24] and the
references therein.

Two elements x and y in F are said to be comparable if either the relation
x =Xy or y =< x holds. A non-empty subset C of FE is called a chain or
totally ordered if all the elements of C' are comparable. It is known that F is
reqular if {z,} is a nondecreasing (resp., nonincreasing) sequence in E such
that x, — z* as n — oo, then z, < x* (resp., z, = x*) for all n € N.
The conditions guaranteeing the regularity of £ may be found in Heikkild and
Lakshmikantham [24] and the references therein.

We need the following definitions (see Dhage [6]-[10] and the references
therein) in what follows.

Definition 2.1. A mapping 7 : E — FE is called isotone or monotone nonde-
creasing if it preserves the order relation <, that is, if x <y implies Tz < Ty
for all z,y € E. Similarly, 7 is called monotone nonincreasing if x < y implies
Tx =Ty for all z,y € E. Finally, T is called monotonic or simply monotone
if it is either monotone nondecreasing or monotone nonincreasing on F.

Definition 2.2. A mapping 7 : EF — FE is called partially continuous at a
point a € E if for € > 0 there exists a ¢ > 0 such that |72 —Ta|l < e whenever
x is comparable to a and ||z — al| < . T called partially continuous on E if
it is partially continuous at every point of it. It is clear that if 7 is partially
continuous on F, then it is continuous on every chain C' contained in FE.

Definition 2.3. A non-empty subset S of the partially ordered Banach space
E is called partially bounded if every chain C in S is bounded. An operator
T on a partially normed linear space E into itself is called partially bounded
if T(F) is a partially bounded subset of E. T is called uniformly partially
bounded if all chains C' in T (E) are bounded by a unique constant.

Definition 2.4. A non-empty subset S of the partially ordered Banach space
E is called partially compact if every chain C in S is a relatively compact
subset of E. A mapping 7 : E — FE is called partially compact if T(E) is
a partially relatively compact subset of E. T is called uniformly partially
compact if T is a uniformly partially bounded and partially compact operator
on E. T is called partially totally bounded if for any bounded subset S of F,
T(S) is a partially relatively compact subset of E. If T is partially continuous
and partially totally bounded, then it is called partially completely continuous
on FE.
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Remark 2.5. Suppose that T is a nondecreasing operator on E into itself.
Then T is a partially bounded or partially compact if 7(C) is a bounded or
relatively compact subset of F for each chain C' in E.

Definition 2.6. The order relation < and the metric d on a non-empty
set E are said to be compatible if {x,}nen is a monotone, that is, mono-
tone nondecreasing or monotone nonincreasing sequence in E and if a subse-
quence {zy, tnen of {2y }nen converges to 2* implies that the original sequence
{zn}nen converges to x*. Similarly, given a partially ordered normed linear
space (E, =, -||), the order relation < and the norm || - || are said to be com-
patible if < and the metric d defined through the norm || - || are compatible.
A subset S of F is called Janhavi if the order relation < and the metric d or
the norm || - || are compatible in it. In particular, if S = E, then E is called a
Janhavi metric or Janhavi Banach space.

Clearly, the set R of real numbers with usual order relation < and the norm
defined by the absolute value function | - | has this property. Similarly, the
finite dimensional Euclidean space R™ with usual componentwise order relation
and the standard norm possesses the compatibility property. In general every
finite dimensional Banach space with a standard norm and an order relation
is a Janhavi Banach space.

Definition 2.7. ([7]) A upper semi-continuous and monotone nondecreasing
function ¢ : Ry — Ry is called a D-function provided ¢(r) = 0 iff » = 0. Let
(E, =, |- |) be a partially ordered normed linear space. A mapping 7 : E — FE
is called partially nonlinear D-Lipschitz if there exists a D-function ¢ : Ry —
R, such that

1Tz = Tyl < w(lz - yl) (2.1)
for all comparable elements x,y € E. If 1(r) = kr, k > 0, then Tis called a
partially Lipschitz with a Lipschitz constant k.

Let (E, =<, || - ||) be a partially ordered normed linear algebra. Denote
Et ={z € E|z =0, where § is the zero element of E}
and

K={E" CE|uveE" foral u,veE"}. (2.2)

The elements of I are called the positive vectors of the normed linear al-
gebra E. The following lemma follows immediately from the definition of the
set K and which is often times used in the applications of hybrid fixed point
theory in Banach algebras.

Lemma 2.8. ([8]) If uj,u2,v1,v2 € K are such that u; =< v1 and ug = ve,
then ujuy =< v1v9.
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Definition 2.9. An operator 7 : F — FE is said to be positive if the range
R(T) of T is such that R(7T) C K.

The Dhage iteration principle may be described as “the monotonic con-
vergence of the sequence of successive approximations to the solutions of a
nonlinear equation beginning with a lower or an upper solution of the equation
as its initial or first approximation” and it is a powerful tool in the existence
theory of nonlinear analysis. The procedure involved in the application of
Dhage iteration principle to nonlinear equation is called the “Dhage iteration
method.” 1t is clear that Dhage iteration method is different for different non-
linear problems and also different from the usual Picard’s successive iteration
method. The Dhage iteration method embodied in the following applicable
hybrid fixed point theorems of Dhage [10] is used as the key tool for our work
contained in this paper. A few other hybrid fixed point theorems involving
the Dhage iteration method may be found in Dhage [9]-[12].

Theorem 2.10. ([11]) Let (E, =l ||) be a reqular partially ordered complete
normed linear algebra such that the order relation =< and the norm || - || in E
are compatible in every compact chain of E. Let A\ B: E — K andC: E — FE
be three nondecreasing operators such that

(a) A and C are partially bounded and partially nonlinear D-Lipschitz with
D-functions Y4 and Ve respectively,

(b) B is partially continuous and uniformly partially compact, and

(¢) Mipa(r) +he(r) <r, r>0,
where M = sup{||B(C)|| : C is a chain in E}, and

(d) there exists an element xy € X such that xo < AxgBxzo + Cxo or
xg = Axg Brg + Cxg.

Then the operator equation
AxBr +Cx == (2.3)

has a solution x* in E and the sequence {x,} of successive iterations defined
by xpy1 = Azxy Bxy, + Cxy, n=0,1,--- , converges monotonically to x*.

Remark 2.11. The compatibility of the order relation < and the norm || - ||
in every compact chain of F holds if every partially compact subset of F
possesses the compatibility property with respect to < and || - ||. This simple
fact has been utilized to prove the main results of this paper.

Remark 2.12. The hypothesis (a) of Theorem 2.10 implies that the operators
A and C are partially continuous and consequently all the three operators A,
B and C in the theorem are partially continuous on E. The regularity of E in
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above Theorem 2.10 may be replaced with a stronger continuity condition of
the operators A, B and C on E.

3. EXISTENCE AND APPROXIMATION RESULT

The QFIE (1.1) is considered in the function space C(J,R) of continuous
real-valued functions defined on J. We define a norm || - || and the order
relation < in C(J,R) by

[l z]] = sup |z(£)| (3.1)
teJ
and
r<y <<= z(t) <y(t), Vtel, (3.2)

respectively. Clearly, C(J,R) is a Banach algebra with respect to the above
supremum norm and is also partially ordered w.r.t. the above partially order
relation <. It is known that the partially ordered Banach algebra C(J,R) has
some nice properties concerning the compatibility property with respect to
the norm | - || and the order relation < in certain subsets of it. The following
lemma in this connection follows by an application of Arzeld-Ascoli theorem.

Lemma 3.1. Let (C(J,R),<,||-||) be a partially ordered Banach space with
the norm || - || and the order relation < defined by (3.1) and (3.2) respectively.
Then every partially compact subset S of C(J,R) is Janhavi, i.e., || - || and <
are compatible in every compact chain C in S.

Proof. The lemma mentioned in Dhage [9, 10], but the proof appears in Dhage
and Dhage [16, 18, 19]. Since the proof is not well-known, we give the details
of the proof. Let S be a partially compact subset of C'(J,R) and let {z, }nen
be a monotone nondecreasing sequence of points in S. Then we have

x1(t) <xo(t) < - <ap(t) <-- (3.3)

for each t € J.

Suppose that a subsequence {zy, }nen Of {Zp }nen is convergent and con-
verges to a point  in S. Then the subsequence {z, (t)}ren of the monotone
real sequence {z,(t)},en is convergent. By monotone characterization, the
whole sequence {x,(t)}nen is convergent and converges to a point x(t) in R
for each t € J. This shows that the sequence {x, },en converges to x point-
wise on J. To show the convergence is uniform, it is enough to show that the
sequence {z,(t)}nen is equicontinuous. Since S is partially compact, every
chain or totally ordered set and consequently {z,},ecn is an equicontinuous
sequence by Arzeld-Ascoli theorem. Hence {x,}nen is convergent and con-
verges uniformly to z. As a result || - || and < are compatible in S. This
completes the proof. O
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We need the following definition in what follows.

Definition 3.2. A function u € C(J,R) is said to be a lower solution of the
QFIE (1.1) if it satisfies

u(t) < k(t, ut), u(e(t)))

(w006 (55 [ Gty ol uls)utn(s)) s )

(q t—s)ta

for all ¢ € J. Similarly, a function v € C'(J,R) is said to be an upper solution
of the QFIE (1.1) if it satisfies the above inequalities with reverse sign.

Definition 3.3. A function g(¢,z,y) is called Carathéodory if

(i) the map t — g(t,x,y) is measurable for each z,y € R and
(ii) the map (z,y) — g(t,z,y) is jointly continuous for each t € J.

A Caratheédory function g is called L?-Carathéodory if
(iii) there exists a function h € L?(J,R) such that

lg(t,z,y)| < h(t) ae te.J

for all z,y € R.

We consider the following set of assumptions in what follows:

(A1) The function f is nonnegative on J x R x R.
(Ag) There exists a D-function ¢ such that

0 S f(t,ﬂjl,iUQ) - f(t7y17y2) S ¢f(max{$1 —Y1,T1 — yl})

for all t € J and @1, 72, y1,92 € R, 1 > 41, T2 > Y.
(As) There exists a constant My > 0 such that 0 < f(t,z,y) < My for all
teJand z,y € R.
(B1) The function v is nonnegative on J x J.
(B2) g defines a L?-Carathéodory function g : J x R x R — R,
(Bs) g(t,z,y) is nondecreasing in = and y for all t € J.
(C1) There exists a D-function 1y such that

0 < k(t,z1,22) — k(t,y1,92) < Yr(max{z; —y1, 21 —y1})

for all t € J and x1, x2,y1,y2 € R with z1 > y1, z2 > yo.

(Cq) There exists a constant My, > 0 such that |k(t,z,y)| < M forallt € J
and x € R.

(C3) The QFIE (1.1) has a lower solution u € C(J,R).
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Theorem 3.4. Assume that hypotheses (A1)-(As), (B1)-(Bs) and (C;)-(Cs)
hold. Furthermore, assume that
<VTq1 1]l 2

I'(q)

then the QFIE (1.1) has a solution z* defined on J and the sequence {$n}neNu{0}
of successive approximations defined by

) Yr(r) +Yp(r) <r, r>0, (3.4)

Tnt1(t)
= k(t, zn(t), zn(a(t)))

110, BON) (5 | s ool anln(s)) s )

for all ¢t € J, where x¢p = u, converges monotonically to x*.

(3.5)

Proof. Set E = C(J,R). Then, from Lemma 3.1 it follows that every compact
chain in F possesses the compatibility property with respect to the norm || - ||
and the order relation < in E.

Define three operators A, B and C on E by

Ax(t) = f(t,z(t), z(a(t))), ted, (3.6)

Ba(t) = F(lq> /O (t”_(ts’;)_q (s, 2(s), z(n(s) ds, teJ  (3.7)

and
Cx(t) = k(t,z(t), z(a(t))), teJ (3.8)

From the continuity of the integral and the hypotheses (Ap)-(A1) and (By), it
follows that A and B define the maps A, B : E — K. Now by definitions of
the operators A and B, the QFIE (1.1) is equivalent to the operator equation

Ax(t)Bx(t) + Cx(t) = z(t), t € J. (3.9)

We shall show that the operators A, B and C satisfy all the conditions of
Theorem 2.10. This is achieved in the series of following steps.

Step I: A, B and C are nondecreasing on E. Let x,y € E be such that x > y.
Then by hypothesis (Ag) and (Cs), we obtain

Az (t) = f(t,z(t), z(a(t))) = f(t,y(t), y(a(t))) = Ay(t)
and

Ca(t) = k(t, x(t), x((t))) = k(t,y(t), y(a(t))) = Cy(t),
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for all ¢ € J. This shows that A and C are nondecreasing operators on F into
E. Similarly, using hypothesis (B3),

1)/0 (U(t’S) 9(s,y(s),y(n(s))) ds

= T t—s)la
= By(?)

for all t € J. Hence, it is follows that the operator B is also a nondecreas-
ing operator on F into itself. Thus, A, B and C are nondecreasing positive
operators on F into itself.

Step II: A and C are partially bounded and partially D-Lipschitz on E. Let
x € E be arbitrary. Then by (As),
[ Az ()] < | f(t, 2(t), 2(a(t)] < My

for all ¢ € J. Taking supremum over ¢, we obtain [|Az| < My and so, A is
bounded. This further implies that A is partially bounded on E. Similarly,
using hypothesis (C;), it is shown that ||Cz| < M}y and consequently C is
partially bounded on F.

Next, let x,y € F be such that z > y. Then, by hypothesis (A3),

[Az(t) — Ay(t)] = [ f(t, 2(t), z(a(t))) — f(t,y(1), y(a(t))]
< Pp(max{[z(t) —y(@)|, [x(a(t)) —y(a))]})
< sz —yl)

for all t € J. Taking supremum over ¢, we obtain

| Az — Ayl < ¢r(llz — yll)

for all x,y € F with > y. Similarly, by hypothesis (Cz),

ICx — Cyll < Yw(llz — yll)

for all z,y € E with x > y. Hence A and C are partially nonlinear D-Lipschitz
operators on E which further implies that they are also a partially continuous
on F into itself.

Step III: B is a partially continuous operator on E. Let {x,}nen be a
sequence in a chain C of E such that x, — z for all n € N. Then, by
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dominated convergence theorem, we have

lim Bz,(t) = lim 1)/0 (U<t’s) 9(s,zn(s), zn(n(s))) ds

n—00 n—00 F(q t— S)l_q

- F(lq) /Ot (tv—(t;)sl)—q [hm 9(37%(5)7%(77(3))] ds

n—oo

- F(1Q)/o (tv(t;)sl)q 9(s,z(s), z(n(s)) ds

— Ba(t),
for all t € J. This shows that Bz, converges monotonically to Bx pointwise
on J.

Next, we will show that {Bz), },en is an equicontinuous sequence of functions
in . Let t1,t9 € J be arbitrary with ¢; < t5. Then

‘an(t2) - an(h)‘

1 2 oty s)
I'(q) /0 (ty — s)1—a 9(s, 2, (8), 2n(n(s))) ds

_ 1 t1 'U(t1,8) s 2 (s) 2 . )
F(q)/o (t; — )14 9(8,wn(s), xn(n(s))) d

1 t2 U(tQ,S)
: ‘F@ /0 = 51 95 () n(n(s))) ds

_ 1 to fu(tl,s) s 2 (s). 2 ) .
I'(q) /0 (t — s)1 =4 9(s,@n(s), zn(1(s))) d

L[ o(ty,s)
" ['(q) /0 (to — s)t—4 9(s, (), zn(n(s))) ds

B 1 t1 U(tl,s) s o (s). % . )
I'(q) /0 (ty —s)l4 9(s, (), xn(n(s))) d

1 b U(tl’s)
i@ | e e sl () ds

1 ()
_ I'(q) /0 (t; — )14 9(8, (), xn(n(s))) ds

< 1 /t2 [v(ta,s) —v(t1, s)
0

(tg —_ s)lfq

/2 [u(t1, )] 19(5, 2n(8), 20 (1(5)))| ds

t1 (t2 - 8)1_‘1

g5, 2a(s), 2 (n(s))) | ds

; [o(t1,8)[ |(t2 = 8)77" — (tr = 5)7 7| g (s, @n(s), za (1(s)))| ds
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L (Tu(ta, s)—v(t1, s)| 1 ot s)|
Sr<q>/o (tz—5)1 0 h(s)dﬁr(q)/tl (g —s)i—a (8

1 T
+F(Q)/o [o(t1,8)| [(t2 — 5)77" — (t1 — 8)771| h(s)
< ﬁ() (/Tr (t2,5) — v(ta, >\2ds)m (/OTh2<s>ds)
+(/ (ta= )1 = (11— )11 ds>1/2</0Th2<s>ds)

q—1
Vﬁ;q) Ip(t1) — plta)| (3.10)

Since the functions p is continuous on compact interval J and v and (t — s)?~*
are continuous on compact set J x J, they are uniformly continuous there.
Therefore, from the above inequality (3.10) it follows that

1/2

1/2

+

|Bxy, (t2) — Bxy(t1)| =0 as n— o

uniformly for all n € N. This shows that the convergence Bx,, — Bz is uniform
and hence B is partially continuous on F.

Step IV: B is uniformly partially compact operator on E. Let C' be an arbi-
trary chain in E. We show that B(C) is a uniformly bounded and equicontin-
uous set in E. First we show that B(C') is uniformly bounded. Let y € B(C)
be any element. Then there is an element x € C be such that y = Bx. Now,
by hypothesis (Bs),

(q t—s)l-a

001 =5 | s ats. (6 t0(s)) s

1 bt s)
<o /0 i i Lot () 2(n(s)] ds

I'(q t—s)la
VT [l
I'(q)
=r

for all t € J. Taking the supremum over ¢, we obtain |y|| < ||Bz| < r for
all y € B(C). Hence, B(C) is a uniformly bounded subset of E. Moreover,
|IB(C)|| < r for all chains C in E. Hence, B is a uniformly partially bounded
operator on F.
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Next, we will show that B(C') is an equicontinuous set in E. Let t1,t2 € J
be arbitrary with ¢; < to. Then, for any y € B(C'), one has

‘Bx(tz) - Bm(tl)‘
1

B ‘F(q) [ @ (—t2;>81)—q g(s.2(s),2(n(s)) ds

B I‘(lq) /0 1 (tf(_tl;;)_q g(s,z(s),z(n(s))) ds

F(1Q) 0 1 (tf(—tl;;)—q 9(s,x(s),z(n(s))) ds

1 t2 lv(te, s) — v(t1, s)]
< i [ ).l

1
t1

+ @ ; [v(t1, )| |[(t2 — S)q_l — (t1 — S)q_1]| lg(s,x(s), x(n(s)))| ds

1 T lv(ta, s) — v(t1, s) 1 /1‘,2 (t, )|
= h s)ds + h(s) ds
F(Q) 0 tg—s 1 —q ( ) ) " ( ( )

1 2 |y(ty, s)|
" T(g) /t (tz — 5)L4 l9(s, z(s), 2(n(s)))| ds
1

I'(q to — s)1—4
! 1
p( / o(t1, 8)] |[(t2 — )77 = (t1 — 5)7 ]| h(s)ds
1 |U t2, tl, 1 /’tg ‘U(t, S)’
= h s)ds + h(s) ds
= F(q (to — s)1—4 (s) T(q) . (r 5 (s)

/ lv(ty, s Htgfs — (t; — 5)9™ 1’h
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< ?Z; </0T\u(t2,s) —v(t1,3)|2ds> v </0T B2(s) ds)
+ F‘(/q) (/OT (b2 — )07 — (1 — )97 ds) v (/OT B2(s) ds>

— 0 as t] — to,

1/2

1/2

uniformly for all y € B(C). Hence B(C) is an equicontinuous subset of E.
Now, B(C') is a uniformly bounded and equicontinuous set of functions in E,
so it is compact. Consequently, B is a uniformly partially compact operator
on E into itself.

Step V: wu satisfies the operator inequality v < AuBu + Cu. By hypothesis
(Cy), the QFIE (1.1) has a lower solution u defined on J. Then, we have

u(t)
< k(t,u(t), u(a(t)))

A 0ON) (s [ st utn(s) ds )

for all ¢ € J. From the definitions of the operators A, B and C it follows that
u(t) < Au(t) Bu(t) + Cu(t) for all t € J. Hence u < AuBu + Cu.

Step VI: The D-functions ¥ 4 and ¢ satisfy the growth condition My 4(r)+
Ye(r) < r forr > 0. Finally, the D-function 1 4 and )¢ of the operator A and
C satisfy the inequality given in hypothesis (d) of Theorem 2.10, viz.,

(3.11)

VT |h]| 2

M) +ve) < (Vg

> Pr(r) +p(r) <r

for all » > 0.

Thus A, B and C satisfy all the conditions of Theorem 2.10 and we conclude
that the operator equation Az Bz + Cx = x has a solution. Consequently the
QFIE (1.1) has a solution z* defined on J. Furthermore, the sequence {x, }nen
of successive approximations defined by (3.5) converges monotonically to z*.
This completes the proof. O

The conclusion of Theorems 3.4 also remains true if we replace the hypoth-
esis (Cz) with the following one:

(C%) The QFIE (1.1) has an upper solution v € C(J,R).
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The proof of Theorem 3.4 under this new hypothesis is similar and can be
obtained by closely observing the same arguments with appropriate modifica-
tions.

Remark 3.5. We note that if the QFIE (1.1) has a lower solution u as well
as an upper solution v such that u < v, then under the given conditions of
Theorem 3.4 it has corresponding solutions x, and z* and these solutions
satisfy z, < x*. Hence they are the minimal and maximal solutions of the
QFIE (1.1) in the vector segment [u,v] of the Banach space E = C(J,R),
where the vector segment [u,v] is a set in C'(J,R) defined by

[u,v] ={z € C(J,R) | u <z <wv}.

This is because the order relation < defined by (3.2) is equivalent to the order
relation defined by the order cone K = {z € C(J,R) | x > 6} which is a closed
set in C(J,R).

Remark 3.6. If the function k£ is nonnegative on J x R x R in Theorem
3.4, then the QFIE (1.1) has a positive solution z* and the sequence {z,} of
successive approximations defined by (3.5) converges to z*.

4. MAXIMAL AND MINIMAL SOLUTIONS

We need the following definition in what follows.

Definition 4.1. A function r € C(J,R) is said be a maximal solution of the
QFIE (1.1) if for any other solution x of the QFIE (1.1), one has z(t) < r(t)
for all t € J. Similarly, a minimal solution p of the QFIE (1.1) can be defined
in a similar way by reversing the above inequality.

The following lemma is fundamental in the proof of minimal and maximal
solutions for the QFIE (1.1) on J.

Lemma 4.2. Assume that hypotheses (A1)-(A1), (B1), (Bs) and (Cy) hold.
Suppose that there exist two functions y,z € C(J,R) satisfying

y(t) < k(t, y(t), y(a(t)))

[0 [ s () st ds) (4)

(q t—s)t—d

and

2(t) = k(t, 2(t), z(a(t)))

#1100 (i [ ol 20 2 ds) (42

(q t—s)ta
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for all t € J. If one of the inequalities (4.1) and (4.2) is strict, then
y(t) < z(t) (4.3)
forallt e J.

Proof. Suppose that the inequality (4.2) is strict and let the conclusion (4.3)
be false. Then there exists ¢; € J such that

y(t1) = z(t1), t1 >0
and
y(t) < z(t), 0<t<ty.
From the monotonicity of f(t,z,v), g(¢t,z,y) and k(t,z,y) in x and y , we get

y(t1)
<kt y(t), y(a(th)))

[0 G0 (5 [ ks ot utn(s)) ds

(q ty—s)i7a
= k(t1, 2(t1), z(a(t2)))

+ [f(t1, 2(t1), 2(B(t1)))] <F1 ) /0 1 ( UL g(s,z(s),z(n(s)))ds>

(q ty —s)'a
< z(t1), (4.4)
which contradicts the fact that y(t1) = z(t1). Hence, y(t) < =z(t) for all
teJ. 0

Theorem 4.3. Suppose that all the hypotheses of Theorem 3.4 hold. Then
the QFIE (1.1) has a minimal and a mazimal solution on J.

Proof. We shall prove the case of maximal solution only, because the case of
minimal solution is similar and can be obtained with appropriate modifica-
tions. Let € > 0 be given. Now consider the quadratic fractional integral
equation

we(t)
= ke(t,ze(t), ze(a(t)))

[ttty o aels) (o)) ds) (4.5)

for all t € J, where
Je(t,ze(t), z(B(2))) = f(t, 2c(t), 2c(B(1))) + €,
96(3’$e(5)7$e(77(3))) - g(s,a:e(s), xe(n(s)» te
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and

ke(t, ze(t), ze(a(t))) = k(t, zc(t), ze(a(t))) + €.
Clearly the functions fc(t, ¢, zc(8)), ge(t, e, ze(n)) and kc(t, x., x(a)) satisfy
all the hypotheses (Ag)-(As), (B1)- (B4) and (C1)-(C3), and therefore, by The-
orem 3.4, QFIE (4.5) has at least a solution z.(t) € C(J,R).
Let €1 and €9 be two real numbers such that 0 < €5 < €1 < €. Then, we
have

Ley (t) = kGQ(t xﬁQ( ) '7:62( (t)))
+ [feo(t 26, (1), 26, (B(1)))]

. (F(lq) /olt (tv_(t,;)_q Gex (8, Tey (), ey (1(5))) ds)

= k(t, 2ey (1), Tey (1)) + €2
+ [ft 2, (1), 26, (B(1))) + €2]

L[ w(t,s)
. <F(<I) /o (t —s)l—a [9(5, e (5), ey (1(5))) + €2] d5> (4.6)

and

Ley (t) = ke, (tv Ley (t)7 Ley (a(t»)
+ [fe (t e, (1), 26, (B(1)))]

X <F(1q)/0 (tv_(t;)sl)_q gel(S,xel(s),mel(n(s)))d,3>
= k(t’xﬁl (t),xq (Oé(t )) + €

* [f(t,xel (t),ze, (B(1))) + 61]
X (Fl )/0 (tv_(tv)sl)_q [9(s, 3¢, (5), 2, (n(s))) + €] ds>

(¢ s
> k(t,xe, (1), xe, (t))) + €2

+ [tz (1), 26, (B())) + €]
. <F(1Q) /0 (tv—(t;)sl)—q [9(5, ¢, (5), e, (n(5))) + €2] d3> (4.7)

for all t € J. Now, applying the Lemma 4.2 to the inequalities (4.6) and (4.7),
we obtain

ey (1) < @y (1) (4.8)

forall t € J.
Let €p = € and define a decreasing sequence {¢, }°° , of positive real numbers
such that lim,,_,~ €, = 0. Then in view of the above facts {z., } is a decreasing
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sequence of functions in C'(J,R). We show that is is uniformly bounded and
equicontinuous. Now, by hypotheses,

e, ()] < ke, (8, e, (1), e, ((1))])
+ | [ken (8, e, (1), e, ((D))])] |
1 bt s)
g (T(Q)/o (t—s)l ‘gen(s’””%(s)’xen(n(S)))\d8>
VTt (||A] g2 +T6)>
I'(q)

ng+e+(Mf+e)<
=r

for all t € J. Taking the supremum over ¢, we obtain ||z, || < r for all n € N.
This shows that the sequence {z,} is uniformly bounded.
Next we show that {z,} is an equicontinuous sequence of functions in

C(J,R). Let t1,to € J be arbitrary. Then,
e, (t1) — e, (£2)]

< |k(t1, e, (1), @e, (a

+ [ f(t1, e, (1), e,

1)) = k(ta, e, (t2), e, (a(t2)))]
a(t))) = f(te; ze, (t2), ze, (a(t2)))]

1" w(t,s)
X(nwé m—@lﬂ%ﬁw%®wmwwmm)
+ | f(t2, e, (t2), e, (alt2)))]

1 Bty s)
il Gty 19 (e () e, (o))l s

(t
(

X

_/”(M%ﬁm%@%Awaxmmﬂw
0

tQ — 8)1 4q
< Jk(t1, @e, (t1), e, (a(t1))) — k(t2, e, (t2), Te, (a(t2)))]
+ | ft1, e, (t1), Te, (1)) — f(ta, e, (t2), Tc, (alta)))|
X<Vﬂl<wp+Ta>

I'(q)
1 t u(ts, s)
+ My T'(q) /0 (t; — )14 e, (5, e, (5), e, (n(5))) ds

_ /0 2 (v(t”) Geo (8, 7c, (5), Te, (n(s))) ds

to — 8)17‘1
< |k(ty, ze, (t1), @, ((t1))) — k(ta, zc, (t2), e, ((t2)))]
+ [t e, (0), e, (a(tr))) = f(ta, e, (t2), Tc, (a(t2)))]
VIO (] + Te)
) ( I'(g) )
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1

| e (e, () (o)) s

tl — 8)17‘1

v(ty,s) v(ta, s)

+MfF

|9en (85 2¢,(5), 2e,, (0(5)))| ds

v(ty, ) v(ta, s)

(tl — 5)1_‘1 (tg — S)l_q

1/2

+

()
< |k(t1, e, (1), e, ((t1))) — E(t2, xc, (t2), xe, (a(t2)))]
+ [ [t ze, (), 2, (a(tr)) = (b2, e, (t2), e, ((t2)))]]
I'(q)
Ta-1 T
RO (/0
VL
0 tz(jﬁ)*q is continuous on compact [0, 7] x [0, 7] and p is continuous on compact

1 T
+M /
"T@) Jo [(—9)0  (t2—s)'70
X<Vﬂﬂmwm+Ta>
9 1/2
ds>
T
X ( / R (s) ds)
0
Since the functions k and f are continuous on compact [0, 7] X [—r, 7] X [—7, 7],
[0, 7], they are uniformly continuous there. Hence, from (4.9) it follows that

’(IZen (tl) — T, (tg)‘ —0 as t1 — 1o

uniformly for all n € N. As a result {z.,} is an equicontinuous sequence
of functions in C(J,R). Now the sequence {z,} is uniformly bounded and
equicontinuous, so it is compact in view of Arzeld-Ascoli theorem. By Lemma
3.1, {z¢,} converges uniformly to a function, say r € C(J,R), that is,
lim,, o0 Z¢, (t) = r(t) uniformly on J.

We show that the function r is a solution of the QFIE (1.1) on J. Now,
{ze, } is a solution of the QFIE

Te, (1) = ke, (t, e, (1), e, (a(?)))
+ [fen (t, Le,, (t)a Le,, (/B(t)))]

1 (" w(t,s)
g (F )/o(t )1 [9(s, e, (5), e, (n(5))) + €] ds> (4.10)
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for all t € J. Now, taking the limit as by hypotheses n — oo in the above
inequality (4.10), we obtain

r(t) = k(t,r(t), r(a(t)))

+ [f(t, (1), 7(B(1)))] <F(1q)/0 (tv_(t;;)_q 9(8,1”(8),7“(77(3)))(13)

for all t € J. This shows that r is a solution of the QFIE (1.1) defined on J.

Finally, we shall show that r(t) is the maximal solution of the QFIE (1.1)
defined on J. To do this, let x(t) be any solution of the QFIE (1.1) defined
on J. Then,we have

(IZ(t) - k(tvx(t)7r(a(t)))
#1100 0N [ it 9o alalo) ds) (411

(a).Jo (t—=s)t"1
for all ¢t € J. Similarly, if x. is any solution of the QFIE
wlt) = h(t,e(t), ve(a(t)) + ¢
+ [f(t,e(t), 2e(B(1))) + €]

« 1 bt s) o o). oln(s 1ds
<r )A ( b<,4)7eW(»%+]d>, (4.12)

(q t—s)tma

then
xe(t) > k(t,xc(t), z(a(t)))
+ [tz (), z(B(1)))]

1 bt s)
o0 | el s as) (113

for all ¢ € J. From the inequalities (4.11) and (4.13) it follows that z(t) <
xe(t), t € J. Taking the limit as € — 0, we obtain z(t) < r(t) for all t € J.

Hence r is a maximal solution of the QFIE (1.1) defined on J. This completes
the proof. O

5. COMPARISON PRINCIPLE

The main problem of the integral inequalities is to estimate a bound for the
solution set of the integral inequality related to the QFIE (1.1). In this section
we prove that the maximal and minimal solutions serve as the bounds for the
solutions of the related differential inequality to QFIE (1.1) on J = [0, T].
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Theorem 5.1. Suppose that all the hypotheses of Theorem 3.4 hold. Further,
if there exists a function uw € C(J,R) such that

u(t) < k(t, u(t), u(e(t)))

sttt 3] 15 [y stsahatuonas) Y

(q) Jo (t—s)'~4

for allt € J, then
u(t) < r(t) (5.2)
for all t € J, where r is a maximal solution of the QFIE (1.1) on J.

Proof. Let € > 0 be arbitrary small. Then, by Theorem 3.4, r.(t) is a solution
of the QFIE (4.5) and that the limit

(1) = lim (1) (5.3)

is uniform on J and is a maximal solution of the QFIE (1.1) on J. Hence, we
obtain

Tf(t) = k(t’ Tﬁ(t)a Ts(a(t))) + €
+ [Fr®).re(8(0)) +

)
(500 | G oo+ as)
for all t € J. From the above inequality it follows that
re(t)
> k(t,re(t), re(a(t)))
110 (15 | ity o(sr(s)ren(s)as)

for all t € J. Now we apply Lemma 4.2 to the inequalities (5.1) and (5.4) and
conclude that

(5.4)

u(t) < re(t) (5.5)
for all t € J. This further in view of limit (5.3) implies that the inequality
(5.2) holds on J. This completes the proof. O

Similarly, we have the following comparison result for the QFIE (1.1) on J.

Theorem 5.2. Suppose that all the hypotheses of Theorem 3.4 hold. Further,
if there exists a function v € C(J,R) such that

u(t) > k(t,v(t),v(a(t)))
+[f(t,v(t),v(ﬁ(t)))]<rl)/0(v(t,s) g(S,v(S),U(n(s)))d5> (5.6)

(q t—s)l-a
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forallt € J, then
v(t) > p(t) (5.7)
for all t € J, where p is a minimal solution of the QFIE (1.1) on J.

Finally, we give a couple of examples to illustrate the hypotheses imposed
on the nonlinearities and the main existence and approximation result proved
in this paper.

Example 5.3. Given a closed and bounded interval J = [0, 1], consider the
QFIE,

Lt —s)'/? ann x(s
z(t) = é[2—|—arctana:(t)] (F(?}/Q)/O (t—s) [1+ tanh z(s)] ds)

241 4
1
+ 3 arctan z(t) (5.8)
fort € J.
1 L ) -
Here, v(t,s) = 71 which is continuous and V' = 1. Similarly, the func-
1
tions k, f and g are defined by k(t,z,y) = k(t,z) = iarctanx, flt,z,y) =
1 1+ tanh
ft,x) = 5 2+ arctanz(t)] and g(¢,z,y) = g(t, x) = %.
1
The function f satisfies the hypothesis (Ag) with (1) = 5 %52 for
each 0 < & < r. To see this, we have
1 1
0 < f(t,x1,m2) — f(t,y1,92) < 3 1t (1 —y1)

for all z1,11 € R, 21 > y; and 1 > & > y;. Moreover, the function f is
nonnegative and bounded on J xR x with bound M; = 2 and so the hypothesis
(Ag) is satisfied. Again, since g is nonnegative and bounded on JxRxR with

1
bound ||h||f2 = 3 the hypothesis (By) holds. Furthermore, g(t,z,y) = g(t, x)
is nondecreasing in x and y for all ¢t € J, and thus hypothesis (B3) is satisfied.

Similarly, the function £ satisfies the hypothesis (Cq) with ¢, (r) = 31 J: e

for every 0 < & < r. To see this, we have

1 1
< k(t — k(t < -0
0— (,$1,$2) (7y17y2)—2 1+€2
for all 1,41 € R, 1 > y; and 1 > & > y;. Moreover, the function k is
bounded on J x R with bound M}, = % and so the hypothesis (Cy) is satisfied.

(w1 — 1)



Approximate solutions for generalized quadratic fractional integral equations 193

Also we have

<VT"HhHL2
s N T

['(q)

for every r > 0. Thus, condition (3.4) of Theorem 3.4 is held. Finally, the
QFIE (5.8) has a lower solution u(t) = 0 on J. Thus all the hypotheses of
Theorem 3.4 are satisfied. Hence we apply Theorem 3.4 and conclude that the
QFIE (5.8) has a solution z* defined on J and the sequence {x,},en defined
by

>¢f(7“) + Pr(r) < 11752 <

Pt —s)l/? anhry,(s
Tpt1(t) = %[2+arctanxn(t)] (/0 (ttz +)1 . 1+t 4h (s)] ds)

1
+ 5 arctan zp (t), (5.9)

for all t € J, where xg = 0, converges monotonically to x*.

Example 5.4. Given a closed and bounded interval J = [0, 1], consider the
QFIE,

1 1 bt —s)Y? [1+tanhz(s
z(t) = 5[2+arctanx(t)] (F(3/2)/0 (t2 +)1 [+t ; (s)] ds)

+ arctan z(t) + 1 (5.10)
fort € J.

Now following the arguments similar to those given in Example 5.3 it is
proved that the nonlinear quadratic fractional integral equation (5.10) has a
positive x* defined on J and the sequence {x,},en defined by

E(t—s)l/? anh (s
Tpy1(t) = %[2+arctanxn(t)} (/0 (t—s)/* [1+tanhz,(s)] ds)

241 4
+ arctanzp (t) + 1, (5.11)
for all t € J, where xg = 0, converges monotonically to x*.

Remark 5.5. The conclusion of Examples 5.3 and 5.4 also remains true if
we replace the lower solution w of the nonlinear quadratic fractional integral
equations with the upper solution v(t) = ¢+ 1, t € [0,1].
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