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Abstract. Using the notion of the H—monotonicity (also referred to as H—maximal mono-
tonicity in literature), the solvability of a system of nonlinear variational inclusion problems
involving cocoercively monotone mappings (that unifies most of the existing notions relat-
ing to the strong monotonicity and beyond) based on the resolvent operator technique is
explored. The obtained results are general in nature.

1. INTRODUCTION

Recently, Verma [8] examined the convergence of averaging techniques for
relaxation algorithms and for their specializations as projection methods and
auxiliary problem principle in the context of solving a class of variational in-
equalities involving cocoercively monotone mappings. There is a vast literature
on globally convergent schemes for variational inequalities involving strongly
monotone mappings. The notion of cocoercively monotone mappings is weaker
and more inclusive than cocoercive and strongly monotone mappings.

Fang and Huang [1, 2] introduced the notion of the H—monotonicity in the
context of solving some nonlinear inclusion systems. This notion impacted
greatly the theory of maximal monotone mappings in several domains of ap-
plications. More importantly, H—maximal monotonicity can also be applied
to first-order evolution equations based on the Yosida approximation. For
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more details on evolution equations as well as evolution inclusions, we rec-
ommend [9, 12]. In this communication, our aim is to generalize variational
inclusion systems [2] to the case of cocoercively monotone mappings in Hilbert
spaces. Moreover, the solvability for our system of nonlinear variational in-
clusions involving cocoercively monotone mappings is based on the resolvent
operator technique. The obtained results seem to be general in nature and
do have a wide range of applications, especially to optimization and control
theory, and management and decision sciences.

Let X be a real Hilbert space with the norm || - || and the inner product
<.’ >
Definition 1.1.([1]) Let H : X — X and M : X — 2% be any mappings on
X. The map M is said to be H—maximal monotone if:

(i) M is monotone.
(ii) (H + pM)(X) = X for p > 0.

Note that if H is strictly monotone and M is H—monotone, then M is
maximal monotone. Let the resolvent operator J% ,, : X — X be defined by

JI’ZLM(u) = (H + pM)™ (u)Vu € X.

Definition 1.2. Let T, A : X — X be any mappings on X. The map T is
said to be

(i) (r)—strongly monotone if there is a positive constant r such that
(T(x) = T(y),z —y) > rllz —y|* Yo,y € X.
(ii) (m)—relaxed monotone if there is a positive constant m such that
(T(x) = T(y),z —y) > —mllz —y|* Y,y € X.

11) (v, 7)-relaxed cocoercive if there exist constants v, > 0 such that

laxed ive if th i 0 such th
(T(x) = T(y),z —y) = (NIT(@) = T +rllz —y|* Yo,y € X.

1v) (7v)—relaxed cocoercive if there exists a constant v > 0 such that

i laxed ive if th i 0 such th

(T(x) = T(y),z —y) = (=NIT (@) = T)|* Y,y € X.

(v) (r)—strongly monotone (with respect to A) if there is a positive con-
stant r such that

(T(x) = T(y), Az) = Ay)) = rlle —y|* Yo,y € X.

(vi) (m)—relaxed monotone (with respect to A) if there is a positive con-
stant m such that

(T(z) = T(y), A(z) — A(y)) = —m|z — y||* Yo,y € X.
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(vii) (v, r)-relaxed cocoercive (with respect to A) if there exist constants
~,r > 0 such that

(T(x) = T(y), Az) = A(y)) = (~=IIT(2) = TW)I* +rlle - yl* Vz,y € X.

(viii) (y)—relaxed cocoercive (with respect to A) if there exists a constant
~v > 0 such that

(T(x) = T(y), A(z) = A(y)) = (=)||IT(x) = T(y)|? Va,y € X.
Definition 1.3. Let T, A : X — X be any mappings on X. The map T is
said to be:

(i) (y)—cocoercive if there exists a constant v > 0 such that
(T(z) = T(y),x —y) 2| T(x) = T()|* ¥ 2,y € X.

(i) (y)—cocoercive (with respect to A) if there exists a constant v > 0
such that

(T(x) = T(y), Alx) = A(y)) 2 T(2) = TW)|* V 2,y € X.
Definition 1.4.([8]) Let T, A : X — X be any mappings on X. The map T

is said to be:

(i) (a,b,c)—cocoercively monotone if there exist positive constants a, b, ¢ >
0 such that

(T(x) = T(y),x —y) = al|T(x) = T)II* = bllz = y[I* + cllz —y||* Va,y € X.

(ii) (a,b,c)—cocoercively monotone (with respect to A) if there exist pos-
itive constants a, b, c > 0 such that

(T(2)=T(y), A(x)—A(y)) = a| T (x) =T (y)||*~bllz—y[|*+clla—yl|* Vz.y € X.

Lemma 1.1.([1]) Let H :X — X be (r)—strongly monotone and M : X — 2%
be H-monotone. Then the resolvent operator J4, \, : X — X s (%) — Lipschitz
continuous for r > 0.

2. NONLINEAR VARIATIONAL INCLUSION SYSTEM

Next, let X7 and X2 be two real Hilbert spaces. Let M : X; — 21
and N : X9 — 2%2 be nonlinear mappings. Let S : X7 x Xo — X; and
T : X3 x X9 — Xo be any two mappings. Then the problem of finding
(a,b) € X1 x Xy such that

0 € S(a,b) + M(a), (1)

0€T(a,b)+ N(b), (2)
is called the system of nonlinear variational inclusion (abbreviated SNVI)
problems.
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Lemma 2.1.([1]) Let X1 and X3 be two real Hilbert spaces. Let Hy : X1 — X3
and Hs : X9 — Xo be strictly monotone, M : X1 — 2X1 pe H; —monotone and
N : Xy — 2%2 be Hy—monotone. Let S : X1xXo — X1 and T : X1 x Xy — Xo
be any two mappings. Then a given element (a,b) € X1 x X3 is a solution to
the SNV (1) — (2) problem iff (a,b) satisfies

a=Jp, y(Hi(a) = pS(a,b)), (3)

b= Jp, n(Hz(b) = nT(a,b)), (4)
where p,n > 0.

Theorem 2.1. Let X1 and X9 be two real Hilbert spaces. Let H; : X1 —
X1 be (r1) — strongly monotone and (o) — Lipschitz continuous, and Hyp :
Xo — Xo be (r3) — strongly monotone and (ag) — Lipschitz continuous. Let
M : X; — 2%X1 be Hy—monotone and N : Xy — 252 be Hy—monotone. Let
S X1 x Xo — Xi be such that S(.,y) is (a1,b1, c1)—cocoercively monotone
(with respect to Hy) and (u) — Lipschitz continuous in the first variable, and
S(z,.) is (v) — Lipschitz continuous in the second variable for all (x,y) €
X1xXo. Let T : X1 x Xo — Xo be such that T'(u,.) is (az, b2, c2)— cocoercively
monotone (with respect to Hy) and (3) — Lipschitz continuous in the second
variable, and T'(.,v) is (1) — Lipschitz continuous in the first variable for all
(u,v) € X1 x Xo. If, in addition, there exist positive constants p and n such
that

7"2\/04% +2p(b1 — 1) + (p? — 2par) 2 + rinT < 1772,

1 \/0‘% +2p(bz — c2) + (n* — 2naz) 3? + rapy < rirs,

where p? —2pa; > 0 and n? — 2pag > 0, then the SNVI (1) — (2) problem has
a unique solution.

Proof. Let us define mappings S*(a,b) and T™(a,b), respectively, by
S*(a7 b) = JZJ,M[HI (a) - pS(a7 b)]
and
T"(a,b) = JQI27N[H2(b) —nT(a,b)].
Then for any elements (u,v), (w,z) € X7 x Xo, we have from Lemma 1.1 that

15%(u, v) = 5 (w, )| < :IHHJ (u) = Hi(w) = p[S(u, v) = S(w, )]

p
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Next, we estimate
1H 1 (w) — Hi(w) = p[S(u,v) = S(w,v)]|*
= |[Hi(u) — Hi(w)|* = 2p(H1(u) — Hi(w), S(u,v) = S(w,v))
+0%[1S (u, v) = S(w, )]
1H 1 (w) — Hi(w)|* + p?[|S (u,v) = S(w, )]
—2par[|S(u, v) = S(w,v)||* + 2p(b1 — e1) Ju — wlf?
< afllu—wl* + (p* = 2par1)||S(u, v) = S(w,v)|* +2p(b1 — e1)lJu — w][®
= [af +2p(b1 — 1) + (p* = 2par) ] [Ju — w]]?,
where p? — 2pa; > 0. Thus, we have

* * 1
157 (u, v) = S*(w, 2)[| < H\/a% +2p(b1 — 1) + (p* = 2par)p?|lu — wl|

(w

IN

pv
+7HU —z.
1
Similarly, we obtain
* E3 1
1T (u,v) =T (w,2)|| < EIIH,@(U) — Hy(z) — [T (u,v) = T(u, z)]|
Ul
2

IN

1
— /(@ + 2p(b2 = e2) + (0 — 2na2)) o — a
nTt
+7Hu —w|l.
2

It follows from the above arguments that
15%(u, v) = S*(w, 2)|| + T (u, v) = T (w, )|

1 o
< ~lyfat+ 2061 — ) + (07 — 2002w~ w] + Zfjo ]
! 2 2 2 nT
+72[ a3 +2p(by — c2) + (02 — 2naz) B2||v — = + EHU — ]
1
S max{— a%—Qpr+p2M2+2pfy'u2+nl7
T r9

1 pv
08 =22+ 20 + 223 (Ju = w] + o — a]).

Set

1 T
ko= maf’f{;\/a%Jr?p(bl—01)+(02—2pa1)u2+2—,
! 2

1 v
—1/a3 —2ns +n?B2 + 2n\G% + ,07}
T2 1




50 R. N. Kalia

Next, we define the norm ||(u,v)[|* by
[Cw, )" = (llull + o]l ) V(u,v) € X1 x Xo.
Clearly, X; x X5 is a Banach space with the norm |/(u,v)||*. We define a
mapping U : X; x X9 — X7 x X3 by
U(u,v) = (S*(u,v), T"(u,v))V (u,v) € X1 x Xa.
Since 0 < k < 1, it follows that
1U (u, v) = U(w, 2) || < kl|(u, v) = (w, 2)[*.

Hence, U is a contraction. This implies that there exists a unique element
(a,b) € X7 x X3 such that

U(a,b) = (a,b),
which means,

a= JZMM(HJ (a) — pS(a,b)),

b= Ji, n(Hz(b) = nT(a,b)),
where p,n > 0. O

For by = ¢; and by = ¢ in Theorem 2.1, we have

Theorem 2.2. Let X; and X5 be two real Hilbert spaces. Let H; : X1 —
X1 be (r1) — strongly monotone and () — Lipschitz continuous, and Hyp :
Xy — X5 be (rq) — strongly monotone and (ag) — Lipschitz continuous. Let
M : X; — 2%t be Hy—monotone and N : X9 — 2%X2 be Hy—monotone.
Let S : X1 x Xo — X1 be such that S(.,y) is (a1)—cocoercive (with respect
to Hy) and (u) — Lipschitz continuous in the first variable, and S(x,.) is
(v) — Lipschitz continuous in the second variable for all (z,y) € X1 x Xos.
Let T : Xy x X9 — Xy be such that T(u,.) is (a2)— cocoercive (with respect
to Hy) and (B) — Lipschitz continuous in the second variable, and T(.,v) is
(1) — Lipschitz continuous in the first variable for all (u,v) € X1 x Xo. If, in
addition, there exist positive constants p and n such that

T2 \/oz% + (p? — 2par) p? + rinT < 79,

T \/oz% + (7% — 2nag)B? + ropv < rire,
where p* —2pa; > 0 and n? — 2pas > 0, then the SNVI (1) — (2) problem has
a unique solution.
For a; = as = by = by = 0 in Theorem 1, we have
Theorem 2.3.([2]) Let X; and Xo be two real Hilbert spaces. Let Hy : X1 —

X1 be (r1) — strongly monotone and (o) — Lipschitz continuous, and Hp :
Xo — Xy be (r2) — strongly monotone and (ag) — Lipschitz continuous. Let
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. X7 — 2%X1 be Hy—monotone and N : Xy — 2%2 be Hy—monotone. Let

S X1 x Xo — X1 be such that S(.,y) is (c1)—strongly monotone (with respect
to Hy) and (p) — Lipschitz continuous in the first variable, and S(z,.) is

(v)

— Lipschitz continuous in the second variable for all (x,y) € X1 x Xo. Let

T : X1 x X9 — Xo be such that T'(u,.) is (c2)—strongly monotone (with respect
to Hy) and (3) — Lipschitz continuous in the second variable, and T(.,v) is

()

— Lipschitz continuous in the first variable for all (u,v) € X1 x Xs. If, in

addition, there exist positive constants p and n such that

7“2\/04% —2pcy + p?u + T < ryrg,

rl\/a% — 2pco + 262 + ropr < T1r9,

then the SNVI (1) — (2) problem has a unique solution.
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