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Abstract. It is well known that nonlinear integral and differential equations create an
important branch of nonlinear analysis. A lot of nonlinear problems arising from areas of
the real world are generally represented with integral and differential equations. Especially,
integral and differential equations of fractional order play a very important role in modelling
of some problems in physics, mechanics and other fields in natural sciences. For instance,
these equations are used in describing of some problems in theory of neutron transport, the
theory of radioactive transfer, the kinetic theory of gases [18], the traffic theory and so on.

In this study, we examine the solvability of the following nonlinear integral equation of
fractional order in C[0, a] which is the space of real valued and continuous functions defined
on the interval [0, a

(o) (1) [* ult.s.(G2) (s))
r<a>/o o

We present some sufficient conditions for existence of nondecreasing solutions of the above

x(t) = f (¢, (1) +

equation. Then using a Darbo type fixed point theorem associated with the measure of
noncompactness we prove that this equation has at least one nondecreasing solution in

C[0,a] . Finally we give some examples to show that our result is applicable.

1. INTRODUCTION

Operator equations create a very important part of mathematical modelling
of nonlinear problems arising from the most areas of natural sciences such as
the theory of radioactive transfer, engineering, mechanics, physics, and so
on, [1, 18]. Especially, integral and differential equations of fractional order
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play a very important role in describing these problems. For example, some
problems in physics, mechanics and other fields can be described with the
help of integral and differential equations of fractional order. Some of these
problems are theory of neutron transport, the theory of radioactive transfer,
the kinetic theory of gases [18], the traffic theory and so on.

On the other hand the measure of noncompactness used in the paper allows
us not only to obtain the existence of solutions of the mentioned integral
equation but also to characterize those solutions in terms of monotonicity. In
this paper we will use a fixed point theorem of Darbo type associated with
measures of noncompactness as the main tool.

Banas et al. dealt with the following equations,

o) = h(t)+ (;’(z(;)) /0 (t(f :)(5)1613, teo,1],
x(t) = h(t)+ (?(Z()t))/o (it,_s,s;cl(si)d& te€0,00),
o) = fttato) (v + s [ SN0 e o,

n [3, 4, 5], respectively. Moreover Darwish et al. considered the following
equations,

2(t) = f(t)+ x(t)/o ut,z(®) ;o te 0,11,

I'(a) (75*5)1;“
o) = fleate + 250 [HER st 0.0
o) = aty+ LD [ARED s, ve oy,
x(t) = a(t)+f(;’(z(;)) /Ot “(t’zx(z))’fa”))ds, t €0, 00),
o a(tHf(;(w(t)) [/ ((f_s 955 9.500), oy
o) = gta(t) + LD /Ot };“ Ha)(s)ds, ¢ € [0,1],
o) = glt,x(t)+ (t(z()”/o “((t(s) W) g, v e f0.1).

n [11]-[17], respectively.
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Also, in 2010 Blachandran et al. [2] and Olszowy [20], for ¢ € [0,00),
discussed the following equations,

MG [ alol),,
0

z(t) = gt z(a(t))) +

I(a) (t—s)tze 7
zi(t) = gi(t,xl(t)a$2(t)7"'>+/0 Ui(t’xl(zgfji()z)"”)dT, i=1,2,---

respectively.
On the other hand, the authors considered the following equation in [21]
and [8],

o(t)
z(t) = g(t, z(8(t))) +f(t,fr(a(t)))/0 u(t, s, z(y(s)))ds, t €[0,a].

Then Ozdemir and Cakan dealt with the following equations,

©(t)
o(t) = gwmmm»w+f<uA Mt&xW@DM&xWU»>,
() = g(ta(Bi(D), - 2(BaD) + (b2 (), - a(Em(D))
(t)
X/¢U@ﬂﬂ%ﬁ»“wﬂwﬁmﬁ (L.1)
0

for te [0,a] in ]9, 22], respectively and so on [10, 23].
In this paper, we will consider the equation

(Tz) () [*ult,s, (Gz) (s))
I (a) /0 . s)l_a ds (1.2)

w(t) = f (&, x(t) +

for t € [0,a] and 0 < a < 1. We present some definitions and preliminary
results about the concept of measure of noncompactness and fractional inte-
gral equation in the next section. In the last section, we give our main results
concerning with the existence of nondecreasing and continuous solutions of in-
tegral equation (1.2) by applying a Darbo type fixed point theorem associated
with the measures of noncompactness defined by Bana$ et al. [6] and [7] as
well as some examples to show that this result is applicable.

2. DEFINITIONS AND AUXILIARY FACTS

Definition 2.1. ([19]) Let = € C'[a,b] and a < t < b, then

“ _ () s, a € (—00,00
Ia+x(t)r(a)/a( ds, a € (—00,00)

t—s)l-«
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is called the Riemann-Liouville fractional integral of order «, where symbol of
I' denote the gamma function defined by

F(a):/ tele~tdt,
0

Let (E,||.||) be an infinite dimensional Banach space with zero element 6.
We write B (z,7) to denote the closed ball centered at x with radius r and
especially, we write B, in case of z = . We write X and Conv X to denote the
closure and convex closure of X, respectively. Moreover, let 9 indicate the
family of all nonempty bounded subsets of F and 9 indicate its subfamily of
all relatively compact sets. Finally, the standard algebraic operations on sets
are denoted by AX and X + Y, respectively.

We use the following definition of the measure of noncompactness, given in
[6].

Definition 2.2. A mapping p : Mp — [0,00) is said to be a measure of
noncompactness in F if it satisfies the following conditions:

(1) The family kerp = {X € Mg : u(X) = 0} is nonempty and ker u C

NEg.
(2) X CY = pu(X) <pY).
(3) u(X) = p(X) = p(Conv X).
4) pAX + (1 =NY) <Ap(X)+ (1 =N)pY) for A € [0,1].
(5) If (X,,) is a sequence of closed sets from Mg such that X,, 11 C X, (n =

1,2,---) and limp 00 (X)) = 0, then the intersection set N2 X, is
nonempty.

Theorem 2.3. ([6]) Let C be a nonempty, closed, bounded and convex subset
of the Banach space E and F' : C — C be a continuous mapping. Assume that
there exists a constant k € [0,1) such that

W(FX) < kp(X) (2.1)

for any nonempty subset X of C', where u is a measure of noncompactness in
E. Then F has a fixed point in set C.

It is known that the family of all real valued and continuous functions
defined on interval [a, b] is a Banach space with the standard norm

lz|| = max {|z(t)| : t € [a,b]}.

Let X a fixed subset of M¢, ). For € > 0 and x € X, we denote by w(z,¢)
the modulus of continuity of function x defined by

w(z,e) =sup {|z(t1) — xz(t2)] : t1,t2 € [a,b] and |t —to| < e}.



On monotonic solutions of some nonlinear fractional integral equations 263

Furthermore, let w(X,e) and wo(X) are defined by
w(X,e) =sup{w(zr,e):x e X}
and

wo(X) = lim w(X, &). (2.2)

Then, function wy is a measure of noncompactness in space C [a, b] ([6]).
For x € X let us consider the following quantities

d(z) = sup{|z(s) —z(t)| — [x(s) — z(t)] : t,s € [a,b] and t < s},

i(r) = sup{lz(s) —xz(t)| — [z(t) —z(s)] : t,s € [a,b] and t < s}.
The quantity d(z) represents the degree of decrease of the function x while
i(x) represents the degree of increase. Moreover, d(xz) = 0 if and only if x is

nondecreasing on [a, b] and similarly i(x) = 0 if and only if = is nonincreasing
on [a,b]. Further, let us put

d(X) =sup{d(x):z € X},
i(X)=sup{i(z):x € X}.
Finally, let us denote
Ha(X) = wo(X) + d(X), (2.3
pi(X) = wo(X) +i(X).

The authors have shown in [7] that above functions pg(X) and p;(X) are
measures of noncompactness in the space C'[a, b] .

3. MAIN RESULTS

Throughout this section we denote by I the interval [0,a]. We study func-
tional integral equation (1.2) under the following conditions:

(a1) f: I xRy — Ry is continuous and there exist nonnegative constant

k such that
’f(t,ilf) - f(tvy)‘ < k‘|l’ _y|

forallt € I and z,y € R,. Also f is nondecreasing according to second
variable.

(ag) The function u : I x I x Ry — R4 is continuous and nondecreasing
according to first variable. Moreover there exists a functions h : Ry —
R which is nondecreasing on R such that the inequality

u(t,s,z) < h(x)
holds for all ¢,s € I and =z € R;..
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(ag) The operators T': C'(I) - C (I) and G : C (I) — C (I) are continuous
and Tz, Gz are nonnegative functions for all z € C (I). Also there
exist functions by, by : Ry — R which are nondecreasing on R such
that the inequalities

[(T)()] < ba([lz])
and

[(Gz) ()] < ba(l|z]])
hold for all z € C'(I) and t € 1.

(aq) There exists a positive solution 7 of the inequality
b1 (r)h (by(r)) a®
I'(a+1)
where M is the positive constant such that |f(t,0)| < M for all ¢t € I.

(as) T satisfies Darbo condition on By, with respect to measure of noncom-
pactness g given by (2.3) with nonnegative constant . Also

lh (b2 (’l“())) a®
I'(a+1)

kr +

+M <, (3.1)

k+ <1

Theorem 3.1. Under assumptions (a1)-(aq), Eq.(1.2) has at least one solu-
tion x = x(t) which belongs to By, C C (I).

Proof. Note that we will use Theorem 2.3 as our main tool. We define opera-
tors A, U and F as

(Az)(t) = (Fa)(r) + L2

I'(a)

Uz) (t)

and

wmw-%“%ﬂ@“”@wmwwwwam

l1-a
for x € C'(I). By using the conditions of Theorem 3.1 we infer that Fz and
Ux are continuous on /. For any x € B,,, we have

|(Az)(2)|
(T'z) (¢)

_‘(Fx)(t)—i— (o) (Ux)(t)’

<[f @ 2@) = F@&0)[+1£(50)] + F(la) (Tz) (t) (Ux) (2))]
1

Sklw(t)lJrﬁ\( x) (t) (Uz) (8)] + M

< kis(o)+ 12 |/|ut_s G-
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t)
<klx(t ()‘/ t—slad+M

b h (ba(
0

bl( )h(b2( )) Y
['(a+1)

< 70- (3.2)

< krog+

So, |(Ax)(t)] < ro for all ¢ € I and this implies that Az € B,,. Now, we
prove that operator A : B,, — B,, is continuous. Let y be any fixed element
of By,. Since T' and G are continuous on B,,, for any € > 0 and y, there
exist 0 < d1(e,y) < € and 0 < d2(e,y) < € such that ||Tz — Ty|| < e for
|z —yl| < 01(e,y) and ||Gx — Gy|| < e for ||z —y|| < da(e,y). If we take
d(e,y) = min {d1(e,y), d2(¢,y)} then, by using conditions of Theorem 3.1, we
obtain the following inequalities for ||z — y|| < d(e,y).

|(Az)(t) — (Ay)(?)]

Mg DO
= | a0+ T w0 - (o +

@) ®) (0 ()
w0 - T wa )

(Tz) (1) (Tz) (1
o) U905
(Ty) (1
o <Uy><t>\
>‘/ [u(t, 5. ( Gﬂf —u(ts (Gy) (),

LT Ty | Jut,

/ t—s N

§k||$_y”+b1 (|l=) / lu(t, s, (G )((j)z;)via_(i 5, (Gy) ()],

|7z —Ty| [*h((Gy) (s)])
e TR
b1 (|2 )was (I, €)a® | eh (ba(|lz]))) a®

F(Oé-i—l) F(Oé—}—l)

b1 (ro)wus (1,€)a® + eh (ba(rp)) a®
I'(a+1) ’

< kla(t) —y(t)] +

< klz(t) —y(t)| + ‘ (Uy) (t)’

< ke +

< ke+ (3.3)
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where
wyg(I,e) =sup {|u(t,s,z) —u(t,s,y)| :t,s€l, z, y€ Rand |z —y| <&}

such that R = [— ||GBy,|| , ||GBy,||] - On the other hand, due to the fact that
the function u = u(t, s,x) is uniformly continuous on I x I x R, we infer that
wyug(I,e) — 0 as € — 0. Hence, above estimate (3.3) proves that operator F
is continuous on B,,. Moreover, we show that operator F' satisfies (2.1) on
B,, with respect to measure of noncompactness p4. To do this, fix arbitrary
e > 0. Let us consider x € X and t1,ty € I with to < t; and [t; — to] < ¢, for
any nonempty subset X of B,;

|(Az)(t1) — (Az)(t )I

~|(Fayce) + )~ (roe) + 00 o) )|
< |(Pa)(tr) ~ (Fa)(t2)| + '( D8 (1) (1) - (Tﬁg 8 o) )
< w (Fﬁ, 6) + ’ (TI:‘EEOE?) (Ux) (tl) (T:()OE;Z) (Uﬁ) (tg)’
<w(Fz,e)+ ’ (:I;xgoi;l) (Ux) (t1) — (?252) (Uz) (t1)
(T'2) (t2) 7oy oy - T2 (E2) 0
+ [0 ) ) o (V) 1)
(Fz,e) + |(Tx) (t Ta: to)] / Ju( tltls_ o ds
+<T§()65§2"r< 2) (1) — (U2) (1)
<w(Fr.e)+ L7 t2|/t1 “ tltvl’_s -
(Tx) (t2)| [ t1 s, u(ts, s, (G) (s))
r (a) / t1 - S (tQ — 8)1_a ds
@) @) [ s, G ()]
' () to (t1 — 8)1 @

< w(Fae) + |(Tz) (h%(a()Ta: (t2)] / U u( tltls_gﬁ ff))’ds
Tm |/ e u(ty, s, (Gz) (5))

T ds
tl — 8 (t2 — S)
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to)| [ u(ty, s, _ulte, s, (Gz) (s))

Fw()OE) (ty — s) (ty — s)' ds
n I(TEE()OE?)I [ \u(t(lt,l _(SG):QEC DI
.
+ ’“é!i‘)” [t 6 ) (G = )
n blr(!(\zl)l) 0t2 u(ts, 5, (GSC)((t2 _—8)11(752 5, (GJU)( )

bi(llz]]) [ h(|(Gz)(s)])
T /t sy

<w(Fre)+ 2 (T, &) h (b2(ro)) a

I'(a+1)
L bi(ro)h (ba(ro)) [(t1 — 1) — (t — t5)]
I'(a+1)
bl (T’U)wul (I, 8) a® b1 (To)h (bQ(TQ)) (tl — tg)a
T(a+1) T (a+1)
w(Tz,e)h(ba(rg)) a®
<w (Fzx,e)+ F(a+21)0
+ Flz;(:?)l) {2h (ba(r9)) * + wy, (I,€) a“} (3.4)
where
wy, (I, €)

= sup {|u(t1, s,x) — u(te,s,z)| : t1,ta,s € I, v € R and |t} —ta] <e}.
Thus, by using above estimate (3.4), we get

w(TX,e)h(ba(ro)) a®
I'(a+1)

{2h (ba(r0)) " + wy, (I,€) a”}.

w(AX,e) <w (FX,e)+
b(ro)
I'(a+1)

We obtain that w,, (I,€) — 0 as € — 0 because of the fact that function wu is
uniformly continuous on sets I X I X R . So, we conclude

+

h (b2(rg)) a®

w[)(AX) §w0 (FX) + F(a—l—l)

wo (TX). (3.5)
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On the other hand, we show that F' satisfies inequality (2.1) according to
measure of noncompactness pg with constant £ on B,,. To do this, let us
consider z € X and ¢1,t9 € I with ¢t <¢; for any nonempty subset X of B,,.
Then we have

(Fa)(t2) — (Fa)(t)| — [(Fa)(ty) — (Fo)(t2)]
(Fa)(t)— (Fa)(ts) )
= ) a0
= (e (t) — 2 (t2)] — [ (1) — 2 ()

kla (1) — x (t2)|
|z (t1) — @ (t2)]
= kd(z).
Taking supremum with respect to x over the set X, we obtain
d(FX)<kd(X).

Also we get

<Uw>t<lt1>—<Ua:>< > )

:/0 u(t(lt,l,_s ) /0 utgt;,_s Ef))ds

- [ruten GOy, [TrnsCIE),,, s,
[ N (t&; ’_(f;”f) C) / U(t(1t,2 ’_f;gf) ) 4,

to 1 to 1 t1 1
Em{/ 1_ad5—/ 1_ad3+/ 1_ad5}
0o (ti—s) 0o (ta—s) to (t1 —5)

. / ult, 5, (G2) () — ulta, 5, (G2) (5))
0

(tg . s)lfa
iy — 15 2 u(ty, s, (Gz) (5)) = u(te, s, (Gx) (5)) .
=m 5 —|—/0 (tg—s)l_o‘ ds,
where

m=min{u(t,s,z):t,s € [ and x € R}.
Taking into account that the function ¢t — u(t, s, (Gx) (s)) is nondecreasing on
I, we conclude

(Uz) (t1) — (Uz) (t2) 2 0
and so
d(UX)=0. (3.6)
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Now, let us consider the degree of decrease of the function Ax on I for any
x € X C B,,. To do this let us choose any elements ¢1,ty € I with to < ;.
Then using (3.2) and (3.6) we can write

|(Az)(t1) — (Az)(t2)] — [(Az)(t1) — (Az)(t2)]

gy s @) (e (T
= |Faren + TR W) () - (roe) + TS W )|

>
() () (T2) (12
- [ + T8 wa ) - (o) + G 00 )
2)(1) ~ (F)(0)] ~ [(F) (1) — (Fa) (1)
( (t2)

<|(F (

# [T ) ) - T2 w2 o)
# [T ) ) - T2 w2 o)
- [T ) ) - TR 0y o)
- [FE o ) - B0 0 )|

= |(Fz)(t1) — (Fz)(t2)| = [(Fz)(t1) — (Fz)(t2)]
+ F(la) ((Tz) (t1) = (T) (t2)| = [(T2) (t1) — (Tx) (2)]) (Uz) (t1)

+ (|(Uz) (t1) — (Uz) (t2)| — [(Uz) (t1) — (Uz) (t2)]) (T'z) (t2)

I'(a)
< d(Fz)+ (UF"”()OSI) d(Tz) +d(Ux) (Tlf"()oi?)
< d(Fz)+ Wd(Tm) + brl((g))d(z]x)
—d(Fx) + Wd (Tx). (3.7)

Taking supremum with respect to = over the set X, we obtain from (3.7)

h (ba(ro)) a®

A(AX) S d(FX) + =12 T

d(TX). (3.8)

If we consider (3.5), (3.8) and condition (as), we obtain

h (ba(ro)) a®

pa (AX) < pa (FX) + T (a+ 1)

pa (TX)
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< <l<: + lhr(b(‘f:ﬁ)i)a a) pa (X)

So operator A is a contraction on ball B,, with respect to measure of noncom-
pactness pig. Thus, nonlinear functional integral equation (1.2) has at least one
nonnegative solution in B,, C C (I). Finally, we prove that these solutions
are nondecreasing on I. Let D = {z € By, : Az = 2} then A (D) = D. Since
D is nonempty subset of B,,, we write

lh (bQ(’r‘o)) a®

uﬂAD%wMu»g(k+ Lelnd)

>uam. (3.9)

Taking (3.9) into account, we can write py(D) = 0. This means that for every
x € D, d(z) = 0 and so x is nondecreasing on I. This completes the proof. [

4. EXAMPLES

Example 4.1. Consider the following nonlinear functional integral equation
(given in [16]) in C'[0,1] :

ft]a:(s)\ds -~ T s
x(t) = fg:_(il 0 o (1) /0 In (1 +ﬁ—ts+ ) /7’332 (r)dr | ds. (4.1)
0
Put
fa) = 1280 @00 =5 [l
0
u(t,s,z) =In (1+Vt+s)z, (Gz)(s)= /7':132 (1)dr,
0
h(@) zln(1+ﬂ)x
and
1 1 1
a=1, 0425, k:§, M:E and [ =0.
Since

lu(t, s, z)| <lIn (1 + Vit + s) Izl
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for all t,s € [0,1] and = € R4. Also,

1 ]

@) 0 = 5 [lelds <
0

] J|?

(Gz) (5)] = /mQ(T)dTgQ

0

satisfy for all z € C'[0,1]. So by and bs can be choosen as by (x) = x/2 and
bQ (l‘) = :E2 / 2.

It is easy to verify that any number 0.204236 < ry < 1.30491 satisfies the
inequality

3
T m(+vz)r? 1 _
2r (3) 10

which is equivalent to (3.1) for Eq.(4.1). On the other hand it is easy to
verify that the other assumptions of Theorem 3.1 hold. Therefore, Theorem
3.1 guarantees that Eq.(4.1) has at least one nonnegative and nondecreasing
solution = = z(t) € By, C C'[0,1] for any fixed ry such that 0.204236 < ry <
1.30491.

Example 4.2. Consider the following functional integral equation in C [0, g]

2(t) = ””1(5) sin <1it>

. 6z(t)3 /t (In (14 vt +s) + [y [sina(r)| dr) ds. (4.2)
16T (2) Jo Vit—s
For this equation, we have
oz (t) 1 eV
f(t,x) = 10 S <1—|—t) , (Tz) (t) = 16

u(t,s,z) =In (14+Vt+s)+z, (Gz)(s) = /05 |sin z(7)| dT,

and
by (x) %, bg(a:):%,h(x):ln(l+ﬁ)+x.
Also,
a-%,aza and k:M:%.
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Inequality (3.1) is equivalent to

om0V EF) VE 1
10 16T (3) 10 =

It is easy to verify that ro = 1/2 satisfies the above inequality and 7" satisfies
Darbo condition on B,, with respect to measure of noncompactness j4 with

l= 63/16. Moreover
1 er(m(l+ym+23) /3
— + 3 < 1.
10 16T (3)

On the other hand it is clear that the other assumptions of Theorem 3.1 hold.

Therefore, Theorem 3.1 guarantees that Eq.(4.2) has at least one nonnegative
and nondecreasing solution = z(t) € By C C [0, §].
2
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