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Abstract. In this article by using the concept of c-distances in a cone metric space we
extend, generalize and improve the corresponding results of Fadail et al.[8] and some others,
under the continuity condition for maps. In the last section we give an examples in support

of our results.

1. INTRODUCTION

The Banach contraction principle [4] states that if (X, d) is a complete
metric space and T : X — X is a contraction mapping, then 7" has a unique
fixed point. This principle has been generalized by considering contractive
mappings on many different metric spaces. In 2007, Huang and Zhang [11] first
introduced the concept of cone metric spaces and they established and proved
the existence of fixed point theorems which is an extension of the Banach’s
contraction mapping principle in to cone metric spaces. Cone metric spaces
is a generalized version of metric spaces, where each pair of points is assigned
to a member of a real Banach space over the cone. Afterward, many authors
have generalized and studied fixed point theorems in cone metric spaces (see
[}, 2], [3], [12], [16], [20]).
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Recently, Wang and Guo [25] introduced the concept of c-distance in a cone
metric spaces (also see [5]) and proved some fixed point theorems in ordered
cone metric spaces. This was cone version of w-distance of Kada et al.[14].
Then several authors have proved fixed point theorems for c-distance in cone
metric spaces (see [8], [9], [10], [22], [23]).

Following are the statements of theorems proved by Fadail et al.[8] by using
c-distance in cone metric spaces;

Theorem 1.1. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a mapping and suppose that there exists
mapping k : X — [0,1) such that the following hold:

(a) k(fz) < k(z) for allz € X,
() a(fz, fy) 2 k(z)q(z,y) for all x,y € X.

Then f has a fized point x* in X and for any x € X, iterative sequence
{f"x} converges to the fized point. If v = fuv, then q(v,v) = 0. The fized point
18 unique.

Theorem 1.2. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,l,7 : X — [0,1) such that the following hold:

(a) k(fz) < k(z), I(fz) <l(z), r(fx) <r(z) for allz € X,
) (k+1+r)(x) <1 foralzelX,
(c) a(fz, fy) = k(x)q(x,y) + U(x)q(x, fz) +r(2)q(y, fy) for all v,y € X.

Then f has a fized point x* in X and for any x € X, iterative sequence { f"x}
converges to the fixed point. If v = fuv, then q(v,v) = 0. The fized point is
unique.

Theorem 1.3. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a mapping and suppose that there exists
mapping k,l,r : X — [0,1) such that the following hold:

(a) k(fx) < k(x), () < I(x), r(fz) < r(x) for allz € X,

0) 2k+1+7)(x) <1 forallze X,

(c) M =r(@)a(fz, fy) 2 k(z)q(z, fy) + Uz)q(z, fz) for all z,y € X.
Then f has a fized point x* in X and for any x € X, iterative sequence { f"x}
converges to the fixed point. If v = fuv, then q(v,v) = 0. The fized point is
UnNLqUe.

The purpose of this paper is to extend and generalize some results on c-
distance in cone metric spaces.



Some fixed point results for c-distance in cone metric spaces 277

2. PRELIMINARIES

The following definitions and results will be needed in the sequel. Through-
out this paper we assume R as a set of real numbers and N as a set of natural
numbers.

Definition 2.1. ([11]) Let E be a real Banach space and 6 denote to the zero
element in E. A cone P is the subset of E such that
(i) P is closed, non empty and P # {0};
(ii) a,b € R, a,b>0; x,y € P= ax + by € P;
(iii) ze Pand —z € P =z = 0.

Given a cone P C F, we define a partial ordering < with respect to P by
x Xy if and only if y —x € P. We write x < y to indicate that < y but
x # y, while x < y will stand for y — x € intP, intP denotes the interior of
P.

Definition 2.2. ([11]) The cone P is called normal if there is a number K > 0
such that for all z,y € E, § <z < y implies ||z|| < K]||y||. The least positive
number satisfying above is called the normal constant of P.

In the following we always suppose E is a Banach Space, P is a cone in F
with intP # ¢ and < is partial ordering with respect to P.

Definition 2.3. ([11]) Let X be a non empty set. Suppose the mapping
d: X x X — F satisfies:
(1) If 0 < d(x,y) for all z,y € X and d(z,y) = 6 if and only if x = y;
(7i) d(z,y) = d(y,z) for all z,y € X;
(7i1) d(x,y) <d(x,z) + d(y, z) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Example 2.4. Let E = R? and P = {(z,y) € E : x,y > 0} C R X = R?
and suppose that d : X x X — F is defined by d(z,y) = d((x1,x2), (y1,y2)) =
(lz1 — y1| + |22 — 2|, e max{|x1 — y1],|z2 — y2|}) where a > 0 is a constant.
Then (X, d) is a cone metric space. It is easy to see that d is a cone metric,
and hence (X, d) becomes a cone metric space over (E, P). Also, we have P
is a solid and normal cone where the normal constant K = 1.

Definition 2.5. ([11]) Let (X, d) be a cone metric space, let {z,} be a se-
quence in X and z € X.
(1) For all ¢ € E with 0 < ¢, if there exists a positive integer N such that
d(xn,z) < c for all n > N, then {z,} is said to be convergent and
{xy} converges to = (i.e. limy, o0 = x O T, — T aS N — 0).
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(2) for all ¢ € E with 6 < ¢, if there exists a positive integer N such
that for all n,m > N, d(zn,zm) < ¢, then {z,} is called a Cauchy
sequence in X.

(3) If every Cauchy sequence in X is convergent in X then (X, d) is called
a complete cone metric space.

Lemma 2.6. ([13])

(1) If E be a real Banach space with a cone P and a < Aa where a € P
and 0 < X< 1, then a = 0.

(2) If c€ intP, 0 < ay, and a, — 0, then there exists a positive integer N
such that a, < ¢ for alln > N.

Next, we give the notion of c-distance on a cone metric space (X, d) of Wang
and Guo in [25], which is a generalization of w-distance of Kada et al. [14]
and some properties.

Definition 2.7. ([25]) Let (X,d) be a cone metric space. A function ¢ :
X x X — FE is called a c-distance on X if the following conditions hold:

(a1) 0 < q(a,y) for all 2,y € X,

(@) 4(@,2) < a(@,y) + 6, 2) for all 2,5, 2 € X,

(g3) for each z € X and n > 1 if q(z,y,) = u for some u = u, € P, then
q(z,y) = u whenever {y,} is a sequence in X converging to a point
yelX,

(qa) for all ¢ € E with 0 < ¢, there exists e € E with § < e such that
q(z,7) < e and ¢(z,y) < e imply d(z,y) < c.

Example 2.8. ([25]) Let E = Rand P = {x € £ : 2 > 0},X = [0,00)
and define a mapping d : X x X — F is defined by d(x,y) = |z — y|, for all
x,y € X. Then (X, d) is a cone metric space. Define a mapping ¢ : X xX — F
by q(z,y) =y for all x,y € X. Then q is a c-distance on X.

Example 2.9. ([25]) Let (X,d) be a cone metric space and P be a normal
cone. Define a mapping ¢ : X x X — F by ¢q(x,y) = d(u,y) for all z,y € X,
where u is a fixed point in X. Then ¢ is c-distance.

Lemma 2.10. ([25]) Let (X,d) be a cone metric space and q be a c-distance
on X. Let {x,} and {y,} be a sequences in X and x,y,z € X. Suppose that
{un} is a sequence in P converging to 8. Then the following hold:

(1) If q(zn,y) 2 un and q(zn, 2) 2 un, then y = 2.

(2) If ¢(xn,yn) = up and q(xn,z) < u, then {y,} converges to z.

(3) If q(zp, xm) = upn for m >n, then {z,} is a Cauchy sequence in X.
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(4) If q(y, xn) =< up, then {zn} is a Cauchy sequence in X.

Remark 2.11. (]25])

(1) If g(z,y) = q(y, z) does not necessarily for all z,y € X.
(2) If g(z,y) = 0 is not necessarily equivalent to xz = y for all z,y € X.

Now we are ready to state and prove our main results.
3. MAIN RESULTS

Theorem 3.1. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,l: X — [0,1) such that the following conditions hold:

(@) k(fz) < k(x), l(fx) <l(z) forallxz € X;
(b) (k+20)(x) <1 forallz € X;
(0) q(fz, fy) 2 k(z)q(z,y) + U(=z)[q(f2,y) + q(fy, 2)] for all z,y € X.

Then the map f has a fived point x* in X and for any x € X, iterative sequence
{f"x} converges to the fized point. If v = fuv, then q(v,v) = 0. The fized point
18 unique.

Proof. Choose zg € X. Set 1 = fxg, 22 = fo1 = f2x0, -, Tny1 = fTn =
f"1xy. Then we have
q(Tn, Tnt1) = q(frn-1, f2n)
2 E(@n-1)q(Tn—1,2n) + l(@n-1)[q(fTn-1,2n) + ¢(fTn, Trn—1)]
= k(frn—2)q(zn-1,7n) + U(frn—2)[q(@n+1, Tn-1)]
2 E(wn—2)q(Tn—1,Tn) + l(Tn—2)[q(Tn-1,Tn) + ¢(Tn, Tns1)],
continuing in this manner we can get,
q(Tn; Tnt1) =2 k(20)q(Tn-1,7n) + U(x0)q(Tn—1,Tn) + (20)q(Tn, Tni1)
and hence
E(xo) + U(zo)
1 —1(xo)
= hq(zn-1,2n) 2 h2q(Tn-2,20-1) 2 - X Kq(z0, 21),

q(Tn, Tny1) = q(Tn—1,2n)

where h = %—&ISO) < 1. Let m > n > 1. Then it follows that

Q(xna xm) = Q(l‘nv xn-i—l) + Q(l'n—&-la xn+2) +--+ Q(xm—lp xm)
= (hn(xo) + thrl(JUQ) + -+ hmfl(xo))q(l’o, :El)

h™(xq) )q(xo, 1),

<
- 1—h(.750
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Thus, Lemma 2.10 (3) shows that {z,} is a Cauchy sequence in X. Since
X is complete, there exists z* € X such that xz, — ™ as n — oco. Since f
is continuous, then z* = lim, 00 1 = limy oo f(2n) = flimyoo zn) =
f(z*). Therefore x* is a fixed point of f. Suppose that v = fv, then

q(v,v) = q(fv, fv)
= k(zo)q(v,v) + l(wo)[g(fv,v) + q(fv,v)]
= (k + 20)(x0)q(v,v,).

Since (k+21)(x0) < 1, Lemma 2.6 (1) shows that g(v,v) = 6. Finally, suppose
there is another fixed point y* of f, then we have,

q(z*,y*) = q(fz*, fy")
= k(z%)q(z", y") +1(@)]a(f2",y") + q(fy™, 27)]
= k(z")q(@",y") +1(2")[a(=",y") + a(y", z7)]
= (k+20)(2")q(z", y").

Since (k + 20)(z*) < 1, Lemma 2.6 (1) shows that ¢(z*,y*) = 6 and also we
have g(z*,z*) = 6, hence by Lemma 2.10 (1), * = y*. Therefore the fixed
point is unique. Il

Corollary 3.2. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,l: X — [0,1) such that the following conditions hold:

(a) k(fz) < k(z), I(fz) <Il(z) for allz € X;

0) (k+2)(x) <1 forallzeX;

() a(fz, fy) 2 k(x)q(z,y) + U(z)[a(z, fx) + qly, fy)] for all x,y € X.
Then the map f has a fized point x* in X and for any x € X, iterative sequence
{f"x} converges to the fized point. If v = fv, then q(v,v) = 6. The fized point
18 unique.

Theorem 3.3. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,l,r : X — [0,1) such that the following conditions hold:

(@) k(f2) < k(x), I(fz) <I(x), r(fz) < r(z) for all v € X;

(b) (E+20+2r)(x) <1 foralzeX;

(©) q(fz, fy) 2 k(x)q(z,y) + U)la(z, fy) + q(y, fo)] + r(@)lq(z, fz) +

a(y, fy)] for all z,y € X.

Then the map f has a fived point x* in X and for any x € X, iterative sequence
{f™x} converges to the fized point. If v = fuv, then q(v,v) = 0. The fized point
1S unique.



Some fixed point results for c-distance in cone metric spaces 281

Proof. Choose zg € X. Set x1 = fxo,x2 = fz1 = f2x0, -, Tptl = fan =
f"zy. Then we have,
q(Tn; Tnt1) = ¢(fTn-1, fT5)
2 k(@n-1)q(@n—1,2n) + Uzn-1)[q(@n-1, frn) + ¢(Tn, frn-1)]
+ 7(2n-1)[q(Tn-1, fEn—1) + ¢(Tn, fzn)]
= k(frn-2)q(Tn—1,2n) + (frn—2)[q(Tn—1, Tni1) + ¢(Tn, T0)]
+ r(frn-2)[q(zn-1,2n) + ¢(Tn, Tpi1)]
2 k(zn—2)q(zn—1,2n) + l(zn-2)[q(2n-1,Tn) + ¢(Tn, Tn+1)]
+ r(zn—2)[g(zn-1,2n) + q(Tn, Tn41)],

continuing in this manner we can get,
Q(xny mn—l—l) = k(xO)Q(mn—lv xn) + l(xO)[Q(xn—la xn) + Q(xna xn—l—l)]
+ T(CUO)[Q(‘TTL—L xn) + Q(xna xn—i—l)]
and hence

k(xo) + U(xo) + (o)
1 —1(zg) — r(xo)

= hq(xn—1,7n)

< h2q(vp—2,Tn-1) < -+ = h"q(x0, 1),

q(Tp, Tpt1) < q(Tn—1,2n)

where h = % < 1. Let m > n > 1. Then it follows that

Q(xna ZEm) = Q(90n7 anrl) + Q(-Tn«Ha 55n+2) + -+ q($M717 xm)
(A" (o) + R (o) + -+ + K™ (z0))q(wo, z1)

IA

=

Thus, Lemma 2.10 (3) shows that {z,} is a Cauchy sequence in X. Since
X is complete, there exists z* € X such that x, — 2™ as n — oco. Since f
is continuous, then z* = limy, o0 Tni1 = limy o0 f(2n) = flimy oo Tn) =
f(x*). Therefore x* is a fixed point of f. Suppose that v = fv, then

q(v,v) = q(fv, fv)
= k(0)q(v,v) + Uzo)la(v, fv) + (v, fv)]
+ r(zo)lg(v, fv) +q(v, fv)]
= (k+ 21+ 2r)(z0)q(v,v).
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Since (k + 20 4 2r)(zp) < 1, Lemma 2.6 (1) shows that ¢(v,v) = 6. Finally,
suppose there is another fixed point y* of f, then we have,

q(z*,y") = q(fz*, fy")
<k( “a(x* *)+l( a(=™, fy*) +qy*, f2*)]
+r(@®)[g(z”, f2*) +a(y", fy7)]
= k(z")q(z",y ) Wz")[g(z™, y") + q(y*, 27)]
+r(@*)[q(z", 2") + q(y, y)]

= (k+20)(x )( YY)
< (k4 20+ 2r)(z%)q(2", y").

Since (k + 21 + 2r)(z*) < 1, Lemma 2.6 (1) shows that ¢(z*,y*) = 6 and also
we have ¢(z*,2*) = 6, hence by Lemma 2.10 (1), 2* = y*. Therefore the fixed
point is unique. O

Corollary 3.4. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,l,r : X — [0,1) such that the following conditions hold:
(a) k(fz) < k(z), I(fz) <I(z), r(fz) <r(zx) for all z € X;
(b) (k+2l+2r)(x) <1 forallz e X;
(©) a(fz, fy) 2 k(x)q(z,y) + Ux)lg(z, fr) + gz, fy)] + r(@)]a(y, fr) +
a(y, fy)] for all z,y € X.

Then the map f has a fixed point x* in X and for any x € X, iterative sequence
{f™x} converges to the fized point. If v = fuv, then q(v,v) = 0. The fized point
18 unique.

Theorem 3.5. Let (X,d) be a complete cone metric space and q be a c-
distance on X. Let f : X — X be a continuous mapping and suppose that
there exists mapping k,r,l,t : X — [0,1) such that the following conditions
hold:

(a) k(fz) < k(x), r(fz) < r(z), (fz) <I(z), t(fz) <t(z) for all z € X;

) (k+r+1+2t)(x) <1 forallxze X;

(c) a(fz, fy) 2 k(x)q(z,y) + r(z)q(fz, x) + Ux)q(fy,y) + t(x)[q(fz,y) +

q(fy,x)] for all v,y € X.

Then the map f has a fixed point x* in X and for any x € X, iterative sequence
{f™x} converges to the fized point. If v = fuv, then q(v,v) = 0. The fized point
18 unique.

Proof. Choose zg € X. Set 1 = fxg, 22 = fr1 = f2x0, -+, Tny1 = [fTn =
f"xy. Then we have,
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q(Tn; Tnt1) = q(fTn-1, frn)
=2 k(zn-1)q(n—1,2n) + r(@n-1)q(fTn-1,2n-1)
+ U zn-1)q(frn, zn) + t(xn-1)[a(fTn-1,2n) + q(fTn, Tn-1)]
= k(frn—2)q(xn-1,2n) + r(frn—2)q(Tn, Tn-1)
+U(frn—2)q(Tnt1, Tn) + t(fTn—2)[q(Tn, Tn) + ¢(Tnt1, Trn-1)]
= k(zn—2)q(Xn—1,2n) + r(Tn-2)q(Tn—1,2n)
+ U(@n-2)q(Tn, Tnt1) + t(@n—2)[q(Tn—1,Tn) + ¢(Tn; Tpt1)],

continuing in this manner we can get,

q(linv :CnJrl) = k(xO)Q(xnfla J:n) + T(xO)Q(xnfla xn) + Z(CUO)Q(Z'ny anrl)
+ t(wo)[q(Tn—1,Tn) + q(Tn, Tri1)],
and hence,
k(Io) + T‘(xo) + t(x())
1 —1(zp) — t(xo)
= hg(gjn—la fl:n)
j h2q(£n—2a$n—l) j e j th($07$1)a

Q(xnvxn-l—l) j q(wn—17$n>

where h = w < 1. Let m > n > 1. Then it follows that,
1 l(xo) t(xo)

Q(xm xm) = Q(xna ~Tn+1) + Q(xn+1a xn+2) + e Q(xmfb xm)

(h"(20) + " (xo) + -+ + " (@0))a(wo, 21)

PN

=

Thus, Lemma 2.10 (3) shows that {z,} is a Cauchy sequence in X. Since
X is complete, there exists * € X such that z,, — x* as n — oco. Since f
is continuous, then z* = lim, 00 Tnt+1 = limy oo f(2n) = flimyoo zn) =
f(z*). Therefore x* is a fixed point of f. Suppose that v = fuv, then,
q(v,v) = q(fv, fv)
= k(z0)q(v,v) + r(2o)g(fv,v) + I(zo)q(fv,v)
+ t(xO)[q(fUa U) + Q(fva U)]
=(k+7r+1+2t)(x0)q(v,v).

Since (k+ 7+ 1+ 2t)(xg) < 1, Lemma 2.6 (1) shows that ¢(v,v) = 6. Finally,
suppose there is another fixed point y* of f, then we have,
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q(z*,y") = a(f=*, fy")

= k(2)q(a”,y") +r(a)g(fa, 27) + 1a")q(fy", y)
+t(@")[g(f2",y") + a(fy”, "))

= k(z%)q(z",y") + r(” )Q( a") +1z")q(y"sy")
+i(z")g ( ) +ay e )]

= (k+2t)(z")a(", y")

2 (k+r+1+2t)(z%)g(x", y").

Since (k +r + 1+ 2t)(z*) < 1, Lemma 2.6 (1) shows that ¢(z*,y*) = 6 and

also we have g(z*,2*) = 0, hence by Lemma 2.10 (1), 2* = y*. Therefore, the
fixed point is unique. O

Example 3.6. Let E = R and P = {z € E,xz > 0}. Let X = [0,1] and
define a mapping d : X x X — E by d(x,y) = |z — y| for all z,y € X. Then
(X,d) is a complete cone metric space. Define a mapping ¢ : X x X — FE
by q(z,y) = 2d(x,y) for all z,y € X. Then ¢ is c-distance. In fact, (¢1)-(g3)
are immediate. Let ¢ € £ with 0 < ¢ and put e = §. If ¢(2,2) < e and
q(z,y) < e, then we have

d(z,y) < 2d(z,y) = 2|z — y|
<2[z — 2|+ 2|z —y|
= q(Z,.I') +q(2,y) <ete=c

This shows that (g4) holds. Therefore g is the c-distance. Let f : X — X
defined by f(x) = Z for all # € X. Take mappings k,r,l,t: X — [0,1) by

r+1 2z + 3 3z + 2 x
T A T R S TS A 7

for all x € X. Observe that
(i) k(fz) = (7 1)/16 = & (% +1) < (x4 1) = k(=) for all z € X,

1
6 16
(ii) t(fx) = (1—6)/16—1—6(1)§% )2 t(z) for all x € X,
(iii) r (fz:))( 2(16) +3)/16 = (%2 +3) < =22+ 3) = r(z) for all
T e X,
(iv) l(fx;(: (3(%) +2)/16 = L (32 1+ 2) < L3z +2) = I(x) for all
ze X,
) (e a0 = (55) + (3559) + (559 +2(5) = (59 <1
for all x € X,

k(x) =

Som
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(vi) for all z,y € X, we have

1:2 2
g(fx, fy) = 2|~ — |

16 16
2z +ylle -yl  x+y
—< pr— 2 —
= 16 (S )2l -~
r+1
= ( )2z —y| = k(2)q(z,y)

16
= k(x)q(z,y) +r(x)q(fr, ) + Ux)q(fy,y)
+t(x)[q(fx,y) + q(fy, z)].

Therefore, all the conditions of Theorem 3.5 are satisfied. Hence f has a
unique fixed point x = 0 with ¢(0,0) = 0.

4. CONCLUSION

In this attempt, we prove some fixed point results in cone metric spaces.
These results generalizes and improves the recent results of Fadail et al. [8]
in the sense that in our results, we employing c-distance and in contractive
conditions, replacing the constants with functions, which extend the further
scope of our results. In the last section of the paper, an example is given to
support the presented results.

Acknowledgments: The authors are thankful to the learned referee for
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