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Abstract. In this paper, we prove some fixed point theorems for contractive type conditions
in the setting of complex valued b-metric spaces. Our results extend and generalize some

previous works from the existing literature.

1. INTRODUCTION

Fixed point theory plays a very significant role in the development of non-
linear analysis. In this area, the first important result was proved by Banach in
1922 for contraction mapping in complete metric space, known as the Banach
contraction principle [4].

There are many generalizations of the Banach contraction principle specially
in metric spaces, for example, b-metric space, cone metric space, rectangular
metric space, cone rectangular metric space, rectangular b-metric space, cone
b-metric space etc (see, [1, 3, 5, 6, 7, 8, 9, 10]).

In 1989, Bakhtin [3] introduced the concept of b-metric space as a gen-
eralization of metric spaces. He proved the contraction mapping principle
in b-metric spaces that generalized the famous contraction principle in met-
ric spaces. Czerwik used the concept of b-metric space and generalized the
renowned Banach fixed point theorem in b-metric spaces (see, [6, 7]).

In 2011, Azam et al. [2] introduced the concept of complex valued met-
ric space and established some fixed point results for mappings satisfying a
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rational inequality. Complex-valued metric space is useful in many branches
of mathematics, including algebraic geometry, number theory, applied mathe-
matics; as well as in physics, including hydrodynamics, thermodynamics, me-
chanical engineering and electrical engineering, for some details, see ([13, 14]).

Recently, Rao et al. [12] introduced the concept of complex valued b-metric
space which is more general than the notion of well known complex valued
metric space and proved some common fixed point results.

In this paper, we establish some fixed point theorems for contractive type
conditions in the framework of complex valued b-metric spaces.

2. PRELIMINARIES

Let C be the set of complex numbers and z1, zo € C. Define a partial order
=< on C as follows:

z1 3 z2 if and only if Re(z1) < Re(z2), Im(z1) < Im(zz). It follows that
21 3 7o if one of the following conditions is satisfied:

(i) Re(z1) = Re(z2), Im(z1) < Im(z2);

(ii) Re(z1) < Re(z2), Im(z1) = Im(z2);

(iii) Re(z1) < Re(z2), Im(z1) < Im(z2);

(iv) Re(z1) = Re(z2), Im(z1) = Im(z2).

In particular, we will write 21 5 22 if 21 # 22 and one of (i), (ii), or (iii) is
satisfied and we will write z; < 29 if only (iii) is satisfied. Notice that

(c1) 0 S 21 3 22 = [21] <22,

(c2) 21 3 22, 22 = 23 = 21 < 23,

(c3) If a,b € R and a < b then az 2 bz for all z € C.

The following definition is recently introduced by Rao et al. [12].

Definition 2.1. ([12]) Let X be a nonempty set and let s > 1 be a given
real number. A function d: X x X — C is called a complex valued b-metric
(CVbM) if the following conditions are satisfied:

(CVbM1) 0 2 d(z,y) and d(z,y) =0 < z =y for all z,y € X;

(CVbM2) d(x,y) = d(y,z) for all z,y € X;

(CVbM3) d(z,y) 2 s[d(z,z) +d(z,y)] for all z,y,z € X.
The pair (X, d) is called a complex valued b-metric space.

Example 2.2. ([12]) Let X = [0,1]. Define the mapping d: X x X — C by
d(z,y) = |v —y|? + iz —y|? for all 2,y € X. Then (X,d) is a complex valued
b-metric space with s = 2.

Definition 2.3. Let (X, d) be a complex valued b-metric space.
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(1) A point x € X is called an interior point of a subset A C X whenever
there exists 0 < r € C such that B(z,r) = {y € X : d(z,y) <r} C A.

(2) A point z € X is called a limit of A whenever for every 0 < r € C
such that B(z,r) N (A — {a:}) #0.

(3) The set A is called open whenever each element of A is an interior
point of A. A subset B is called closed whenever each limit point of
B belongs to B.

(4) A sub-basis for a Hausdorff topology 7 on X is a family F := {B(z, ) :
xe X,0=<r}.

Definition 2.4. ([12]) Let (X,d) be a complex valued b-metric space. Let
{z,} be a sequence in X and z € X. Then

(i) {xn} is called convergent, if for every ¢ € C, with 0 < ¢ there exists
no € N such that for all n > ng, d(x,,z) < c¢. Also, {z,} converges to
x (written as, x, — x or lim,_,~ =, = x) and z is the limit of {z,}.

(ii) {x,} is called a Cauchy sequence in X, if for every ¢ € C, with 0 < ¢
there exists ng € N such that for all n > ng, d(xn, Tpim) < c. If every
Cauchy sequence converges in X, then X is called a complete complex
valued b-metric space.

Lemma 2.5. ([12]) Let (X, d) be a complex valued b-metric space and let {x,,}
be a sequence in X. Then {x,} converges to x if and only if lim, o |d(2zp, x)|
=0.

Lemma 2.6. ([12]) Let (X,d) be a complex valued b-metric space and let
{zn} be a sequence in X. Then {x,} is a Cauchy sequence if and only if
limy, 500 |d(Zp, Zptm)| = 0.

3. MAIN RESULTS

In this section we shall prove some fixed point theorems for contractive type
conditions in the framework of complex valued b-metric spaces.

Theorem 3.1. Let (X, d) be a complete complex valued b-metric space with the

coefficient s > 1. Suppose that the mapping T: X — X satisfies the condition:

d(z,Tx),d(y,Ty) d(z,Tx),d(y,Ty) } (3.1)
14+d(z,y) = 14+d(Tz,Ty) '

d(Tw, Ty) 3 max {d(z,y).

for all x,y € X, where B € [0,1) is a constant with sf < 1. Then T has a
unique fixed point in X.
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Proof. Choose zp € X. We construct the iterative sequence {z,}, where
Tp =Tz, 1,n > 1, that is, £,41 = Tz, = T" 2y, From (3.1), we have

d(xp, xns1) = d(Txp-1,Txy)
d(l‘nfla Txnfl)a d(l'na Tl‘n)
=< [ max {d(:cn_l,a:n), T
d(l‘nfl, T$n,1), d(l’n, Tl‘n) }
1+ d(T{L‘nfl, Tl’n)

_ d(xnflaxn)»d(fﬂn»$n+1)
= [ max {d(mn,l, Tn), [ r——
d(xnflv xn)v d($n7 $n+1) }

1+ d(zpn, Tni1)

=< [ max {d(mn_l,xn),d(xn,xn+1)}. (3.2)

)

)

If max {d(xn_l, xn),d(xn,xn+1)} = d(zp, Tnyt1), then from (3.2), we have

d($n,$n+1) r—j Bd(xn>$n+1)
1
= gd(xnv xn-{—l)
< d(Tp, Tni1), (3.3)

which is a contradiction. Hence
max {d(l’nfl, xn)a d(l‘n, $n+1)} — d(l‘nfl, xn)v
so from (3.2), we have

d(Tp, xnt1) = Bd(wp—1,n). (3.4)

By induction, we have

d($n7xn+l> ,-—j Bd(xn—la xn) j /82 d(mn—%xn—l) j e
3 B d(zo, 21). (3.5)

Let m,n > 1 and m > n, we have

d(@n, om) T S[d(@n, Tn1) + d(Tng1, Tm)]
$d(xp, Tpy1) + sd(Tpi1, Tm)

d(Tn, Tni1) + [d(xn—i-l? Tpt2) + d(Tni2, Tm)]
sd(xp, Tni1) + 82d(Tpy1, Tnio) + $2d(Tpy2, Tm)

A
»
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A

$d(Tn, Tt1) + 82 d(Tnt1, Tnto) + $°d(Tnto, Tnys)
4+ -+ s"+m_1d($n+m,1, Tm)

;j [Sﬂn + 825n+1 + SSBTH-Q 4t Sm6n+m_1]d($1,xo)
= sp"[1+sB+ $P2B2 4383+ (s8)™ Nd(z1, x0)
5 (2
and so
A, 7m)| < [ffzﬁ} d(1,20)| >0 as m,n — oc.

This implies that {x,} is a Cauchy sequence. Since X is complete, there
exists u € X such that z,, — u as n — oo. It follows that © = T'u, otherwise
d(u,Tu) = z > 0 and we would then have

sd(u, Tpy1) + sd(Tpy1, Tu)
= sd(u,xny1) + sd(Tu, Txy,)

w
LA

d(u, Tu),d(xn, Txy)
1+ d(u,zy,)
d(u, Tu),d(xn, Txy) }
1+d(Tu,Txy,)
d(u, Tu),d(xn, Tpi1)
1+ d(u,zy)
d(u, Tu),d(xn, Tpi1) }
1+d(Tu,xpe1) 1

1N

sd(u, Tp+1) + s max {d(u, Tn),

)

Y

sd(u, Tp41) + s max {d(u, Tn),

This implies that

2], |d(zn, Tnt1)|
1+ |d(u,z,)|
|Z|a |d(xna$n+1)’ }

L+ |d(Tu, zpi1)]

lz| < sld(u,xpi1)] + 88 max{\d(u,xnﬂ,

Letting n — oo, it follows that

which is a contradiction and so |z| = 0, that is, u = Tu.
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To prove the uniqueness of fixed point of T', assume that u* is another fixed
point of T, that is, Tu* = u* such that u # u*. Then

d(u,v*) = d(Tu,Tu")

< 8 max {d(u, ), d(u, Tw), d(u*, Tu*) d(u, Tu), d(U*,Tu*)}

1+d(u,u*) ' 1+d(Tu,Tu*)
= d
51““{ (u, w7, L+du,w?) L+ d(u,u) }
= ﬁmax{d(u,u*),o,()}

< Bd(u,u’),

so that |d(u,u*)] < Bld(u,u*)| < |d(u,u*)|, since 0 < S < 1, which is a
contradiction and hence d(u, u*) = 0. Thus v = u*. This shows the uniqueness
of fixed point of T'. This completes the proof. O

d(z,Tz),d(y,Ty) d(z,Tz),d(y,Ty)
© I4d(zy) 0 1+d(Te,Ty)
3.1, we have the following result as corollary.

If max {d(x, Y) } = d(z,y), then from Theorem

Corollary 3.2. Let (X, d) be a complete complex valued b-metric space (CVbMS)
with the coefficient s > 1. Suppose that the mapping T': X — X satisfies:

d(Tz,Ty) 3 Bd(z,y)

for all x,y € X, where B € [0,1) is a constant with sf < 1. Then T has a
unique fized point in X.

Remark 3.3. Corollary 3.2 extends well known Banach contraction principle
from complete metric space to that setting of complete complex valued b-
metric space considered in this paper.

Corollary 3.4. Let (X, d) be a complete complex valued b-metric space (CVOMS)
with the coefficient s > 1. Suppose that the mapping T: X — X satisfies (for
fized n):

d(z, T"z),d(y, T"y) d(z,T"x),d(y, T™y) }

d(T"z, T"y) d
(T, y)NﬂmaX{ (@.9), L+d(z,y) = 1+d(Tz,Try)

for all x,y € X, where B € [0,1) is a constant with sf < 1. Then T has a
unique fixed point in X.
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Proof. By Theorem 3.1, there exists ¢ € X such that T"q¢ = q. Then
d(Tq,q) =d(TT"q,T"q) = d(T"Tq,T"q)
d(Tq,T"Tq),d(q,T"q) d(Tq,T"Tq),d(q,T"q)

= d(T

3 max {d(Tg,0), == dTq.q)  1+d(T"Tq,T7q) j
d(Tq,TT"q),d(q,T"q) d(Tq,TT"q),d(q,T"q) }

1+d(Tq,q) " 1+4d(TTrq,T"q)
d(Tq,Tq),d(q,q) d(Tq,Tq),d(q,q) }
1+d(Tq,q) ~ 1+d(Tq,q)

= 8 max {d(Tq, q),0, 0}
2 Bd(Tq,q)

so that |d(Tq,q)| < B|d(Tq,q)| < |d(Tq,q)|, since 0 < f < 1, which is a
contradiction and hence d(T'q,q) = 0. Thus T'q = q. This shows that T has a
unique fixed point in X. This completes the proof. O

= 3 max {d(Tq, q),

= 3 max {d(Tq, q),

Theorem 3.5. Let (X, d) be a complete complex valued b-metric space with the
coefficient s > 1. Suppose that the mapping T: X — X satisfies the condition:

d(Tz,Ty) 3 aid(z,y)+ asd(z,Tz)+ asd(y, Ty) (3.6)

forallz,y € X, where ay, ag, as € [0,1) are constants with sa;+sao+az < 1.
Then T has a unique fized point in X.

Proof. Let xg € X be any arbitrary point. We define the iterative sequence
{x,} such that =, = Tz, 1, n > 1, that is, £,41 = Tz, = T" xo. From
(3.6), we have

d(xn, tnt1) = d(Txp—1,Txy)
a1 d(Tp—1,%n) + ag d(Tp—1, TTn_1) + ag d(zn, Txy)
= a1d(Tp-1,2n) + a2d(Tp-1,75) + a3 d(Tn, Tni1)
(1 + a2) d(xp—1, ) + ag d(zpn, Tni1). (3.7)

A

This implies that

d(xnvxn-i-l) j (a1+a2

1— s )d($n_1, xn)

= 0d(zp—1,2n), (3.8)
where 6 = (all%o?f) As sag+sas+ag < 1, this implies that § = (0‘11%;;2) <1
that is, 0 < s < 1. By induction, we have

A(Tpi1, Tnio) S Od(@n, zni1) 3 --- 30" d(20, 21). (3.9)

~
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Let m,n > 1 and m > n, we have
d(Tn,szm) 3 s[d(Tn, Tny1) + d(Tni1, T

= sd(zn, xn—i—l) + Sd(flf'n-‘rla xm)

(

;5 Sd({E $n+1) [d(xn+1a l‘n+2) + d(xn+2a l‘m)]
(
(

|
Vo)

Ad(xp, Tpg1) + S2d(Tng1, Tnao) + S2d(Tnio, Tm)
d(Zn, Tny1) + 5 d<$n+1,$n+2) +s d(l‘n+2,xn+3)
e L ld(xn+m_1, Tim)

A
»

380"+ $20MT £ B0 s d (2, )

= sO0"[1 + 50 + 5207 + 5303 + - - - + (s0)™ " Y|d(x1, z0)
sO™

<

~ [1 — SH}d(wl’xO)'

and so

so™

1—s

A, wm)l < |7 ld(@r,30) =0 a5 m,n = oc.

This implies that {z,} is a Cauchy sequence. Since X is complete, there
exists v € X such that z,, — v as n — oo. It follows that v = Tv, otherwise
d(v,Tv) = z > 0 and we would then have

z 3 sd(v,xpg1) + sd(xny1, Tv)
= sd(v,zp41) + sd(Tv, Txy,)
3 osd(v, xpg1) + oq d(v, z,) + a2 d(v, Tv) + az d(zy, Txy)
= sd(v,Tpt1) + a1d(v,zy) + a2 d(v, Tv) + az d(zy, Tpi1)-

This implies that
2] < sld(v, zna)] + oa |d(v, 2n)| + az [2] + az[d(zn, 2nia)]-
Letting n — oo, it follows that

2| ag |z]

(saq + sag + ag)|z|

|21,

VAR VANVAN

which is a contradiction and so |z| = 0, that is, v = Tw.
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To prove the uniqueness of fixed point of T', assume that vy is another fixed
point of T, that is, Tv; = vy such that v # v1. Then

d(v,v1) = d(Tv,Tvy)

a1 d(v,v1) + agd(v, Tv) + as d(vi, Tvy)
= apd(v,v1)+ azd(v,v) + agd(vi,v1)

= aijd(v,v)

A

so that |d(v,v1)| < a1 ld(v,v1)| < |d(v,v1)|, since 0 < a3 < 1, which is a

contradiction and hence d(v,v1) = 0. Thus v = v;. This shows that T" has a
unique fixed point in X. This completes the proof. O

Corollary 3.6. Let (X, d) be a complete complex valued b-metric space (CVbMS)
with the coefficient s > 1. Suppose that the mapping T: X — X satisfies (for
fixzed n):

d(Tn‘T’ Tny) N aq d(ﬂ;’, y) + a9 d(l’, Tnz) + a3 d(ya Tny)

~

forallz,y € X, where ay, ag, ag € [0,1) are constants with sa;+sas+as < 1.
Then T has a unique fized point in X.

Proof. By Theorem 3.5, there exists w € X such that T™w = w. The rest of
the proof follows from Corollary 3.4. This completes the proof. U

If we put a3y = 0 and as = az = X in Theorem 3.5, then we have the
following result as corollary.

Corollary 3.7. Let (X, d) be a complete complex valued b-metric space (CVOMS)
with the coefficient s > 1. Suppose that the mapping T: X — X satisfies:

d(Tz, Ty) = Md(x,Tx) + d(y, Ty)]

~

for all x,y € X, where X\ € [0,1) is a constant with A < SJ%I Then T has a
unique fized point in X.

Remark 3.8. Corollary 3.7 extends Kannan contraction [11] from complete
metric space to that setting of complete complex valued b-metric space con-
sidered in this paper.

Finally, we give examples in support of Theorem 3.1 and 3.5.

Example 3.9. Let X = {0, %, 2} and partial order ' =’ is defined as x 3 y iff
x > 1. Let the complex valued b-metric be given as

d(z,y) = |z —y*(1 +14) for z,y € X.
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Let s =2 and T: X — X be defined as follows:
1 1

Case I. Take z = 5, y = 0, T(0) = 0 and 7(3) = 0 in Theorem 3.1, then we
have

141 1+1
d(Tz,Ty) :Ogﬂmax{%,0,0} = 0. Il.

This implies that 8 > 0. If we take 0 < § < %, we get 0 < s < 1, then all
the conditions of Theorem 3.1 are satisfied and of course 0 is the unique fixed
point of T.

Case II. Take z = 2, y = 3, T(2) = 1 and T(3) = 0 in Theorem 3.1, then we
have

d(Tx,Ty) =

' 9(1+47) 81+ 117i 36+ 45i 9(1+1)
1 Sﬁm&x{ 4 500 1 82 }_5‘ i
This implies that 8 > %. If we take % <pB< %, we get 0 < s < 1, then all
the conditions of Theorem 3.1 are satisfied and of course 0 is the unique fixed
point of T.

Case III. Take z = 2, y = 0, T(2) = 3 and 7(0) = 0 in Theorem 3.1, then
we have

d(Tz, Ty) = % < 8 max {4(1 + i),0,0} — B.4(1 +1).

This implies that 8 > %. If we take 1—16 < B < %, we get 0 < s < 1, then all
the conditions of Theorem 3.1 are satisfied and of course 0 is the unique fixed
point of T.

Example 3.10. Let X = {0, 3,2} and partial order / 3’ is defined as = 3y
iff z > y. Let the complex valued b-metric be given as

d(z,y) = |z —y*(1+1) for z,y € X.
Let s=2and T: X — X be defined as follows:

7(0) = 0, T(%):O, T(2):%.

Case I. Take z = 1, y = 0, T(0) = 0 and 7'(3) = 0 in Theorem 3.5, then we
have

1+1 141
d(Tz,Ty) =0 < ag. IZ + as. IZ + a3.0.
This implies that aq + ag > 0. If we take ay = ag = %, and 0 < ag < %, then

all the conditions of Theorem 3.5 are satisfied and of course 0 is the unique
fixed point of T.
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Case II. Take z = 2, y = 3, T(2) = 1 and T(3) = 0 in Theorem 3.5, then we
have

141 9(1+1) 9(1+1) 144
= <a.———= —_— . .
d(Txz, Ty) L S te——Fr—+as—,
This implies that 91 + 9ag + ag > 1. If we take a1 = ag = az = %8, then all

the conditions of Theorem 3.5 are satisfied and of course 0 is the unique fixed
point of T.

Case III. Take z = 2, y = 0, T(2) = 3 and T(0) = 0 in Theorem 3.5, then
we have

141 9(1++

d(Tx,Ty) = Ve < a1 4(l+1i) + as.

This implies that 16a; 4+ 9as > 1. If we take o = ag = 2—14, and 0 < ag < %,

then all the conditions of Theorem 3.5 are satisfied and of course 0 is the
unique fixed point of 7.

4. CONCLUSION

In this paper, we prove some fixed point theorems for contractive type
conditions in the setting of complex-valued b-metric spaces and give some
examples in support of our results. Our results extend and generalize several
results from the current existing literature.
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