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Abstract. In this work we are interested in the existence of a solution of the nonlinear
degenerate elliptic equations Lu(z) + H(z,u,Vu)ws = T in the setting of the weighted
Sobolev spaces, where H is a nonlinear term with natural growth with respect to Vu and
T € [WEP(Q,wr,ws)]* = W H(Q, w1, ws).

1. INTRODUCTION

In this paper, we prove the existence of (weak) solutions in the weighted
Sobolev space Wo1 P(Q,wy,ws) for the nonlinear degenerate elliptic problem
with Dirichlet boundary conditions

Lu(z) + H(z,u,Vu)wy =T,
ue Wol’p(ﬂ, Wi, wa),

(P) H(z,u,Vu) € L'(Q,wo),
H(z,u, Vu)u € L1(Q,ws),
where L is the partial differential operator Lu(z) = — div(w; A(z,u, Vu))

and H(x,u,Vu) is a non linear lower order term having natural growth (of
order p) with respect to |Vu| (with respect to |u| we do not assume any
growth restrictions, but we assume the sign-condition H(x,n,§)n>0), Q is
a bounded open set in R", w; and wy are two weight functions, 1 < p <
0o, T € [WyP(Q,wi,ws)]* and the functions A : QxR x R"=R" and H :
Q x R x R"— R satisfy the following conditions:
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(H1) z—A(x,n,§) is measurable on Q for all (1, &) € RxR", (n,&)—A(x,n,§)
is continuous on RxR" for almost all xz€(.

(H2) |A(z, 7, )| < K(2) + i (2) [n"~" + hal) [, KeL?'(©,w1), K0
(with 1/p+1/p' = 1), h1,hg € L>®(Q), h1, ha>0.

(13) [Ala.1.6) = Aleof )€ = €) 20, whenever ¢, ¢ <R, (¢! where
A(x,n, &) = (Ai(x,n,§), -+, Apn(z,n,€)) (where a dot denote here the
Euclidian scalar product in R”).

(H4) A(z,n,§).£>a |, where a is a positive constant.

(H5) x—H (z,n,£) is measurable on Q for all (n,£) e RxR", (n,&)—H(x,n,§)
is continuous on RxR" for almost all xz&(2.

(H6) |H(z,7.6)] < b(m) (" + h(z)),
where h € L'(Q,ws), h>0 and 0 < b(n) < 3 for all n €R.

(H7) H(z,n,§)n>0.

By a weight, we shall mean a locally integrable function w on R"™ such that
w(x) > 0 for a.e. x € R". Every weight w gives rise to a measure on the mea-
surable subsets on R" through integration. This measure will be denoted by ,u
Thus, u(E) = [pw(x)dx for measurable sets ECR" (and p; = [pwi(z
i=1,2).

In general, the Sobolev spaces W*P(Q) without weights occur as spaces
of solutions for elliptic and parabolic partial differential equations. For de-
generate partial differential equations, i.e., equations with various types of
singularities in the coefficients, it is natural to look for solutions in weighted
Sobolev spaces (see [3], [4], [5], [8] and [12]).

In various applications, we can meet boundary value problems for elliptic
equations whose ellipticity is disturbed in the sense that some degeneration or
singularity appears. This bad behaviour can be caused by the coefficients of
the corresponding differential operator as well as by the solution itself. The
so-called p-Laplacian is a prototype of such an operator and its character can
be interpreted as a degeneration or as a singularity of the classical (linear)
Laplace operator (with p = 2). There are several very concrete problems from
practice which lead to such differential equations, e.g. from glaceology, non-
Newtonian fluid mechanics, flows through porous media, differential geome-
try, celestial mechanics, climatology, petroleum extraction, reaction-diffusion
problems, etc.

A class of weights, which is particularly well understood, is the class of
Ap-weights (or Muckenhoupt class) that was introduced by Muckenhoupt (see
[10]). These classes have found many useful applications in harmonic analysis
(see [11]). Another reason for studying Ap-weights is the fact that powers of
the distance to submanifolds of R" often belong to A, (see [9]). There are, in
fact, many interesting examples of weights (see [8] for p-admissible weights).
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Note that, in the proof of our main results, many ideas have been adapted
from [1], [2] and [3].

The following theorem will be proved in Section 3.

Theorem 1.1. Assume (H1)-(H7). If wi,wa€ A, (with 1 < p < o0) and
wo <wi, then there exist a solution u € Wol’p(ﬂ, wi,wz) of problem (P).

2. PRELIMINARIES

Let w be a locally integrable nonnegative function in R™ and assume that
0 < w(x) < oo almost everywhere. We say that w belongs to the Muckenhoupt
class A, 1 < p < oo, or that w is an A,-weight, if there is a constant C' = C,

such that
1 1 1/(1-p) -
— | w(x)dx /w pxdw) <Cpu,
(1 ) (i 7 P

for all balls B C R", where |.| denotes the n-dimensional Lebesgue measure in
R™ If 1 < ¢<p, then A, C A, (see [7], [8], [9] or [12] for more information
about A,-weights). The weight w satisfies the doubling condition if there
exists a positive constant C' such that u(B(z;2r)) <C u(B(z;r)) for every
ball B = B(x;r) CR", where u(B) = [pw(z) dz. If we Ay, then p is doubling
(see Corollary 15.7 in [8]).

As an example of Aj-weight, the function w(z) = |z|*, z€R", is in A, if
and only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [11]).

Definition 2.1. Let w be a weight, and let 2 C R"™ be open. For 1 <p < oo we
define the weighted Lebesgue space LP(£2, w) as the set of measurable functions
f on Q such that

1/p
Hmm@w:(éuwwmmm> < .

If weA,, 1 < p < oo, then w1/ =1 is Jocally integrable and we have
LP(Q,w) C L (Q) for every open set Q (see Remark 1.2.4 in [12]). It thus
makes sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2.2. Let Q CR" be open and let w; and wy be Ap-weights (1 <
p < 00). We define the weighted Sobolev space W1P(€,wy,ws) as the set of
functions u € LP (€, wy) with weak derivatives Dju € LP(Q,wy) forj =1,--- ,n.
The norm of u in WP (Q, wy,ws) is defined by

wawmmmz(mewmumwyéwww%ummf@ (21)
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We also define Wol’p(Q, wi,ws) as the closure of C§°(£2) with respect to the

norm ||-[[ywie (0w ws)-

Remark 2.3. (a) If wy<w; then Wy (9, wi)CWy P (Q, w1, w2) CWy ™ (Q, wy).
(b) If weAp, then C*°(Q) is dense in W1P(Q,w) = WP(Q,w,w) (see Corollary
2.1.6 in [12)).

The spaces WHP(Q,wy,ws) and Wol’p(Q,wl,wg) are Banach spaces. The
dual space of W, (Q, wi, wy) is the space [Wy P (€, wi, wo)]* = W1 (Q, wy, wa),

WP (92, w1, wo)]* = {T = fo— div(F), F' = (fi,-+  fa) :

ﬁeLp/(Q,wQ), ﬁeLP’(Q,wl),j =1, n}
w1

w2

IfTe [Wol'p(ﬂ,wl,wg)]* and ¢ € Wol’p(Q,wl,wg), we denote

<T,<p>:/9f0g0d:c—|—j;/9ijj<pdx,

170, = fo/wnll o gy + S i/l Lot
j=1

T ) < IT Il
In this article we use the following results.

Theorem 2.4. Letwe A,, 1 < p < oo and let Q) be a bounded open set in R".
If upm— u in LP(Q,w), then there exist a subsequence {um,} and a function
¢ e LP(Q,w) such that

(1) wm, ()= u(x), my — 00, p-a.e. on Q;

(ii) |um, (z)| < P(x), p-a.e. on Q;
where (E) = [pw(x)d.

Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [6]. O

Theorem 2.5. (The weighted Sobolev inequality) Let Q2 be an open bounded
set in R™ and weA, (1 < p < oo). There exist positive constants Cq and §

such that for all u € Wol’p(ﬂ,w) and all 0 satisfying 1 <0<n/(n—1)+94,
HuHLf?P(Q,w) < CQHVUHLP(Q,OJ)' (22)

Proof. Its suffices to prove the inequality for functions ue C§°(2) (see The-
orem 1.3 in [5]). To extend the estimates (2.2) to arbitrary u € Wol’p(Q,w),
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we let {un,} be a sequence of C§°(2) functions tending to u in Wol’p(Q,w).
Applying the estimates (2.2) to differences wu,,, — tm,, we see that {u,,} will
be a Cauchy sequence in L*P(Q, w). Consequently the limit function u will lie

in the desired spaces and satisfy (2.2). O
|E|>p 1(E) : ,
Lemma 2.6. If we A,, then ( <Cpw ——, whenever B is a ball in
8 B " u(B)

RY and E is a measurable subset of B.

Proof. See Theorem 15.5, Strong doubling of Ap-weights in [8]. O
By Lemma 2.6, if u(E) = 0, then |E| = 0.

Lemma 2.7. If we A, there are 0 < ¢ <1 and C > 0 depending only on n,p

and Cp ., such that HE) < C<E‘>q, and whenever B is a ball in R"™ and E

‘ pw(B) | Bl
is a measurable subset of B.

Proof. See Lemma 15.8 in [8]. O
By Lemma 2.7, if |E| = 0 then u(F) = 0.

Lemma 2.8. Let wy and wy be Ap-weights, 1 < p < oo and a sequence {u,},
Uy, € Wol’p(Q, w1, ws) satisfies

(i) up—wuin Wol’p(Q,wl,wg) and pi1-a.e. in 2, where puy (E) = [ wi(x)dz;
(ii) / (A(x, un, Vuy) — Az, up, Vu), V(u, — u)) wi dv— 0 with n— oo.
Q
Then u, —u in Wy (Q, wi,ws).

Proof. The proof of this lemma follows the line of Lemma 5 in [2]. O

Definition 2.9. We say that u e Wol’p(Q,wl,wg) is a solution of problem (P)
is for any ¢ € Wol’p(Q,wl,wg) N L>(Q2) we have

/ w1 Az, u, Vu).Vedr +/ H(xz,u,Vu) pwadr = (T, ), (2.3)
Q Q

H(z,u, Vu) € LY(Q, wy), (2.4)
H(z,u, Vu)u € L' (Q, ws). (2.5)

3. MAIN RESULTS

In this section we prove Theorem 1.1.
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Proof of Theorem 1.1. We split the proof of Theorem 1.1 in four steps.
Step 1. Let us define for £ > 0 the approximation
H(z,n,§)
1+e[H(z,n,8)|
We consider the approximate problem

(P) Lu.(x) + He(x, ue, Vue) wy =T,
€ ugEWOl’p(Q,wl,wg),

HE(J:7777§) =

which has a solution u. € Wol’p(Q, w1, ws) (see Step 1, Theorem 1.2 in [3]), that
is,

/ A(z, ue, Vue).Vow de + / H.(z,u: Vug) pwadx = (T, p), (3.1)
Q Q

for all p € WOLP(Q,Wl,UJQ) NL>(R2), and we also have [[uel| oo () < C1 (where

(' is independent of €, see Step 2, Theorem 1.2 in [3]). Using the function
¢ = u. in (3.1), and by (H4) and (HT7), we obtain

a/ |V |’ wy dz
Q

< | A(z,ue, Vue).Vue wy dz
Q

< | A(z,ue, Vue).Viue wy dm+/ H(x,ue, Vue) ue wo dx
Q Q

- <T7 u6>
ST e llwe (. ws)-

Hence, by Theorem 2.5 (with 6 = 1) and ws <w; we have

Huellz‘;/ol,p(ﬂwhwﬂ :/Q\us\pmdm—&-/QWuEPwl dzr
< (05+1)/Q|w€|%1 iz

(CH+1)
< QTHTIl*IIuEHWDLp(Q,wl,wz)»

that is,

||u5||W01’p(Q,o.)1,w2) =Gy, (3:2)
where C9 is independent of . Therefore, there exists a subsequence (still
denoted by {u.}) and u € WP (€, wi,ws) such that

Us —u in Wol’p(Q,wl,wg), (3.3)

Us —u 2 — a.e., (3.4)
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and, by Lemma 2.6 and Lemma 2.7, u. —u pj-a.e and a.e. (where p; =
Jpwi(z)dz, i=1,2).

Step 2. We will prove that uf —ut in Wy (Q,wr,ws).

For keR, k > 0, we define uf = min{u™,k}. For k fixed, we define
g- = ul —u;. We will study the behavior of g7 and of g; .

(2-I) Behavior of gF = (ud —u) ™.
Note that g. € Wol’p(Q,wl,wg), then gt € Wol’p(Q,wl,wz) and
Hg:HLOO(Q) < ”UsHLoo(Q) <Ch,
(Cy independent of ¢). Hence, using g as test function in (3.1), we obtain

/o.q A(x, ue, Vue ). Vg dx—l—/ lr{g(ac,ug,Vus)ggr wo dr = <T,g;'>. (3.5)
Q Q

Note that where g} = (uf —u; )" > 0, then ul > 0, and we have u. > 0 and
H.(x,us, Vu:)>0 (by (H7)). Therefore, in (3.5) we get

/ w1 A(x7 Ue, Vue)-v.ga+ dx < <T7 g;>
Q

Since u. = ul on the set {x €Q: g (x) > 0}, we can also write

/le.A(x, ue, Vul ).Vt do < (T, g). (3.6)
Hence, by (3.6), we obtain
/le (A(z, ue, Vud) — Az, ue, Vuih)).V(ud —uf) " da
_ /Q wor A ue, Vit )V (ut — )t da
_ /Q or A ue, VUt )V (uF — )t da
<- /Q wn Al e, Vi)V (uf — byt + (T, ). (3.7)

As €0, we have gF = (uf —uf)T—= (ut —uf)T ae., pi-ae. and ps-ae.

(by Lemma 2.6, Lemma 2.7 and we<w;). Furthermore, since gj is bounded
in Wy (2, wr,ws) (by (3.2), we have g — (u™ — wf)* in Wy P(Q,wr,ws), as
€ —0 and k fixed. We define

Ry = — / w1 Az, u, Vi ).V (ut —u) T da + (T, (ut — o) ™). (3.8)
Q
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We have, by (H2),

| Ri| < /QMIA(%% Vu)|[V(u® —ul)*|de + (T, (u” —ul) ")

, 1/p' 1/p
< (/ Az, u, V)P won dz) (/ IVt — )P daz)
Q Q

FITIT = ) 2 @ oy

< c(/ (KP4 12 |ul? + B8 [Vt [P ) dx) 1 =) o 01 00y
A wr,
HITIL N ™ =) llr 0,0, w0

< (IR W gy + Il 1 1

! P
+ 72l g ||vu;||mw> 1t = ) s 2 wom)

+ ||T||*||(u+ - u;)+||WS’P(Q,w1,w2)'
Since (ut —u; )T — 0 in Wy (9, wi,ws) as k— 0o, we obtain Ry— 0 as k— oo.
Now, passing to the limit in e — 0 (with k fixed) in (3.7) we obtain

Trrb wi (A(z,ue, Vul) — A(z,us, Vui)) . V(ul —uf)Tde <R, (3.9)
g — Q

(2-II) Behavior of g7 = (uf —uf)™.

£

We shall use as a test function in (3.1) the function v, = @x(g7 ), where
oa(s) = se*s* and A€ R will be chosen later. We have 0< g- <k. Hence,
g € L®(2), and since g. € Wy P (Q, w1, wy), then v. € Wy P (€2, wy, wa) N L® ().
Therefore, using v, in (3.1) we get

/ w1 A(x, ue, Vue ). Vo do + / H.(z,us, Vue) vewade = (T, ve),
0 Q
that is,

/le Az, ue, Vue).Vgz o\(g7 ) dx

+ [ o Voo wnde = (Tn(a2). (310
Considering the sets

E. ={zeQ: ug'(x)guz(m)},
F. = {zeQ: 0<u.(2)<u} (z)}.
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If £ ¢ E., then g7 = (ul —u;)™ =0 and ¢,(0) = 0. Then we have

/ H.(x,ue, Vue) oa(g; ) we da = H.(x,ue, Vue) oa(g; ) we dx.
Q E.

363

(3.11)

If u.<0, then g. = uf —u; <0, and g7 = (uf — u})~>0. Hence, p)(g-)>0,
and since H.(x, ue, Vug) ue >0, then H.(x,u: Vu.) <0. Using (H3) and (H6),

we obtain
: He(z,ue, Vue) oa(g9: ) wa dz
< /F He (2,12, V) (97 ) wa da
< [ 1o Vol a7 ) da
< [ oo <|w€|” ¥ h(x))Mgs)wz da
<B/ Ve Por(a2 wade 8 [ )on(s7 ) wado
<B/ IV Por(a2 o o+ 8 [ B)on(s7 ) do

< é/ (x,ue, Vue). Vus) or(gs ) wr dz + B/ x) pa(gr ) wa de.
F.

Since u.<0 implies - = (uf — ui)™ = u, we have

[ = A e V).V 7w da
Z/Q—A(w,ue,Vue)-Vgg‘ eh(gs )widz
+ /Q Az, e, Vue). Vo @i (92 ) wi dz
—/QA(x,ua,Vui)-Vgg ¢i(92 ) wi d
=/Q—«4(33,ua,vua)-Vg§ Pr(9: ) wda
+/Qw(.,4(x,us,Vus) A(x,uE,Vu:))Vgs oA\ (97 ) wr dz
—/QA(w,ua,Vua)-ng Pa(ge ) wr da

+/ <A(z,u5,VuE) A(:c,ug,Vuj))VuZ w&(uﬁ)wl dx.
Q

(3.12)

(3.13)
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Using (3.10) and (3.13) we obtain
/ - (A(x ue, Vul) — A(z, uE,Vu$)>.V(uj —uf)” PA(97 )wr dx
= [~ A V).V = ) o) d
[ Al V).V (0 = ) o) d
= [~ A e V) ) ) da
+ /Q <.A(x, Ue, Vue ) — A(z, ue, Vuj)) NVulb o (uf ) wy da
[ Al V).V (0 = ) o) d
= [ @ Vu) eater) e da+ (= Tooalar)
+ /Q <A(x, ue, Vue ) — Az, ue, Vu:')) NVul o\ (uf ) wy dz

+/ .A(x,us,VuX).V( +_ uk) oh\ (92 )wi dz
Q

=1. (3.14)
Now, by (3.11) and (3.12) we obtain

Ig/ﬂ (A(x7uE7Vu5) —A(Lug,Vuj)).Vuz o\ (u ) wy da
= Topalar )+ [ Al Vi)V (ud = )07 o da
5/ A2, ue, Vue). Vue oa(g2 ) wa dm+5/ ) oAlgz ) wa d
Z/Q(A(x,uE,Vua)—A(m,ug,Vuj)).VuZ o\ (u ) wy dx
(= Topalar ) + [ Al Vi)V (0 = )07 da
2] (A e, ) = A1 9 ) T =) (97 o
—|—§/QA(3:,UE,Vu;').Vu; oxa(g- ) w1 dz
2 [ Al TVt =) oals) o da

—1—5/ x)or(gs ) wa dx. (3.15)
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Hence, by (3.14) and (3.15) we have

Az, ue, Vul) — Az, ue, Vut)) Vb —ul)” (90 ) wi da

/ ( T, Ue, VUg) —A(x,uE,Vuj))VuZ' oA () wy dx
+ (- /A;v e, VUl ).V (ul —ul) a9 ) wr da
g ( T, ue, Vul) .A(x,ug,Vuﬁ)).V(qu —uf) o9l ) wr dx
Az, ue, Vul ). Vui px(gr ) wi dx
ﬂ
A (z,ue, V£ ).V (ul —wf) oa(gs) wi da

+ ﬁ/ z)pa(gZ ) we de. (3.16)

2

1 1
Now we choose A = 1oz e have ¢\, — oA > 7 Thus, in (3.16) we obtain

_ %/ (.A(J:, ue, Vul) — A(x, ue, Vuﬁ)) NVt —uf)" widr
0

< [~ (At V) — Ao e 9 ) 9 = ) o
- g i (A(m,ug, Vul) — Az, ue, VUZ)) V(uf — ) oa(9s) wi da
= [ (A€o0, ) A0 V) ) T ) o
(=T, px(g2) + /Q Az, ue, Vurd).V(ut —ul)™ o)\ (92 ) wi da
+ fé/QA(x, ue, Vul).Vul ox(g- ) wi da
T é/ Az, ue, Vul ).V (uf — ) or(92 ) wi do
+6/ ) palge ) wa da. (3:17)

By (H2) and (3.2) we have

A e, V) = /Q Az, e, V)7 wi do
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S Cp |:/Q |K|p w1 dx + ||h1||poo(Q) L |U5|pW1 dx
+ Wialteay [ [Vl de]
Cr [”K”Z”(Q,wn + (”hl"Zzwm) + ||h2|p°c<9))||“6|€v&”’m,wl,w2>}

<y |1t gy + €8 (il + el )|

that is, ||A(x, ue, Vue )| (@) SCa (where Cy independent of €). And, ana-

logously, ||A(z, ue, Vul)| (@) < Ca. Then, by extracting a subsequence of
{us} (which is still denoted by {uc}) such that

Az, ue, Vus) = F in (LY (Q,w1))",
A(z,ue, Vul) =G in (L (Q,w1))",

and using the Dominated Convergence Theorem, we can pass the limit € — 0
(with k fixed) in the right hand of (3.17), we obtain

| (7@ = 0. Vut dhuien do+ (= Topn((u” = uf) )
+/ Az, u, Vul ).V (u™ —ul) o\ ((ut —uf) ") wi do
Q
+ é/ G(z).Vui oa((ut —uf) ") wr da

ﬁ A(J: u, Vui ). V(u™ —uf) oa((uh —uf) ") wr do

—|—B/h x) ox(( —uk) ) wa dx

:/Q< (2) — G(x)). Ve () o d,

since (ut —u )™ =0 and ¢,(0) = 0. Moreover, since

<A(az,u5, Vue) — A(z, ue, Vuj)) V(uw)f =0 ae.

where (u.);" = min{u., k}, then (F(z)—G(z)).Vu} = 0 a.e and y-a.e.. Hence,

<]:(a;) - Q(x))Vu; O\(uf )wi dz = 0. Thus, passing to the limit & — 0
Q
(with k fixed) in (3.17) we obtain

TI% - <A(az, ue, Vul) — Az, ue, Vu,j)) V(uf —uf) wide <0. (3.18)
E— 0
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Using (3.9) and (3.18) we have

liimO <,A(x, ue, Vul) — Az, ue, Vu+)> NVt —ut)w dz
E— Q

< Tr% (A(x, ue, Vul) — Az, ue, Vu}i')) Vb —uf)Twide
e=0 Jq

e—0

+ lim — / (A(x,ug, Vul) — Az, u, Vu;l’)) NVt —ut)” w dr
Q
+ lim (A(m, ue, Vul) — A(z, ue, VuZ)) N(uf —ut)w do

e—=0 Jq

+ Trrh (A(x, ue, Vuib) — Az, ue, Vu+)> NVt —ut)w dz
e— Q

< Ry +/Q <g(:p) — Az, u, w+)> V(i —ut)w dr. (3.19)
Hence, using (H2) and passing to the limit k— oo we obtain
Ry + /Q <g(:v) — A(z,u, Vu+)> V(uf —ut)w dz—0.
Therefore,
/Q (A(m, ue, Vul) — Az, ue, Vu*)) V(uf —ut)widz—0.
Thus, by (3.3), (3.4) and Lemma 2.7, we have

ul —ut in Wol’p(Q,wl,wg). (3.20)

Step 3. We will prove that uZ— u~ in W, 7 (€, w).

We define u,, = min{u",k} and f. = u_ —u, . We have
FF e Wy P(Q, wi,w2) NL®(Q).
Hence, using f as a test function in (3.1) we obtain

/ A(x,ug,Vua).Vf; w1 dm+/ H. (z,ue, Vu) f6+ wo dx = (T, f;‘)
Q Q

Note that H.(x,u., Vu.) f <0 a.e. and pg-a.e.. Thus, analogously to (3.9)
we obtain (with k fixed)

Tim [ — (A(LE, Ue, — Vuz ) — Az, ue, — Vuk)> N(uz —up )T wide < Sy, (3.21)

e—=0 Jq
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where klim S = 0. Now, considering the test function v, = @ (f7 ), we obtain
—00

as in (3.18) that

Tn}) <A(x, Ue, — Vuz ) — Az, ue, — Vu,;)) N(ug —uy )" wyde<0. (3.22)
E—r Q

Therefore, using (3.21) and (3.22), we have as in (3.20) that
u; —u- em Wol’p(Q,wl,wg). (3.23)
Step 4. Convergence.
Using (3.20) and (3.23) we obtain a subsequence of {u.} satisfying

ue —u in LP(Q,wa), pe — a.e. and a.e., (3.24)
Dju. — Dju in LP(Q,wy), p1 — a.e. and a.e.. (3.25)

Using (H5) we obtain

H.(x,us,Vu;) — H(z,u,Vu) a.e. and po — a.e.,
H.(z,us, Vue)ue = H(z,u,Vu)u a.e. and pg — a.e., (3.26)

and using (H4), we have /A(:c,ue,VuE).VuEwl dmzaHVuaH’zp(QM)ZO.
Q 9
We obtain, as in (3.2),
OS/HE(x,ug,Vug)uawgdx
Q
S/A(x,uE,Vug).VuEwl dx+/H5(x,u5,Vu5)u5w2dz
Q Q
= (T’ ue)
S NT M Mwellw e (. ws)
< |I7)].C2 = Cs. (3.27)

For m > 0, we define
X, ={xeQ: |u(x)|<m} and Y,, = {zx€Q: |uc(x)| > m}.
For any measurable subset £ C €2, by (H6), we have
/ |He(x,ue, Vue )| we d
E

= / |He(x, ue Vue)| wa der/ |He(z, ue Vue)| wa dx
ENXs, ENYg,
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1
§/ |He(z,ue Vue )| we de + — H(z,u: Vue) ue wo dx
ENXE, m JEnyg

C
S/ |H5($,u€,vu5)|WQdJU+73
E m

§5/ <|Vu5|p+h> wgd:v—k%
Q m
p Cs
<B | |Vul'wide+8 | hwedx + —. (3.28)
Q Q m

Since the sequence {Vu.} strongly converges in (LP(£2,w1))", then (3.28) im-
plies the equi-integrability of H.(z,u., Vu:). Using (3.26) and the Vitali’s
Theorem (see [13]), we obtain

H.(z,us, Vus) — H(z,u, Vu) in L'(Q,ws). (3.29)

Now, using (3.24) and (3.27), and passing to the limit ¢ — 0 in
/le Az, ue, Vue).odr + /Q H.(z,us, Vue) pwadz = (T, ),
for all ¢ € WP (€2, wi,wa) N L®(), we obtain
/le A(z,u, Vu).Vodr + /Q H(z,u,Vu) pwadr = (T, ). (3.30)

Moreover, since H.(x, us, Vue) us >0 a.e. and pg-a.e., using (3.26), (3.27) and
Fatou’s Lemma we have

H(z,u, Vu)u € L' (Q,ws). (3.31)
Therefore, by (3.29), (3.30) and (3.31), u is a solution of problem (P). O

Example 3.1. Let Q = {(z,y) €R? : 22 4+ y? < 1}, and consider the weight
functions wi(z,y) = (2% + y?) /% and wy(x,y) = (27 + y*)'/? (w1, w € Ap),
the functions A : QxRxR?—=R?, and H : QxRxR2—R defined by

.A((J?,y)ﬂ],f) = g(:ll,y) 3
2 2

H((2,4),1,€) = € sin® () " anctan(n) + b, y) ' arctan(n),

where g(z,y) = et and h(z,y) = (#2 4 y?)/2cos?(zy). Let us consider
the partial differential operator Lu(z,y) = —div|wi(z,y)A((z,y),u, Vu) | and
T = fo(z,y) = (2% +y*) "5 cos(1/(x? +4?)). Therefore, by Theorem 1.1, the



370

A. C. Cavalheiro

problem

Lu(z,y) + H(z,u,Vu)wy =T,
= W&’2(Q,w1,w2),

H(z,u, Vu) € LY(Q,ws),
H(z,u, Vu)u € LY(Q,ws),

(P)

has a solution u € W&’Z(Q,wl,wz).

1]

[11]
[12]

[13]
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