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Abstract. M-metric spaces were introduced by Asadi et al. [3] in 2014 as a part of the
study of denotational semantics of data flow networks. In this paper, we prove a general-
ized contraction principle functions ¢ and 1 on M-metric spaces. The theorems we prove

generalize many previously obtained results.

1. INTRODUCTION

The notion of metric space was introduced by Fréchet [8] in 1906. Later,
many authors attempted to generalize the notion of metric space such as
pseudo metric space, quasi metric space, semi metric spaces. In this paper, we
consider another generalization of a metric space, so called M-metric space.
This notion was introduced by Asadi et al. (see e.g. [3, 4, 5, 13]) to solve
some difficulties in domain theory of computer science. The concept of the
metric space was applied to domain theory problems by Khan [9] in 1974.
By using Baire metric, Khan [9] modeled a parallel computation consisting
of a set that sends unending streams of information. Basically, he modeled a
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computation program that was based on an infinite sequence, but in computer
science, an infinite sequence corresponding to unterminated programs. During
the last decades many authors focused on a generalization of Banach contrac-
tion mapping principle. After the appearance of partial metric spaces as a
place for distinct research work in to flow analysis, non-symmetric topology
and domain theory [11, 12], some authors started to generalize this principle
to these spaces [1, 2, 14, 16]. In this paper we prove fixed point theorem
for a wide general type contractive mappings in M-metric spaces and hence
generalize some previously obtained results such as those in [6, 7, 10, 15].

The following notations are useful in the sequel.

(1) mgy :=min{m(z,x),m(y,y)} = m(z,x) Vm(y,y),
(2) Mgy := max{m(z,z),m(y,y)} = m(z,z) Am(y,y).

Definition 1.1. ([3]) Let X be a non empty set. A function m : X x X — R*
is called a m-metric if the following conditions are satisfied:

(m1) m(z,z) =m(y,y) =m(z,y) < ==y,

(m2) mgy < m(z,y),

(m3) m(z,y) =m(y, z),

(md) (m(z,y) — mmy) < (m(w, 2) — myz) + (m(z,y) — mzy) :
Then the pair (X, m) is called a M-metric space.

Remark 1.2. ([3]) For every z,y € X

(1) 0 < Myy + may = m(z, ) +m(y,y),
(2> 0< M:cy — Mgy = ]m(x,:r;) - m(y,y)\,
(3> sz — Mgy < (Mzz - mwz) + (sz - mzy)-

The next examples state that m® and m" are ordinary metric.

Example 1.3. ([3]) Let m be a m-metric. Put

(1) m*(z,y) = m(z,y) — 2mgy + Myy,

(2) m*(z,y) = m(x,y) — mgy when x # y and m*(z,y) =0 if x = y.
Then m® and m?® are ordinary metrics.

In the following example we present an example of a m-metric which is not
p-metric.

Remark 1.4. ([3]) For every z,y € X

(1) m(z,y) = Myy <m®(z,y) < m(z,y) + My,
(2) (m(z,y) = Mzy) < m*(z,y) < m(z,y).
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Example 1.5. ([3]) Let X = {1,2,3}. Define
m(1,2) =m(2,1) =m(1,1) =8,
m(1,3) =m(3,1) =m(3,2) =m(2,3) =7, m(2,2)=9, m(3,3) =5,

so m is m-metric but m is not p-metric. Since m(2,2) £ m(1,2) means m
is not p-metric. If D(x,y) = m(z,y) — may, then m(1,2) = my2 = 8 but it
means D(1,2) = 0 while 1 # 2 which means D is not metric.

Example 1.6. ([3]) Let (X, d) be a metric space and ¢ : [0,00) — [¢(0), 00)
be an one to one and nondecreasing or strictly increasing mapping with
¢(0) > 0 is defined, such that

o(z +y) < o) + ¢y) — 6(0), Va,y>0.
Then m(x,y) = ¢(d(x,y)) is a m-metric.

Example 1.7. ([3]) Let (X, d) be a metric space. Then m(z,y) = ad(z,y)+b
where a,b > 0 is a m-metric, because put ¢(t) = at + b.

Lemma 1.8. ([3]) Every p-metric is an M -metric.

2. TOPOLOGY FOR M-METRIC SPACE

It is clear that each m-metric p on X generates a Ty topology 7., on X. The
set

{Bm(z,e):x e X, >0},
where
Bp(z,e) ={y € X :m(z,y) < mgy+e},
for all z € X and ¢ > 0, forms the base of 7,,.

Definition 2.1. ([3]) Let (X, m) be a M-metric space. Then:
(1) A sequence {x,} in a M-metric space (X, m) converges to a point
x € X if and only if

lim (m(xy, ) — My, ) = 0. (2.1)

n—oo
(2) A sequence {z,} in a M-metric space (X, m) is called a m-Cauchy
sequence if

lim (m(zp,Zm) — Map2,) and  lim (Mg, 2., — Ma, 20m) (2.2)
n,m— oo n,m—o0

are exist and finite.
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(3) A M-metric space (X, m) is said to be complete if every m-Cauchy
sequence {x,} in X converges, with respect to 7,,, to a point x € X
such that

nl;rgo(m(xn,x) —myg, ) =0 and Jgn;o(Mxnx — My, +) = 0.

Lemma 2.2. ([3]) Let (X, m) be a M-metric space. Then:
(1) {zn} is a m-Cauchy sequence in (X, m) if and only if it is a Cauchy
sequence in the metric space (X, m").
(2) A M-metric space (X, m) is complete if and only if the metric space
(X, m") is complete. Furthermore,

lim m"*(x,,2z) =0
n—oo

— | lim (m(zn, ) — Mg, o) =0 and lim (Mg, o — Mg, 2) = 0} )

n—oo n—oo
Likewise above definition holds also for m?*.

Lemma 2.3. ([3]) Assume that x,, — = and y, — y asn — oo in a M-metric
space (X, m). Then

10 (1, Yn) = M g,) = 1, Y) — Ty,

Proof. We have
|

My Yn) = Magyy, ) — (T, Y) = My )|

(
< (m(xny $) - mxn,x) + (m(y, yn) - my,yn) :

From Lemma 2.3 we can deduce the following lemma.

Lemma 2.4. ([3]) Assume that x, — x as n — oo in a M-metric space
(X,m). Then
nh_{go(m(xm Y) = Mayy) = m(x,y) — May,

forally € X.

Lemma 2.5. ([3]) Assume that z,, — x and x, — y asn — oo in a M-metric
space (X, m). Then m(x,y) = May. Further if m(xz,x) = m(y,y), then x = y.

Proof. By Lemma 2.3, we have

0= lim (m(zn, Tn) = Ma, e,) = M(T,Y) = May.
n—o0
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3. MAIN RESULT

Theorem 3.1. Let (X, m) be a complete M-metric space and T : X — X be
a self-mapping satisfying
P(m(Tz, Ty)) < Y(m(z,y)) — ¢(m(z,y)), VYryelX, (3.1)

where 1, ¢ : [0,00) — [0,00) are both continuous and monotone nondecreasing
function with ¢ (t) = ¢(t) = 0 if and only if t = 0. Then T has a unique fixed
point.

Proof. Fix xg € X and define x,, = T"zq for every n = 1,2,3,---. We shall
prove that
m(Tp, Tpy1) >0 as n — oo.

We have
Y(m(zn, Tny1)) = Y(m(Tn—1,Txy))
Y(Mm(Tn—1,75)) — d(Mm(Tn-1,2n)). (3.2)

IN

So we have

¢(m($n, xn+1)) < ¢(m(9€n—1, xn))
Together with that v is nondecreasing implies that the sequence {m(z,, n+1)}
is monotone decreasing and hence there is an m > 0 such that

M(Tp, Tpy1) =M as N — 00.

Letting n — oo in (3.2) and by continuity of 1) and ¢ we obtain
(m) < ¥(m) — ¢(m).
Which is a contradiction unless m = 0. Hence,
m(Tp, Tny1) >0 as n — oco.

Now we want to show that {x,} is an m-Cauchy sequence in (X, m) so by
Lemma 2.2 we will prove that {x,} is a Cauchy sequence in (X, m"). But we
have

(1) limy, 0 m(a:n, xn+1) =0,

(2) 0< My, Tni1 < m(l‘n, xn+1) = limy, o0 Moy xpy1 = 0,

(3) May wpry = min{m(zn, n), M(Tpi1, Tng1)} = limy o0 m(2n, 2,) = 0.
On the other hand

m$na$m = min{m(mn,xn),m(xm,xm)} = n}rllgloo ma:n,:nm - 0
b

and

Mz, 2., = max{m(zn, n), M(Tm, Tm)} = lim My, 4, =0.
n,M—00
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Assume that {x,} is not Cauchy in (X, m"). Then there exist some € > 0 for
sub sequences {z;, } and {x,, } of {z,} with ny > [} > k such that

m"(zy,,, Tn,) > €.

Now corresponding to I, we can choose ny such that it is the smallest integer
with ng > [, and satisfying above inequality. Hence

m*(xy,, Tn,—1) < €.
So we have
e <m"(zy, Tny,)
<m"(zy,, Tn—1) + MY (Trp—1,Tny,)
< e+ mY(zp,—1,%n, ). (3-3)
We know that

m" (Tny—1, Tny,) = M(Tny—1, Tny,) — 2May,, ywn, T M-Tnkflﬁfnk' (3.4)
Now by (3.3) and (3.4), we have
kh_)ngo m"(zp,—1,%n,) =0 and klgrolO m"(z,, Tpn,) = €. (3.5)

Again,
M (Tn,,, T, ) < MY (X, Tngp—1) + M (Tny—1, T —1) + M (2,—1,21,,), (3.6)

m" (-rnkfla xlk—l) < mw(xnkflv ﬂl'nk) + mw($nk,$lk) + mw(l'lk, xlk—l)' (37)
Letting k — oo in the above inequalities (3.6) and (3.7), we have

: w
lim m*(zn,—1,2,-1) =€,
k—o0

so we have
lim m(2n,—1,21,-1)
k—o00

= lim (m(xnk—17xnk_1 - 2m$nk71,
k—o0

+_A4inkflﬁnk71)

xnkfl

: w
= lim m"(xn, -1, Tn,—1) = €
k—o0

Now by (3.1), we have
0(€) = Jim Y(m(zn,,1,))

< kli)n;o[w(m(xnk—hxlk*l)) - (b(m(xnk—l’xlk*l))]a

therefore

b(€) < (e) — ¢(e).
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Which is a contradiction, thus {z,} is a Cauchy sequence in complete metric
space (X, m") and so {x,} is an m-Cauchy sequence in complete M-metric
space (X, m). Hence there exist some v € X such that

lim (m(zp,v) —mg, ») = 0.
n—0o0

But we have lim,, o, My, », = 0, hence lim,_,o m(x,,v) = 0 and by Remark
1.2, m(v,v) = 0. Now we want to show that v is the fixed point of T". By (3.1)
we have
0 <Y(m(Tv,Tv)) < ¢(m(v,v)) — d(m(v,v)) = 1¥(0) — ¢(0) = 0.
And hence
Y(m(Tv, Tv)) =0 = m(Tv,Tv) =0.
On the other hand

(m(zn, Tv)) < p(m(zn-1,v)) = ¢(m(zn-1,v)).
Then letting n — oo above and making use of Lemma 2.4 and continuity of
functions ¢ and ¢ we have
m(v, Tv) = 0.
Hence, we have
m(v,v) = m(Tv, Tv) = m(v,Tv) =0,
so by (m1) we have Tv = v. Now let u,v € X and both of them are the fixed
points of T. We have m(u,u) = m(v,v) = 0, because if m(v,v) > 0, by (3.1)
P(m(v,v)) = Y(m(Tv, Tv)) < P(m(v,v)) = ¢(m(v,v)) < p(m(v,v))

and since 1 is monotone nondecreasing we get m(v,v) < m(v,v), which is
contradiction. Similarly we obtain m(u,u) = 0.
On the other hand, if m(v,u) > 0 then by (3.1) we have

P(m(v, u)) = P(m(Tv, Tu)) < p(m(v,u)) = (m(v,u)) < P(m(v,u),

again by monotone nondecreasing of ¢ we have m(v,u) < m(v,u), which is
contradiction. Thus m(v,u) = 0. Now we get

m(v,v) = m(u,u) = m(v,u) = 0.

Hence by (ml) u = v. O

Remark 3.2. If we take ¢(t) = (1 — k)1(t), where 0 < k < 1, then we obtain
the M-metric generalization of the result in [10].

Remark 3.3. If we take ¢(t) = ¢, then we obtain the M-metric generalization
for the weakly contractive fixed point theorem in [15].
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Remark 3.4. All of Theorems and Lemmas are satisfying in p-metric and
metric spaces, since by Lemma 1.8 every p-metric and metric spaces are M-
metric space.
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