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1. INTRODUCTION

In this paper, we consider the Robin-Dirichlet problem for a nonlinear wave
equation with the source term containing an unknown boundary value as fol-
lows

U — Ugy = [ (z,tu(z,t),u(0,t)), 0<zx<l, 0<t<T, (1.1)
uz(0,t) — hou(0,t) = u(1,t) =0, (1.2)
u(z,0) = ap(z), w(x,0)=au(x), (1.3)

where f, g, 4 are given functions and hg > 0 is a given constant.
Eq. (1.1) has a constructive relationship to a more general equation, namely

uy — Au = F(x,t,u, ug, ug, u(0,t)), 0<z<1l, 0<t<T. (1.4)

In some special cases, when the nonlinear term has the simple forms, Eq.
(1.4), with various boundary conditions, has been extensively studied by many
authors, for example, we refer to [1]-[4], [6]-[13], [15] and the references given
therein. In these works, many interesting results about existence, regular-
ity, asymptotic behavior, asymptotic expansion, and decay of solutions were
obtained.

In [6], Long and Diem has studied Prob. (1.3), (1.4) with the nonlinear
term

F = f(x,t,u,uz,up) + g (z,t,u, ug, ug) (1.5)
associated with the mixed homogeneous boundary conditions
uz(0,t) — hou(0,t) = uz(1,t) + hyu(l,t) = 0. (1.6)

In the case of f € C%([0,1] x [0,00) x R?) and g € C* ([0,1] x [0,00) x R?) ,
an asymptotic expansion of order 2 in € is obtained, for ¢ sufficiently small.

In [4], Ficken and Fleishman established the unique global existence and
stability of solutions for Prob. (1.3), (1.4) as follows

Ugy — Ut — 200Uy — Bu = eu’ 4+, € > 0. (1.7)
Rabinowitz [12] proved the existence of periodic solutions for the equation
Ugy — U — 20y = e f (T, t,u, Uy, ug), (1.8)

where ¢ is a small parameter and f is periodic in time.

In a paper of Caughey and Ellison [3], a unified approach to the previ-
ous cases was presented discussing the existence, uniqueness and asymptotic
stability of classical solutions for a class of nonlinear continuous dynamical
systems.

In the case F = f (x,t, u, fol g(u(y,t))dy) with g(u) = u?, a high order
iterative scheme was established in order to get a convergent sequence at a
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rate of order N (N > 1) to a local unique weak solution of a nonlinear wave
equation

Uy — Uge = [z, 0, |ul®), 0<z<1, 0<t<T, (1.9)

associated with the Dirichlet boundary conditions [8].

In [11], the authors considered a one dimentional nonlocal nonlinear strongly
damped wave equation with dynamical boundary conditions. In other word,
they looked to the following problem:

Utt — Uggy — QUtgy +Ef (u(lat)7 L\/lg’t)) =0,

u(0,t) =0,
w(1,t) = —e Jug(1,t) + au (1,t) + ru(1, )]
—ef (u(1,1),“G),

(1.10)

Ve
with x € (0,1),¢ > 0,a,7 > 0 and € > 0. Pro. (1.10) models a spring-
ut(l,t)

Ve
acceleration at x = 1. By using the invariant manifold theory, the authors

proved that for small values of the parameter ¢, the solution of (1.10) attracted
to a two dimensional invariant manifold.

The aforementioned works lead to the study of the existence, asymptotic
expansion for Robin-Dirichlet problem for a nonlinear wave equation with the
source term containing an unknown boundary value (1.1)-(1.3). The paper
consists of four sections. In Section 2, we present some preliminaries. In
Section 3, we associate with Prob. (1.1)-(1.3) a linear recurrent sequence
which is bounded in a suitable space of functions. The existence of a local weak
solution and the uniqueness are proved by using the Faedo-Galerkin method
and the weak compact method. In Section 4, we establish an asymptotic
expansion of a weak solution u.(x,t) of order N +1 in a small parameter ¢ for
the equation

Ut — Uz = f (x,t,u(x, t),eu(0,t)) + ef1 (z,t,u(x, t),eu(0,t)), (1.11)

0<z<1,0<t<T, associated to (1.2), (1.3). The results obtained here
may be considered as a relative generalization of the results obtained in [6]-[13],
[15].

mass-damper system, where the term ¢ f (u(l, t), ) represents a control

2. PRELIMINARIES

Put Q = (0,1). We will omit the definitions of the usual function spaces and
denote them by the notations LP = LP(Q2), H™ = H™ (). Let (-,-) be either
the scalar product in L? or the dual pairing of a continuous linear functional
and an element of a function space. The notation ||| stands for the norm in
L? and we denote by ||-||x the norm in the Banach space X. We call X’ the
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dual space of X. We denote LP(0,7; X), 1 < p < co the Banach space of real
functions w : (0,T) — X measurable, such that [[ul[» o 7.x) < 400, with

1
(Jo o)1 dt P i 1<p<ool

u . p—
el ooz esssup [u(t)]ly , if p=oo.
o<t<T

With f € Ck([o) 1] X RJF X R2)7 f = f(xatvylay2)v we put

b= o s 2y
and
Df =Dy DYf, a=(ar,--, i) €L,
lal=a1+-+ag=k DO Of=f
On H', we shall use the following norm
folln = (ol + oal?)
We put
V={ve H :v(l) =0}, (2.1)
a(u,v) = fol Uz (x)vg (z)dx + hou(0)v(0), u,v € V. (2.2)

V is a closed subspace of H! and on V three norms ||v|| 1, ||vz|| and ||v]|, =
v/ a(v,v) are equivalent norms.

We have the following lemmas, the proofs of which are straightforward hence
we omit the details.

Lemma 2.1. The imbedding H' — C°(Q) is compact and
[ollgo < V3ol Yo e B (2.3

Lemma 2.2. Let hg > 0. Then the imbedding V < C°(Q) is compact and

lollgog < ezl < llol,
Lol < el < olly < VITFollol

for allveV.

Lemma 2.3. Let hg > 0. Then the symmetric bilinear form a(-,-) defined by
(2.2) is continuous on 'V x V and coercive on V.
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Lemma 2.4. Let hg > 0. Then there ezists the Hilbert orthonormal base {w;}
of L? consisting of the eigenfunctions w; corresponding to the eigenvalue \;
such that

O< A <Al <N <, lim A = o0,
J—r+oo
a(@j,v):)\j@ﬂj,v}, VoeV,j=1,2--.

Furthermore, the sequence {w;/+/A;} is also a Hilbert orthonormal base of V
with respect to the scalar product a(-,-).

On the other hand, we also have w; satisfying the following boundary value
problem

—Aﬁ)} = )\j’lfl\)/]' mn (0, 1),
?ﬂjx(O) — ho?ﬂj(O) = ’(Ej(l) =0, ’wj eVn Coo(ﬁ)

The proof of Lemma 2.4 can be found in ([14], p.87, Theorem 7.7), with
H = L% and V, a(-,-) as defined by (2.1), (2.2).

Remark 2.5. The weak formulation of the initial-boundary value problem
(1.1)—(1.3) can be given in the following manner:

Find
weW ={uecL®0,T;VNH?) :u € L20,T;V), uyec L2(0,T;L*)},

such that u satisfies the following variational equation

<’U,tt(t), w> + G(U(t), ’(U) = <f ('7 t7 ’U,(t), U(O, t)) ,’U)) ) (24)
for all w € V, a.e., t € (0,T), together with the initial conditions
U(O) = ﬁo, ut(O) = 7:01. (2.5)

3. THE EXISTENCE AND UNIQUENESS

We make the following assumptions:
(Hi) (o, ) € (VNH?) xV, toz(0) — hoto(0) = 0;
(Hs) f e CL0,1] x Ry x R?).
Fix T* > 0. For each M > 0 given, we set the constant Ky, (f) as follows

4
Kn(f) =) Ko(M,D;f),
i=1

where

(,t,y1,y2) €A1 (M)

{ Ko(M, f) = sup |f(z,t,y1,92)]
A (M) = [0,1] x [0, T*] x [-M, M]?.
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For every T € (0,7*] and M > 0, we put
W(M,T) ={ve L0, T;VAH? v e L*0,T;V), vy € L*(Qr),
with max{[|v]| Lo o ryvnm2) > Vel Looo,mvy s 10t L2000y} < MY,
Wi (M,T) ={veW(M,T) : vy € L=(0,T; L?)},

in which Q7 = Q x (0,7).
Now, we establish the recurrent sequence {u,,}. The first term is chosen as
ug = ug, suppose that
Um—1 € Wl(M, T), (3.1)
we associate Prob. (1.1) - (1.3) with the following problem.

Find u,, € W1 (M,T') (m > 1) satisfying the linear variational problem

(U (8), w) + a(um(t), w) = (Fp(t), w) , Vw €V,
1 ) = no i) (32)
where
Fo(z,t) = flum—1](z,t) = f (x,t,um—1(z,t), um—1(0,1)). (3.3)

Then, we have the following theorem.

Theorem 3.1. Let (Hy), (Hz) hold. Then there exist positive constants M,
T > 0 such that, for uy = ug, there exists a recurrent sequence {upy} C
Wi(M,T) defined by (3.1)-(3.3).

Proof. The proof consists of several steps.
Step 1. The Faedo-Galerkin approximation (introduced by Lions [5]).
Consider the basis {w;} for V as in Lemma 2.4. Put
u) (1) = Sk W 6wy, (3.4)
(k)

where the coefficients ¢ i satisfy the system of linear differential equations

{ (i (), wj) + a(up (2), w» (Fun(t),wy), 1<5<h, 5
up(0) = G, sn (0) = |
where
U = Zle ag»k)wj — @i strongly in V N H?, 26
{ Uy = Z?:l ﬁj(k)wj — w3 strongly in V. (36)
The system of the equations (3.5) can be rewritten in form
{ B (1) + A (1) = (Fon(0), 03), 6.7
e (0) =, e =", 1< <k |
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It is not difficult to show that (3.7) has a unique solution cﬁs;(t) in [0,7] as
follows

C(k)( = -cos (V) +B )Sin \Ft

mj \/7
tsin(\/A;(t = s)) ' .
+/0 o (Fnlowidds, 0SEST, 1<k (39

Therefore, (3.5) has a unique solution N (t) in [0,T7.
Step 2. A priori estimates.
We put

)u(k) (t) 2

a

T l1Au) (6] + /Hu 5)||2ds. (3.9)

Then, it follows from (3.5) and (3.9) that

n
2
=

—~
~
SN—
Il

S (0) 4 2(F,(0), Au0k>+2/0t<Fm(s),ug;>(s)>ds

- 2<Fm(t),Au;§>(t)>+2/0t<F;n(s),Aug’;>(s)>ds+/ot Hu§,§>(s)”2ds
4

= S(0) + 2(Fn(0), Adigr) + Y _ I (3.10)

=1

We can estimate without difficulty all terms on the right hand side of (3.10)
and we obtain that

I :2/0t<Fm(s), ¥ (s))ds < ATK3,(f )+i/0t S (s)ds; (3.11)

I = —2(F(t), Aufy)(¢)

< 4 (|Fn(O)F + T2(1+ 2M PR ()) + 551 0): (3.12)
I3 =2 /0 t(F,’n(s), AuF) (s))ds
<AT(1+2M)?K3,(f) + E /t SW) (s)ds; (3.13)
4 Jo

L= /Ot Hijgf)(s)szs < 2/: SW (s)ds + 2T K2, (f). (3.14)
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It follows from (3.10)-(3.14) that
S () < DI (f, ok, k) + Dy(M, T) + 5 [ SE) (s)ds, (3.15)

where

{ D (£, ok, k) = 25k (0) + 4 (Fn(0), Adigr) + 8 | B (0)]2, (3.16)
Di(M,T) =AT [3+2(1 +2M)* +2T(1 + 2M)* | K3,(f).

By means of the convergences in (3.6), we can deduce the existence of a con-
stant M > 0 independent of k and m such that

DY(f,fion, W) < M2, ¥,k € N, (3.17)
We choose T' € (0,7*], such that
(3M? 4+ Dy(M,T)) exp (5T) < M? (3.18)
and
kr = 4v TGTKM(f) < 1. (3.19)
Finally, it follows from (3.15), (3.17) and (3.18), that
SW(t) < M2exp (=5T) +5 [ S%) (s)ds. (3.20)
By using Gronwall’s Lemma, we deduce from (3.20) that
S (1) < M2 exp (—5T) exp (5t) < M?2, (3.21)
for all ¢ € [0,T], for all m and k. Therefore, we have
ulk) € W(M,T) for all m and k. (3.22)

Step 3. Limiting process.

From (3.22), we deduce the existence of a subsequence of {u,(fi)} still so
denoted, such that

WP, in L>(0,T;V N H?) weak*,

) ul, in L*(0,T;V) weak*, (3.23)
TN ul, in L%(Qr) weak, '
Um € W(M,T).

Passing to limit in (3.5), we have u,, satisfying (3.2), (3.3) in L?(0,T).

On the other hand, it follows from (3.2); and (3.23)4 that u!), = Au,, +
F,, € L>(0,T;L?), hence u,, € W1(M,T) and the proof of Theorem 3.1 is
complete. O

We use the result given in Theorem 3.1 and the compact imbedding theo-
rems to prove the existence and uniqueness of a weak solution of Prob. (1.1)-
(1.3). Hence, we get the main result in this section as follows.
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Theorem 3.2. Suppose that (H1), (Hz) hold. Then, there exist the constants
M >0 and T > 0 such that the problem (1.1)-(1.3) has a unique weak solution
u € Wi(M,T). Furthermore, the linear recurrent sequence {un,} defined by
(3.1)-(3.3) converges to the solution u strongly in the space

Wi(T) = {v e L>®(0,T;V) : v' € L=(0,T; L*)}

with the estimation

[um = ully, () < Crky for all m €N, (3.24)
where the constant kr € [0,1) is defined as in (3.19) and Cr is a constant
depending only on T, hg, f, tg, 41 and k.
Proof. (a) Existence of the solution. First, we note that W;(7") is a Banach
space with respect to the norm (see Lions [5]).

HUHW1(T) = HUHLoo(o,T;V) + HUIHLE’O(O,T;LQ) :

We shall prove that {u,, } is a Cauchy sequence in W1 (7). Let wp, = U1 —Unm,.-
Then w,, satisfies the variational problem

(Wi (1), w) + a(wm(t), w) = (Fnga(t) — Fn(t), w), Vw €V,
W (0) = w),(0) = 0.
Taking w = w], in (3.25)1, after integrating in ¢, we get
[wp ()1 + lwm ()13 = 2 fy (Finta(s) = Fin(s), wh(s)) ds. (3.26)
By (Hz) it is clear to see that
[Emy1(t) — Fn(8)]] < 2K (f) [Vwm-1(2)]]
< 2Ky (f) lwm—1llw, () - (3.27)

(3.25)

Hence
2 2
w7 + l[wm @),

t 3.28

< ATK (1) ol ) + i (N (P + o ()2) ds. &2
Using Gronwall’s Lemma, we deduce from (3.28) that

lwmllw, )y < krllwm-1lly, @), YmeN, (3.29)

where k7 € (0, 1) is defined as in (3.19), which implies that
lm = el () < lwo = wallywy ) (1 = k) TR, Vm, p €N (3.30)

It follows that {u,,} is a Cauchy sequence in Wi(T'). Then there exists u €
Wi (T') such that

Um — u  strongly in - Wy (T). (3.31)
Note that u,, € W1(M,T), then there exists a subsequence {uy,, } of {u,} such
that
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Upp,; — U in L>(0,7;V N H?) weak*,
u, —u in L*®(0,7T;V) weak™®,
14 ! " : 2 (332)
U, — U in L*(Qr) weak,
ue W(M,T).

We also note that

||Fm(t) —f ('7ta u(l'vt)7u(Ovt))HLDO(O,T;Lz)
< 2K (f) [um—1 = ully, (1) - (3.33)

Hence, from (3.31) and (3.33), we obtain
Fu(t) = f (- t,u(t),u(0,t)) strongly in L°°(0,T; L?). (3.34)

Finally, passing to limit in (3.2)—(3.3) as m = m; — oo, it implies from (3.31),
(3.32)1,3 and (3.34) that there exists u € W(M,T) satisfying (2.4), (2.5).

On the other hand, from the assumption (Hs) we obtain from (2.4)1, (3.32)4
and (3.34) that

U = uge + f (-, t,u(t),u(0,t)) € L>(0,T; L?), (3.35)

thus we have u € W1 (M, T). The existence proof is completed.

(b) Uniqueness of the solution. Let uj, us € Wi(M,T) be two weak
solutions of Prob. (1.1)-(1.3). Then u = wuj; — ugy satisfies the variational
problem

{ (u"(t), w) + au(t),w) = (F1(t) = F2(t),w) , Vw € V,
u(0) = u'(0) =0,
(z,

where Fj(z,t) = f (z,t,ui(x,t),u;(0,t)),i=1, 2.
We take w =’ in (3. 36)1 and integrate in t to get

[ O + 2 < Kar () fy (I ()] + u(s)]?) ds

(3.36)

Using Gronwall’s Lemma, it follows that [[u/(¢)]|* + [|u(t)[|> = 0, i.e., uy = ua.
So (i) is proved and (ii) follows. Theorem 3.2 is proved completely. O

4. ASYMPTOTIC EXPANSION OF THE SOLUTION WITH RESPECT TO A SMALL
PARAMETER

In this section, let (Hi), (H2) hold. We make more the following assump-
tions:

(HS) f1 € CH([0,1] x Ry x R?).



A wave equation with the source term containing an unknown boundary value 413

We consider the following perturbed problem, where ¢ is a small parameter
such that, || <1:

Ut — Ugy = Folu)(z,t), 0<z <1, 0<t<T,
(P:) 1 uz(0,t) — hou(0,t) = u(1,t) =0,
u(x70) = ﬂo(.’L‘), ut(xa()) = al(.f),

where

Felul(z,t) = felu](z,t) + € fie[u](z, ),
fe[u](xa t) = f (.%', t u(xv t), au(O, t)) )
fielu](z,t) = f1 (z,t,u(x,t),eu(0,t)) .

First, we note that if the functions f, f1 satisfy (Ha), (H5), then the a pri-

ori estimates of the Galerkin approximation sequence {uﬁif)} in the proof of
Theorem 3.1 for Prob. (1.1)-(1.3) corresponding to f = F:[u], || < 1, sat-

isfy us,];f) € Wi(M,T), where M, T are constants independent of €. We also
note that the positive constants M and 7" are chosen as in (3.16)-(3.19) with
|f (-, 0, @0, 1o (0))], Kar(f), stand for [f (-,0,0,a0o(0))] + | f1 (-, 0,0, G0 (0))],
K (f)+ Kar(f1), respectively. Hence, the limit u. in suitable function spaces
of the sequence {ugf)} as k — 400, after m — +o0, is a unique weak solution
of the problem (F:) satisfying u. € W1(M,T). Then we can prove, in a man-
ner similar to the proof of Theorem 3.2, that the limit wg in suitable function
spaces of the family {u.} as ¢ — 0 is a unique weak solution of the prob-
lem (Py) (corresponding to f = foluo](x,t) = f(x,t,uo(z,t),0)) satisfying
ug € Wi (M R T).

We shall study the asymptotic expansion of the solution of the problem (P:)
with respect to a small parameter €.

We use the following notations. For a multi-index o = (aq,--- ,an) € Zf,
and x = (z1,--- ,2x) € RY, we put

o =1+ +any, adl=ai!---ay!,
O[,/BGZN, a§B<:>aZSBZ7 Vi:lf"an

(67

= al.-- OCN
v = x Ty -

Next, we need the following lemma.

Lemma 4.1. Let m, N €N and v = (21, ,zy) € RN, e € R. Then

N A\ ™ mN m
<Zi:1 CCZ'87'> = Zk:m Pk(: )[Nv x]eka (41)
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where the coefficients P}gm) [N,z], m < k <mN depending onz = (z1,--+ ,TN)
defined by the formulas
T, 1<kE<N, m=1,
(m) _ !
PN, 2] = 5 ﬁ,‘xa, m<k<mN.m>2. (4.2)
acA™ () &

where A,(Cm)(N) ={aeZ¥ :|a| =m, Zfil ia; = k}.
Proof. The proof of Lemma 4.1 is easy, hence we omit the details. O

Now, we assume that
(HM) FeoN+1([0,1] x Ry x R2), f; € CN([0,1] x Ry x R2).

Let up be a unique weak solution of the problem (F) corresponding to
e=0,1.e.,
ugy — Aug = f(x,t,up(x,t),0) = foluo], 0<z<1l, 0<t<T,
u0z(0,1) — houo(0,t) = up(1,t
up(z,0) = ap(z), uj(x,0)=1u(x),
up € W1(M, T).
Let us consider the sequence of the weak solutions ug, 1 < k < N, defined by
the following problems:

(Fo)

u'k’—Auk:Fk, O<ax<l O0<t<T,
() gz (0, 1) — houg(0,t) = uk(1,t) = 0,

ug(z,0) = up(x,0) =0,

U € Wl(M,T),

where Fj, 1 < k < N, are defined by the formulas

pom { BN+ A0, k=1 )
g Oi[N, fl+ @p_1[N — 1, f1], 2<EkE<N, '
with ®,[N, f] = ®4[N, f, ], 0 < k < N, are defined by the formulas
f(x7t7u0(x7t)70)7 k:07
=1 X ADf(xtue(a,t),0)Ukly, Noi], 1<k<N, (44
1<y|<k
where
whNa = Y PN PN La o)
(1) EA(,N), (4.5)

i+j=k
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with
AN ={) €78 im<isNy e <j<(N+Duh o
v=(11,72) €23, 1 <y < N,
and
ﬁ(x7t) = (’U,l(.%',t), T ,UN(.%',t)),
ﬁ*(.’E,t) = (UO(x?t)yul(xat)a T 7uN(x7t))'

Then, we have the following theorem.

Theorem 4.2. Let (Hy) and (H2(N)) hold. Then there exist constants M > 0
and T > 0 such that, for every e € [—1,1], the problem (P.) has a unique
weak solution u. € W1 (M, T) satisfying the asymptotic estimation up to order
N +1 as follows

N

§ : k
Ue — UEE
€ k=0 k

where the functions ug, 0 < k < N are the weak solutions of the problems
(Po), (Pg), 1 <k < N, respectively, and Cr is a constant depending only on
N7 T) f7 fl?ukuongN

< Crle)N T, (4.7)

’W1(T)

In order to prove Theorem 4.2, we need the following Lemmas.

Lemma 4.3. Let &[N, f], 1 < k < N, be the functions are defined by the
formulas (4.4)—(4.6). Put h = Zg:o uge®, then we have

Jelh) = foluo] + %1y ®k[N, fe¥ + e[ Ru[f, i, €] (4.8)

< C, where C is a constant depending only on

th ||ty . 2|
o NLJ t el L (0,T;L2)
N, T, f up, 0< k< N.

Proof. (i) In the case of N = 1, the proof of (4.8) is easy, hence we omit the
details, which we only prove with N > 2. Put h = ug + Z]kV:1 ure® = ug + ha,
we rewrite as follows

felh] = f (x,t, h(z,t),eh(0,t)) = f(z,t,uo(x,t) + hi(z,t),eh(0,t)). (4.9)
By using Taylor’s expansion of the function

felh] = f(z, t,up(x,t) + hi(x,t),eh(0,1))
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around the point [ug] = (x,t, ug(z,t),0) up to order N + 1, we obtain

Flt = foful+ Y Dl (@,1) (h(0.6)”

1<y|<N
+ Ry[f, d €], (4.10)
where
RN[f, Uy, €]
= > NTI/1(1—e)Nmf(x,t,g,e)h’{l(x,t)(sh(o,t))wcze
=N 0
= e[ RY[f, @ el (4.11)

DV f(x,t,e,80) =DV f(x,t,up(z,t) + Ohi(x,t),0ch(0,t)),
fO[UO] = f(m7t7u0(x7t)70)7 D’ny[UO] = D’Yf (I’,t,UO(ZC,t),O),
v=(,1) €Z%, ¥l =7+ V' =mlp!, D'f=D]D}f.

By the formula (4.1), we get

WY (1) = (ij » uk(x,t)5k>% =3 POV e, e,
(eh(0,£))% = (Zgj uk_l((),t)ek>w

(N+1)~
_Z 0 pl2) N 4 12,0, 0))e", (4.12)
k=2

where

i(x,t) = (ui(x,t), -+ ,un(z,t)),
Uy (z,t) = (up(z, t), ur(z, t), - ,un(x,t)).

Hence, we deduce from (4.12), that

N
71 Y2 __ =1 _k
hl (.’L‘,t) (Eh(oat)) - E k=] \Ilk['77 N7 u*]é‘

Nlyl+v2 Lk
+ Zk:NH Wily, N, te", (4.13)
where
Uiy, N, ds] = Z pi(Wl)[N’ ﬁ(m,t)]PjW?)[N +1,.(0,1)),
(i) EA(Y,N), "

i+j=k
A(y,N)={(4,5) €Z2 : 71 <i < Ny, 72 < j < (N + 1)y}
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We deduce from (4.10), (4.13) that

LI = foluo] + 0 ;Dwfo[uo]ZN

! k=~
1<|y|<N

+ eVt Ry ([f, T, €]

Uply, N, @,

N
1 L
= foluol + Y | Y. =D foluol¥sly, N,i.] | &
k=1 \1<|y|<k
+ el Ry [f, @, €]
N

:f[UO]—FZi)k[N, f]€k+ ’E‘N—H ﬁN[f7ﬁ*7E]7 (415)
k=1

where ®.[N, f], 0 < k < N, are defined by (4.4)—(4.6) and

A 1 Nlvy|[+72
N+1 — _ 0% — k
e[™ T RN [f, d, e] = 1<|§|<N D7 foluol S :k:NH Uy, N, @e
SIS

+ eV R[], (4.16)

By the boundedness of the functions ug, 0 < k < N in the function space
L*>°(0,T;V), we obtain from (4.11), (4.13) and (4.16) that

HRN[f’ ﬁ*7€]HL°°(O,T;L2) <G

where C' is a constant depending only on N, T, f, ug, 0 < k < N. Thus, the
Lemma 4.3 is proved. O

Remark 4.4. Lemma 4.3 is the key to establish the asymptotic expansion of
the weak solution u. of order N + 1 in a small parameter € as below.
Let w = u. € Wi (M, T) be the unique weak solution of the problem (P:).

Then v = u. — Z,]::O ure® = u. — h satisfies the problem

V" — Av = fev+h] — felh] + e (fielv + h] — fic[h]) + E-(z, t),
0<z<l, 0<t<T,

v2(0,1) — hov(0,t) = v(1,t) =0, (4.17)
v(z,0) = v'(z,0) =0,
where
Ee(w,t) = fo[h] = foluo] + & freh] = X4y Fre® (4.18)

Then, we have the following lemma.
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Lemma 4.5. Let (Hy) and (HéN)) hold. Then there exists a constant Cy such
that
N
||Ea||Loo(o,T;L2) < Ci el i (4.19)

where Cy is a constant depending only on N, T, f, f1, ux, 0 < k < N.

Proof. In the case of N = 1, the proof of Lemma 4.5 is easy, hence we omit
the details, which we only prove with N > 2.
By using the formula (4.8) for the function fi.[h] we obtain

frelh] = froluo] + S0 ®[N — 1, file® + |e|Y Ry _1[f1, @, €], (4.20)
‘RN*l[f’ u*’e]HLOO(O,T;L2)
N, T, f1, ug, 0 < k < N. By (4.20), we rewrite ¢f[h] as follows
efielh] = efroluo) + Spy Br 1[N — 1, file® + e le|N Ry_1[f, @, e], (4.21)
Combining (4.3), (4.8), (4.18) and (4.21) lead to
E.(x,t) = |e|N T Ry[f, @, €] + € |e|Y Ry_1[f1, s, €. (4.22)

By the boundedness of the functions ug, 0 < k < N in the function space
L*>(0,T;V), we obtain from (4.8), (4.20) and (4.22) that

where < C, with C is a constant depending only on

1Bl oo 0,12y < Cx R (4.23)
where C is a constant depending only on N, T, f, fi1, urx, 0 < k < N. The
proof of Lemma 4.5 is complete. 0
Proof of Theorem 4.2. Consider the sequence {v,,} defined by

Vo = 0,
U;/n — Avp, = fa{vm—l + h] - fa[h] +e (fl&[vm—l + h] - fla[h])
+ E.(z,t), 0<z <1, 0<t<T, (4.24)

Uma (0,t) — hovp, (0,t) = vy (1,t) = 0,
Vm(2,0) =0 (2,0) =0, m > 1.

By multiplying two sides of (4.24) with v/, and after integration in ¢, we have
t t
Zun(®) =2 [ (E(s), 4 () + 2 [ {felomor + B = Llb] o (5)ds
0 0

t
Lo /0 (Frelomer + B] — frelB], vln(s))ds
= jl + jg + jg, (4.25)

where Z,,(t) = |[vl,(1)]|> + lum(t)]|2 . We estimate the integrals on the right-
hand side of (4.25) as follows.
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Estimating J1. By using Lemma 4.5, we deduce from (4.19) that

J1 =2 [((E(s), vl (8))ds < TC2 ]2 + [ Zpn(s)ds. (4.26)
Estimating Jo. We note that
[ felvm—1 + h] = fe[R]|| < 2K, (f) [lom—1llw, (1) (4.27)

with M, = (N + 2)M. It follows from (4.27), that
Ty =2 [y (felom—r + B] — felh], v, (5))ds

< AT, (1) Jom1 ey + Jo Zon()ds. (4:2%)
Estimating J3. Similarly
Ty = 22 Ji (frelomr + 1] = ficlhl, v (5))ds (429)
< ATKG (1) lvm-1llw, () + Jo Zm(s)ds.
Combining (4.26), (4.28), (4.29), it leads to
Zin(t) < AT K3y, () + K (F0)] [om—1liy, () + TCZ e+
+3 /0 "2, (5)ds. (4.30)
By using Gronwall’s lemma, we deduce from (4.30) that
[omllw, iy < o1 [lvm—1llyw, () + 0r(e), Ym =1, (4.31)
where op = 4 [Kyr, (f) + Kar, (f)] VT, 6p(e) = 20.VTe3T ||V T
We can assume that
or <1 with the suitable constant 7" > 0. (4.32)
We require the following lemma whose proof is immediate.
Lemma 4.6. Let the sequence {yn,} satisfy
Y < 0Ym_1+6, Vm>1, v =0, (4.33)
where 0 < o < 1, § > 0 are the given constants. Then
Ym <0/(1—0), VYm>1 (4.34)

Applying Lemma 4.6 with v = |[vm|ly, (), 0 = or < 1, 0 = dr(e) =
20,VTe3T )N | it follows from (4.34) that

5T 15
lomlluary < T2 = Cp e, (4.35)

20, VTe3T
1-A[Kpr, (f)+Knr, (f1)IVTeST

where Cp =
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On the other hand, the linear recurrent sequence {v,,} defined by (4.24)
converges strongly in the space Wi (T') to the solution v of the problem (4.17).
Hence, letting m — 400 in (4.35), we get

[vllwy () < Cr e[ ¥ (4.36)

This implies (4.7). The proof of Theorem 4.2 is complete. O
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