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Abstract. The over-relaxed (n)—proximal point algorithm in the context of solving a class
of inclusion problems, based on the notion of maximal (1) —monotonicity, is developed. Con-
vergence analysis for the over-relaxed (1)—proximal point algorithm is examined, and finally,
some specializations are included. Furthermore, we remark that the Yosida approximation
can be generalized in light of maximal (n)—monotonicity, and then it can be applied to

first-order evolution equations/inclusions.

1. INTRODUCTION

Let X be a real Hilbert space with the norm || - || and the inner product
(+,-). We consider the inclusion problem: find a solution to
0 € M(x), 1)

where M : X — 2% is a set-valued mapping on X.
Rockafellar [18] introduced the proximal point algorithm, and examined
the general convergence and rate of convergence analysis, while solving (1) by

9Received November 21, 2008. Revised January 15, 2009.

92000 Mathematics Subject Classification: 49J40, 47H10, 65B05.

9Keywords: General firm nonexpansiveness, variational inclusions, maximal monotone
mapping, maximal n—monotone mapping, over-relaxed (7)—proximal point algorithm, gen-
eralized resolvent operator.



64 R. P. Agarwal and R. U. Verma

showing when M is maximal monotone, that the sequence {z*} generated for
an initial point 20 by
M & P(ab), (2)

converges weakly to a solution of (1), provided the approximation is made
sufficiently accurate as the iteration proceeds, where Py = (I 4 ¢;,M)~! for
a sequence {ci} of positive real numbers that is bounded away from zero. It
follows from (2) that zF! is an approximate solution to inclusion problem

0€ M(x)+c, (v — aF). (3)
We recall the relaxed proximal point algorithm introduced in [7].

Algorithm 1.1. Let M : X — 2% be a set-valued maximal monotone map-
ping on X with 0 € range(M), and let the sequence {z*} be generated by the
iterative procedure

2" = (1 — o) 2® + apuw* vk > 0, (4)
where w” is such that
lw® = (I + cx M)~ (&")|| < e VE > 0,
and {e;}, {ax} and {cx} C [0, 00) are scalar sequences.

Eckstein and Bertsekas [7] applied Algorithm 1.1 to approximate a weak
solution to (1).

Theorem 1.1. [7, Theorem 3] Let M : X — 2% be a set-valued mazimal
monotone mapping on X with 0 € range(M), and let the sequence {x*} be
generated by Algorithm 1.1. If the scalar sequences {e}, {ax} and {ck} satisfy

Ey =372 ger < 00, Ay =1inf o, > 0, Ay =sup o < 2, andc = inf ¢, > 0,
then the sequence {x*} converges weakly to a zero of M.

Convergence analysis for Algorithm 1.1 is achieved using the notion of the
firm nonexpansiveness of the resolvent operator (I +cM)~!. As a whole, the
maximal monotonicity has played a powerful role to studying convex program-
ming and variational inequalities. Later it turned out that one of the funda-
mental algorithms applied to solve these problems was the proximal point
algorithm. In [7], Eckstein and Bertsekas has shown that much of the theory
of the relaxed proximal point algorithm and related algorithms can be car-
ried over to the Douglas-Rachford splitting method and its special cases, for
instance, the alternating direction method of multipliers.

Just recently, Verma [26] generalized the relaxed proximal point algorithm,
and applied to the approximation solvability of variational inclusion problems
of the form (1). Recently, a great deal of research on the solvability of inclusion
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problems is carried out using resolvent operator techniques, that have applica-
tions to other problems such as equilibria problems in economics, optimization
and control theory, operations research, and mathematical programming.

In this paper, we first introduce the over-relaxed (n)—proximal point al-
gorithm based on the notion of (n)— monotonicity, and then apply it for
approximating a solution to a general class of nonlinear inclusion problems
involving (n7)— monotone mappings in a Hilbert space setting. Second, we
examine the convergence analysis of the over-relaxed (n)—proximal point al-
gorithm for solving a class of nonlinear inclusions. Also, several results on
the generalized firm nonexpansiveness and generalized resolvent mapping are
given. The results, thus obtained here, are general and in some cases new. For
more details, we refer the reader [1-36].

We note that the solution set for (1) turns out to be the same as of the
Yosida inclusion

0€ M,,

where M, = p~(I — (I + pM)™1) is the Yosida approximation of M with
parameter p > 0. It seems in certain ways that it is easier to solve the Yosida
inclusion than (1). In other words, M, provides better solvability conditions
under right choice for p than M itself. On the other hand, M, has also
been applied to first-order evolution equations/inclusions in Hilbert space as
well as Banach space settings. As in our present situation, resolvent opera-
tor (I + pM)~! is empowered by (1)—maximal monotonicity, the Yosida ap-
proximation can be generalized in the context of solving first-order evolution
equations/inclusions.

The contents for the paper are organized as: Section 1 deals with a historical
development of the relaxed proximal point algorithm in conjunction with the
(n)— maximal monotonicity, and with the approximation solvability of a class
of nonlinear inclusion problems using the convergence analysis for the proximal
point algorithm, as well as for the relaxed proximal point algorithm. Section
2 introduces and derives some results on unifying (7)— maximal monotonicity
and generalized firm nonexpansiveness of the generalized resolvent operator.
In Section 3, the over-relaxed (n)—proximal point algorithm is introduced, and
then it is applied to approximate the solution to inclusion (1).

2. MAXIMAL 7-MONOTONICITY AND FIRM NONEXPANSIVENESS

In this section we discus some results based on basic properties of n— mono-
tonicity, and then we derive some results involving n— monotonicity and the
generalized firm nonexpansiveness. Let X denote a real Hilbert space with
the norm || - || and inner product < -,- > . Let M : X — 2% be a multivalued
mapping on X. We shall denote both the map M and its graph by M, that is,
the set {(x,y) : y € M(z)}. This is equivalent to stating that a mapping is any
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subset M of X x X, and M(z) = {y: (x,y) € M}. If M is single-valued, we
shall still use M (z) to represent the unique y such that (z,y) € M rather than
the singleton set {y}. This interpretation shall much depend on the context.
The domain of a map M is defined (as its projection onto the first argument)

by

dom(M)={ze X:3Fye X:(z,y) e M} ={x € X : M(z) # 0}.

dom(T)=X, shall denote the full domain of M, and the range of M is defined
by

range(M) ={ye X :Jx € X : (z,y) € M}.
The inverse M~ of M is {(y,z) : (z,y) € M}. For a real number p and a
mapping M, let pM = {z,py) : (z,y) € M}. If L and M are any mappings,
we define

L+M={(z,y+2):(x,y) € L,(x,2) € M}.

Definition 2.1. Let M : X — 2% be a multivalued mapping on X. The map
M is said to be:

(i) Monotone if
(u* —v*,u—v) >0V (u,u”), (v,v*) € graph(M).
(ii) (r)— strongly monotone if there exists a positive constant r such that
(u* —v* u—v) > rllu—v|2V (u,u*), (v,v*) € graph(M).
(iii) Strongly monotone if
(W — % u =) > Ju— 02V (%), (0, 0%) € graph(M).
(iv) (r)—strongly pseudomonotone if
(v 5 u—v) >0
implies
(u*,u —v) > r||u—v|*V (u,u*), (v,v*) € graph(M).
(v) Pseudomonotone if
(v u—v) >0
implies
(u*,u —v) >0V (u,u”), (v,0*) € graph(M).
(vi) (m)—relaxed monotone if there exists a positive constant m such that
(uw* —v* u—v) > (=m)||u — v|*V (u,u*), (v,v*) € graph(M).
(vii) (¢)— cocoercive if there is a positive constant ¢ such that

(u* —v* u—v) > c|u* —v*||?V (u,u*), (v,v*) € graph(M).
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Definition 2.2. Let M : X — 2% be a mapping on X. The map M is said to
be:

(i) Nonexpansive if
Ju* = v < lu = 0]l ¥ (, "), (v,07) € graph(M).
(ii) Firmly nonexpansive if
lu* = v*|* < (u* = 0", u = 0) ¥ (u,u”), (v,0%) € graph(M).
(iii) (¢)—Firmly nonexpansive if there exists a constant ¢ > 0 such that
Hu* - U*HQ < C<u* - U*a U= ’U> v (u’ U*)a (fU, U*) € graph(M)‘
Definition 2.3. A map n: X x X — X is said to be:
(i) Monotone if
(ii) (¢)-strongly monotone if there exists a positive constant ¢ such that
(iii) Strongly monotone if
(& —yn(a,y)) > |z —yl*V (2,y) € X.
(iii) (7)-Lipschitz continuous if there exists a positive constant 7 such that

In(z, y)|| < 7llz =yl

Definition 2.4. A map M : X — 2% is said to be maximal (7)- monotone if

(i) M is (n)— monotone
(ii) R(I+cM) =X for ¢ > 0.

Proposition 2.1. Let M : X — 2% be a mazimal (n)— monotone map-
ping. Then (I + ¢M) is mazximal monotone for ¢ > 0, where I is the identity
mapping.

Proposition 2.2. Let M : X — 2% be a mazimal (n)—monotone mapping.
Then generalized resolvent operator (I + c]W)f1 s single-valued, where I 1is
the identity mapping.

Definition 2.5. Let M : X — 2% be a maximal (7)— monotone mapping.
Then the generalized resolvent operator JMM . X — X is defined by

JMN(y) = (T4 M)~ (u).

Definition 2.6. Let M : X — 2% be a multivalued mapping on X, and let
n:X x X — X be another mapping. The map M is said to be:
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(i) (n)— monotone if
(u* —v*,n(u,v)) >0V (u,u”), (v,v*) € graph(M).

(ii) (r,m)— strongly monotone if there exists a positive constant r such
that

(u* —v*,n(u,v)) > 7rllu—v||*V (u,u*), (v,v*) € graph(M).
(iii) (n)— strongly monotone if
(= v, ) 2 flu— ]2 (w, %), (v, 0%) € graph(M).
(iv) (r,n)—strongly pseudomonotone if
(0" n(u,v)) =0
implies
(o, 0(as,0)) 2w — 0|2 (u, "), (v, 0%) € graph(M).
(v) (n)— pseudomonotone if
(0" n(u,v)) 20
implies
(uw*,n(u,v)) > 0V (u,u*), (v,v") € graph(M).

(vi) (m,n)—relaxed monotone if there exists a positive constant m such
that

<U* - U*v 77(“, U» > (_m)”u - U”2 v (’LL, U*)v (U7 U*) € graph(M).
(vii) (¢,m)— cocoercive if there is a positive constant ¢ such that

(w* — " nlu,v)) > el — v |2V (u,u7), (v, 0%) € graph(M).

Proposition 2.3. Let X be a real Hilbert space, let M : X — 2% be mazimal
(n)— monotone, and let n : X x X — X be (t)— strongly monotone. Then the
resolvent operator associated with M and defined by

M) = (I 4 pM)~"(u)Vu € X,
satisfies the following:
(w—v,n(J""(u), J3H () = [T (w) — T3 (0) ]2 ()

Proof. For any u,v € X, it follows from the definition of the resolvent operator
M
J," that

b~ 0] € M)
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and

by~ ] € MO

Since M is (n)— monotone, we have

;<u = [TM() — M),

(T (w), Ty (0))) = 0. (6)
In light of (6), we have
(u—v, (T (), T (v)))
(30 (w) = T (), (T (), T (0)
)0 () = T ()12,

VoIV

g

Proposition 2.4. Let X be a real Hilbert space, let M : X — 2% be mazimal
(n)— monotone, and let n : X x X — X be (t)— strongly monotone and
(1)— Lipschitz continuous. Then the resolvent operator associated with M

and defined by
M, _ -1
Jy0 M) = (I +pM)™ (u)Vu € X,
satisfies the following:
(i) For T <1, we have

(u — v,n(J[])\/l’"(u), Jlﬁw’”(v)» < (u—w, Jlﬁw’”(u) - Jéw’”(v»Vu,v eX. (7)

(ii) For J;=1— J,ﬁw’", we have (fort > 3)

e L e A OB AT

(u—wv, Jg(u) = Ji(v))
Proof. The proof of (i) follows from the (7)—Lipschitz continuity of n for 7 < 1.
To prove (ii), we apply (i) to Proposition 2.3, and we get

(w =, P () = T () > 8] Ty (u) = T3 (0)]|. (9)
It further follows that

(u—v,u—v—(Jg(u) = J;(v)))
>t () = @) + llu = oll* = 2(J5 () = T (v),u = v)].



70 R. P. Agarwal and R. U. Verma

3. THE OVER-RELAXED (77)—PROXIMAL POINT ALGORITHM

This section deals with the over-relaxed (n)— proximal point algorithm and
its application to approximation solvability of the inclusion problem (1) based
on the maximal (7)-monotonicity. Furthermore, some results connecting the
(n)— monotonicity and corresponding resolvent operator are established, that
generalize the results on the firm nonexpansiveness [7], while the auxiliary
results on maximal (7)— monotonicity and general maximal monotonicity are
obtained.

Theorem 3.1. Let X be a real Hilbert space, and let M : X — 2% be mazimal
(n)— monotone. Then the following statements are mutually equivalent:

(i) An element w € X is a solution to (1).

(ii) For an u € X, we have

u=JM"(u) fore>0,.

where
TN () = (1 + M)~ (u).

Proof. It follows from the definition of the generalized resolvent operator cor-
responding to M. O

Note that Theorem 3.1 generalizes [7, Lemma 2] to the case of a maximal
(n)— monotone mapping.

Next, we present a generalization to the relaxed Proximal point algorithm
[26] based on the (1) —monotonicity.

Algorithm 3.1. Let M : X — 2% be a set-valued maximal (1)— monotone
mapping on X with 0 € range(M), and let the sequence {*} be generated by
the iterative procedure

2" = (1 — ap)a® + apyFVEk >0, (10)

and y* satisfies
ly* — o (@) < Oklly® — I,

where Jc]\f’n =(I+c M), 5 -0 and
Yl = (1 — og)2® + Oéchj\]:[’n(:I}k)Vk > 0.

Here
{5k}’ {ak}> {Ck} C [Oa OO)

are scalar sequences such that inf ay > 0, sup oy < 2, and Y2, 9f < o0.
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Algorithm 3.2. Let M : X — 2% be a set-valued maximal (7)—monotone
mapping on X with 0 € range(M), and let the sequence {z*} be generated by
the iterative procedure

2 = (1 — oy — Bo)a® + aytVEk >0, (11)

and y* satisfies

ly* = To @) < axlly* — 2",
where J) = (I 4 pyM)™!, and

{0r}, {aw}, {Br}{er} € [0,00)
are scalar sequences such that inf oy, > 0, sup a < 2, and Y 2, 0k < 00.

For o, = (14 IJ%,C) in Algorithm 3.1, for & > 0, we have

Algorithm 3.3. Let M : X — 2% be a set-valued maximal (1)— monotone

mapping on X with 0 € range(M), and let the sequence {z*} be generated by
the iterative procedure

2" = (1 — )2k + apyf VI >0, (12)
and y* satisfies
1
k M,k ko k

ly™ — Jo, (@) || < (1 + m)”y — 2"
where Jé\f’n = (I 4 ¢z M)™!, and

yF = (1 — o) 2" + g JY (2" VE > 0.
Here

{ak}v {Ck} - [07 OO)

are scalar sequences such that inf ay > 0, and sup o < 2, and Y 72, % < 00.
Theorem 3.3. Let X be a real Hilbert space. Let M : X — 2% be mazimal
(n)—monotone and x* be a zero of M. Letn: X x X — X be (t)— strongly
monotone and (1)— Lipschitz continuous. Let the sequence {x*} be generated

by Algorithm 3.1. Suppose that the sequence {x*} is bounded in the sense that
there ezists at least one solution to 0 € M(z). Then (for T <1 andt > 3)

(2t = DI (@) = 2P < a* — 2*|® = |5 (M), (13)
where
Jp=1-Jn.
In addition, assume that M~ is (a)— Lipschitz continuous at 0, that is,

there exists a unique solution z* to 0 € M(z) (equivalently, M—1(0) = {z*})
and for constants a > 0 and b > 0, we have

|z — 2*|| < allw|| whenever z € M~ (w) and ||Jw| < b. (14)
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Then the sequence {x*} converges linearly to a unique solution x* with rate

0*2

1
\/1—a*(2t—(2t—1)a*) <1l for t>_,

22t — 1) + 2 2
where o = limsupy,_, ., ak, and sequences {ag}, and {cx} satisfy ap > 1,

cr /¢ <oo,and infy>g ap >0 and supgsg ap < 23%1

Proof. Suppose that x* is a zero of M. For all k£ > 0, we set
Ji=1-J)n
Therefore, Jj(z*) = 0. Then, in light of Theorem 3.1, any solution to (1) is a
fixed point of Jé\f " and hence a zero of J}. First, we express
Y = (1 — ap)2® + o I (2F)
= (I - ogJ;p)(z).
Now we begin verifying the boundedness of the sequence {2z*} leading to

zh — ch‘,f’n(xk) — 0.
Next, we estimate using Proposition 2.4 (fort > %)
kE+1 l_*H2 _ H(l _ ak)wk + ach]\g’"(xk) . x*H2

l2* = &* — . i ()|

lly

<t = at|? = 200 (b — 2, Tp(@®) = Ti(a) + o] g ()]
Q(t - 1)Oék 2t
< b — a2 - S b — P — el i)
+a || i (")
2(t — Doy 2t
= (1- ﬁ)”xk - 33*\\2 - ak(2t 1 ak)HJ:(x’“)HZ

2t

Since under the assumptions oy (5777

—ay) > 0, it follows that
ly** = 2| < [l=* — 27]].

Therefore,

ka+1 . yk+1 ”

= (1= ap)z® + awy® — [(1 — ap)a® + g J2 ("))

lae (™ — T35 (@)l
1.

IN

iyt —
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Now we find the estimate leading to the boundedness of the sequence {z*}.

ka—‘rl N 95*” < Hyk—I—l o 33*” + ka—‘rl - yk:-‘rlH
< 2 — 2| + awdilly® — 2"
k
< la® =2+ asdylly’ — 7). (15)
5=0

Thus, the sequence {z*} is bounded.
We further examine the estimate

a1 — 27|

ly
R R e e I e Vi

k+1 z* + l‘k—H _ yk+1||2

< ”yk+1 _ IL’*||2 + 2”yk+1 _ IL’*HHLL’kJrl . yk+1|| + kaJrl . yk+1||2
2t 20t — 1)
< k%2 _ _ J* k12 _ k%2
(e R ) LR
B T R R P
2t 2(t—1
< o 2~ onl e — ) )P 2k
24— 2 + opd v — 2 ooy — a*|
+afatlyt - o2, (16)

where ay (325 — o) > 0.
Since {4y} is summable, so is {07 }. As k — oo, we have that

k
ST @)P < 0o = lim Ji(a¥) =0,
: k—o00
7=0
that is, % — J2"(2%) — 0.
Now we turn our attention (using the above argument) to linear convergence
of the sequence {z*}. Since limy_.o J; (z¥) = 0, it implies for k large that

i (k) € MM (k).

Therefore, in light of (14), by taking w = CEIJZ(IL"IC) and 2 = Jé\f’n(xk), we
have
I35 @) — || < alleg  JE @)Yk = K.
Applying (13), we arrive at
2

a k

1
k * *
150" (2*) — ||2§m||$ — | for t>3, (17)
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where J2(2*) = x*. Since yFt! = (1 — ap)z® + ap o (2F), we estimate,
using (17) and (o > 1) that

IN

IN

Hyk+1 _$*||2
(1 — ) + a JAn(*) — 22
k * k *
law (I (a*) = 2%) + (1 — ag) (2 = 27)
ai |l JAP (@) — ¥ + (1 — an)?[|2* — 2*[* +
204, (1 — ag,) Jé\g’"(xk) — 2,k — z*)
a [l JAP (@) — ¥ + (1 — an)?[|2* — 2*[|* +
Mmn( ky .\ ok
20 (1 — ag)(n(Je, " (x7),2%), 2% — 2¥)
a [ I3 (@) — ¥ + (1 — an)?[|2* — 2*[|* +

2(1 — ag)t] JH () - 2|

o~ = o~

[200:(1 = ap)t + o] [I T (2") — a*|* + (1 — ag)?2" — 2*||?

a2t — (2t = Daw)] | J5" (@) = 2™ + (1 - aw)?la* — |

a2

2+ (2t — 1)a?
2

ag[2t — (2t — 1)ak)]m

Oék[2t — (2t — 1)ak)]

where oy [2t — (2t — 1)ayg)] > 0.
Hence, we have

where

ly*+ — 2|l < Ogll=® — 2™,

lo* = 2™ + (1~

+ (1= ap)?)a® — ¥,

a2

Or = \/ak[% — (2t - 1>ak”c,%+(2t——1)a?] +(1

- ak)Q < 17

a2t — (2t — 1)ag)] > 0 and ag > 1. Since Algorithm 3.1 ensures

and

k_ pMmgk ko k
ly" = Je, " (@) < Oglly™ — =7,

a)?[la® —2*|®

(18)
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we have
e I T A

< HykJrl — ||+ ka+1 _ yk+1”
<l =2+ andilly® - 2"
= Iy = okl — 2|
<l = ) Ol = 2|+ Sl — 2.

It follows that
ottt < Sk

where

lim sup ikj_(ik = limsup 6

6*2

O

Theorem 3.4. Let X be a real Hilbert space, and let M : X — 2% be
mazimal (n)— monotone. Let n: X x X — X be (t)— strongly monotone and
(7)— Lipschitz continuous. For an arbitrarily chosen initial point x°, let the
sequence {x*} be bounded (in the sense that there exists at least one solution
to 0 € M(z)) and generated by Algorithm 3.2 as

2" = (1 — oy — Br)a® + auy® fork >0
with
ly* = JE ()| < e,
where JC]\;[’" = (I + ppM)™L, and sequences

{Ck}7 {O‘k}? {Pk} - [07 OO)

satisfy B = X2 g6 < 00, Ay = inf ag, > 0, Ay = sup a;, < 2, and c,zl =
inf pp > 0. Then the sequence {x*} converges weakly to a solution of (1).

Proof. The proof is similar to that the first part of Theorem 3.3 and then
applying the generalized Representation Lemma. U

Theorem 3.5. Let X be a real Hilbert space, and let M : X — 2% be mazimal
(n)—-monotone with 0 € range(M). Letn : X x X — X be (t)— strongly
monotone and (7)— Lipschitz continuous. Let the sequence {x*} be bounded
(in the sense that there exists at least one solution to 0 € M(x)) and generated
by Algorithm 3.3. Let 0 € M(x) have a solution z*. Suppose that M~! is



76

R. P. Agarwal and R. U. Verma

(a)— Lipschitz continuous at 0 for a > 0. Then the sequence {x*} converges
linearly to a unique solution x* with rate

6*2

1—a*(2t— (2t — 1)a* 1
o ( )a)az(Zt—1)+c*2< ’

where o* = limsup,_, . ok, and sequences {ay}, and {c} satisfy ap > 1,
cr /¢ < oo, and t>%.

Proof. The proof is similar to that of Theorem 3.3. O
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