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Abstract. In this paper, we modify the gradient projection algorithm proposed by [K.
Nakajo, Strong convergence for gradient projection method and relatively nonexpansive
mappings in Banach spaces, Applied Mathematics and Computation, 271 (2015), 251-258]
for solving a variational inequality problem involving a monotone and Lipschitz continuous
mapping and a fixed point problem of a relatively nonexpansive mapping in Banach spaces.
The purpose of this modification is to replace a projection onto a general closed convex set
to one projection onto a half-space. The latter projection (onto a halfspace) is easier to

compute. We prove the iteration sequence generated by this method is weak convergence.

1. INTRODUCTION

We consider the following variational inequality problem which is to find a
point x* € C such that

(x — %, Ax*) > 0, Vax e, (1.1)

where C' is a closed convex subset of a Banach space E, (z, f) denotes the
duality pairing of F and it’s dual £*, and A : E — E* is a some mapping.
Let VI(C, A) be the solution set of the variational inequality (1.1).
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Definition 1.1. A mapping A : C — E* is called monotone, if
(x —y, Az — Ay) >0, Vz,yeC.

Definition 1.2. A mapping A : C' — E* is called L—Lipschitz continuous, if
there exists a constant L > 0 such that

[Az — Ay|| < Lllx —yll, Vz,y e C.

Variational inequality theory, as a very effective and powerful tool of the
current mathematical technology, has been widely applied to mathematical
programming, optimization and control, economics and transportation equi-
librium, engineering sciences, etc.

Definition 1.3. ([5]) An operator A of C' into E* is said to be a—inverse-
strongly-monotone, if there exists a positive real number « such that

<$ - yvA:C - Ay> > O‘HAI' - Ay”27 Vw,y eC.

In order to approximate a solution of the variational inequality (1.1), the
inverse-strong-monotonicity of A was often assumed (see, for example, [4]-[7]).
Especially, in [7], Liu proved the following theorem.

Theorem 1.4. Let E be a uniformly smooth, 2-uniformly convexr Banach
space. Let C' be a nonempty, closed conver subset of E. Assume that A is an
operator of C into E* that satisfies:

(A1) A is a—inverse-strongly-monotone,

(A2) VI(C,A) #0,

(A3) [|Ay|| < ||Ay — Aul| for ally € C and w € VI(C,A).
Assume that T is a relatively nonexpansive mapping from C into itself such
that F = F(T)VI(C, A) # (. The sequence {xy} is defined by

(

xg € C chosen arbitrarily,
wy, = J T Badzn + (1= Bn) e (J 7 (Jxn — M\Azy))),
zn = lowy,
U = J N anJzn + (1 — an)JTz,), (1.2)
Cn = {U eC: ¢(U7yn) < @(U,ﬁn)},
Qn = {vel:{(x,—v,Jxg— Jx,) > 0},
[ Znt1 = g, ng.%o.

where {an}, {Bn} satisfy:
0<a,<1, limsupa, <1 and 0<G, <1, limsuppg, < 1.

n—oo n—oo
If {\n} is chosen so that A\, € [a,b] for some a,b with 0 < a < b < cicv, then
the sequence {x,} converges strongly to Ilpxy, where ¢y is the 2—uniformly
convexity constant of E.
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We know that if A is a—inverse-strongly-monotone, then it is monotone and
é—Lipschitz continuous. But, the converse is not true. One question arises
naturally:

(Q1) How to extend Theorem 1.4 to the more general class of monotone and
continuous mappings? In addition, we also note that the condition
(A3) is not easy to be satisfied. The necessity of the condition needs

to be checked. Hence, we have the following question.
(Q2) Can the condition (A3) be removed?

Recently, Nakajo in [9] proposed the following three CQ methods:

Algorithm 1.1
(

r1 = xz€E
Yn = HCJ_l(an — MA(zy)),
zn = Ty,

Cn = {u e C: ¢(u, Zn) < ¢(ua xn) - (z)(ymmn)

_2)\n<yn —u, Az, — Ayn>}7
Qn = {uelC:{(x,—u,Jox— Jzx,) >0},
chana;.

Tn+1

Algorithm 1.2

( ry = TE€EE,

yn = Lo NJTz, — MAT(2,)),
Cn = {ueC:o(u,yn) < o(u,2n) — O(Yn, Txn)
Qn = {uelC:{xy,—u,Jxr—Jzr,) >0},

. T+l — chﬂQn{L‘.
Algorithm 1.3
( r1 = x€EFE
Yn = HCJ_l(an - Anfl(wn))a
2n = J Y anJTx, + (1 — an)Jyn),

Cn = {ueC:oé(u,zn) < olu,zy,) — (1 — an)d(yn, Tn)
—2X, (1 — o) (yn — u, Az, — Ayp) },

Qn = {uelC:{(x,—u,Jor— Jzx,) >0},

L Tn4+1 — chﬂan.

In the Algorithms 1.1-1.3, E' is a 2-uniformly convex and uniformly smooth
Banach space and A is only supposed to be monotone and Lipschitz continu-
ous. The author proved the sequences {z,} generated by Algorithms 1.1-1.3
strongly converge to IIpxz, where D = VI(C, A) (" F(T) and T is a relatively
nonexpansive mapping.
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In the Algorithms 1.1-1.3, the condition (A3) assumed in Theorem 1.4 is
removed and the inverse-strong-monotonicity of A is successfully weakened to
monotonicity and Lipschitz continuity. Therefore, the work done by Nakajo
[9] is very meaningful. However, we should also note that the Algorithms
1.1-1.3 seem to be difficult to use in practice because the computation of the
next iterate becomes a subproblem of finding a general minimal distance onto
the intersection of two additional closed and convex subsets of a Banach space
E. As mentioned in [3], it is not easy to solve a minimal distance onto a
general closed and convex set even if in a Hilbert space. This might seriously
affect the efficiency of the Algorithms 1.1-1.3. Therefore, the purpose of this
paper is to modify the Algorithms 1.1-1.3 to avoid this subproblem produced
in Algorithms 1.1-1.3 and answer the questions (Q1) and (Q2).

2. PRELIMINARIES

Throughout this paper, let F be a Banach space, and E* be the dual space of
E. (-,-) denotes the duality pairing of E' and E*. Let N be the set of all positive
integers. When {z,} is a sequence in E, we denote the strong convergence of
{zp} to x € E by x,, — z and the weak convergence by =, — .

Let J : E — 2F" be the normalized duality mapping defined by
Jr = {v e E*: (z,v) = |v|? = ||z|*}, Vz€E.

The following properties of the duality mapping J can be found in [2]:
(i) If F is smooth, then J is single-valued.
(ii) If E is strictly convex, then .J is one-to-one and strictly monotone.
(iii) If £ is uniformly smooth, then .J is uniformly norm-to-norm continuous
on each bounded subset of E.
(iv) If E is a smooth, strictly convex and reflexive Banach space, then J is
single-valued, one-to-one, onto and J~! is also single-valued, one-to-
one, surjective and it is the normalized duality mapping from E* into

E.
Let E be a smooth Banach space. Define
o(z,y) = ||zl — 2(x, Jy) + |ly|?, Va,y € E. (2.1)
Remark 2.1. We have from Remark 2.1 in [8] that if F is a strictly convex
and smooth Banach space, then for z,y € E, ¢(y,x) = 0 if and only if z = y.

Let E be a reflexive, strictly convex, and smooth Banach space. K denotes
a nonempty, closed, and convex subset of E. By [1], for each z € E, there
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exists a unique element z¢ € K (denoted by Ilx(x)) such that
To,T) = min x).
¢( 0 ) yEKgb(y’ )

The mapping g : E — K defined by IIx(z) = x¢ is called the generalized
projection operator from E onto K. Moreover, zq is called the generalized
projection of x.

Lemma 2.2. ([1]) Let E be a reflexive, strictly convex, and smooth Banach

space. Let C be a nonempty, closed, and convex subset of £, and let © € E.
Then

¢y, Hez) + ¢(Hex,z) < ¢y, z), VyeC.

Lemma 2.3. ([1]) Let C be a nonempty, closed, and convex subset of a smooth
Banach space E, and let x € E. Then, x¢g = llcx if and only if

(g —y,Jx — Jxg) >0, VyeC.

Lemma 2.4. ([8]) Let E be a uniformly convex and smooth Banach space. Let
{yn}, {zn} be two sequences of E. If ¢(yn,zn) — 0 and either {y,} or {z,} is
bounded, then y, — 2z, — 0 as n — oo.

Lemma 2.5. ([5]) Let S be a nonempty, closed, and convexr subset of a uni-
formly convex, smooth Banach space E. Let {x,} be a sequence in E. Suppose
that, for allu € S,

d(u, ny1) < ¢(u, vy,)

for everyn =1,2,--- . Then {Ilgx,} is a Cauchy sequence.

Lemma 2.6. ([9]) Let E be a 2—uniformly convex and smooth Banach space.
Then, there exists a constant ¢y > 0, such that, for every x,y € F,

¢($7y) > Cle - y”Qa
where c1 1s called the 2—uniformly convex constant.

Lemma 2.7. ([9]) Let C be a nonempty, closed convex subset of E and A be
a monotone and hemicontinuous operator of C into E*. Then

VI(C,A)={ueC:(v—u,Av) >0, for allv e C}.

It is obvious from Lemma 2.6 that the set VI(C, A) is a closed convex subset

of C.
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Let C be a nonempty closed and convex subset of a smooth, strictly convex
and reflexive Banach space F and T be a mapping from C into itself. A
point z € C is said to be a fixed point of T" if Tx = . We denote the set
of fixed points of T' by F(T'). A point p € C is said to be an asymptotic
fixed point of T' if there exists {x,} in C' which converges weakly to p and
nlggo |zr, — Ty, || = 0. We denote the set of all asymptotic fixed points of T" by

F(T). Following Matsushita and Takahashi [8], a mapping T" of C into itself
is said to be relatively nonexpansive (see [9]) if the following conditions are
satisfied:
(i) F(T) is nonempty;
(i) 6(u, Tw) < 3(u,z), Vu € F(T), € C;
(ili) F(T) = F(T).

Lemma 2.8. ([8]) Let E be a strictly conver and smooth Banach space, let C
be a closed convex subset of E, and let T be a relatively nonexpansive mapping
from C into itself. Then F(T) is closed and convez.

3. MAIN RESULTS

In this section, we modify the iterative Algorithm 1.1 by replacing the gener-
alized projection onto C,, [ Q, with a generalized projection onto a half-space
C,, and construct the following iterative Algorithm 3.1 for finding a common
element of the set of solutions of the variational inequality (1.1) involving a
monotone Lipschitz continuous operator A and the set of fixed points of a
relatively nonexpansive mapping 7.

From now on, we adopt the following assumptions.
(B1) VI(C,A)NF(T) # 0.

(B2) A: E — E* is monotone on C.

(B3) A: E — E*is L—Lipschitz continuous on C.

Algorithm 3.1

(

rg € F,
yn = HeJ H(Jxp — MA(zn)),
Zn = Tyna

If =, =y, = z,, then stop.

Otherwise, construct C,, as

Cp:={u€ E:d(u,z,) <d(u, ) — (Yn, Tn) —2An (Yn—u, Ay, — Ayn) },
Tpi1 = J HanJz, + (1 — ap)Jle, 1),

where 0 < inf A\, <sup A, < 5} and limsup o, < 1.
ne neN n—00
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Remark 3.1. (1) If z,, = y, = 2y, then z,, € VI(C, A)( F(T), which implies
that the iterative sequence {z,} is finite, and the last term is an element of
VI(C,A)NF(T). Otherwise, z, ¢ Cy. In fact, if x,, € C,, then it follows

from Lemma 2.6 and 0 < inf A\, < sup A, < 5} that
ne neN

¢($n> Zn) < ¢(33m xn) - ¢(yn7 xn) - 2)\n<yn — Tp, Axy, — Ayn>
< —cillzn — Z/nH2 + 2\ Ly — ynH2 < 0.

This implies that x,, = y, = z,. Hence, if z,, = y,, = 2z, doesn’t hold, then,
xn & Ch.
(2) Since ¢(U, Zn) < ¢(ua !Tn) —¢(yn, xn) =2\, <yn_U, Aajn_Ayn>} is equivalent
to

2(u, Jzn — Jxpn + M (Axp — Ayn))

> 220 (Yn, Az — Ayn) + || 20ll® = l2n]1® + ¢ (yn, 20),
we have (), is a half-space. The next iterate x,41 is a convex combination

of x,, and a generalized projection of x, onto the half-space C,, which is not
expensive at all from a numerical point of view.

Theorem 3.2. Let E be a 2-uniformly convexr and uniformly smooth Banach
space with the 2-uniformly convezity constant c1. Let the duality mapping J is
weakly sequentially continuous and C be a nonempty closed convex subset of E.
Let T : C — C be a relatively nonexpansive mapping. Then, under conditions
(B1)—(B3), the sequence {x,} generated by Algorithm 3.1 converges weakly to
a point z* € VI(C,A)F(T) and z* = nh_)n(f)lo My 1(c,4) N F(T) Tn-

Proof. The proof will be split into four steps.

Step 1. Show that Algorithm 3.1 is well-defined.

Suppose z* € VI(C,A)F(T). By z* € VI(C, A), we have (y,—x*, Az*) >
0. Since A is monotone, we have (y, — z*, Ay,) > 0. It follows from y, =
HOeJ Y (Jz, — A\yAx,) and Lemma 2.3 that

<yn - 37*7 Jx, — Jyn> > )\n<yn - $*7A$n>
= )\n<yn - :'U*) Az, — Ayn> + )\n<yn - x*7 Ayn>
> )\n<yn - $*, Az, — Ayn>7
which implies that
¢(JZ*, yn) < ¢($*7 mn) - ¢(yn7 an) - 2>\n<yn - x*u Az, — Ayn>
for all n € N. On the other hand, since z* € F(T'), we have
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So, we obtain that
(2", 2) < B2, yn) < G(x",20) — ¢(Yn, Tn) — 2An(yn — 2°, Axy, — Ayn)
for all n € N. This and Remark 3.1 imply that Algorithm 3.1 is well-defined.

Step 2. Show that {z,}, {y,} and {z,} have the same weak accumulation
points.
By the construction of z,4+1 and VI(C, A)(F(T) C C,, we deduce that

d(x*, 2ny1) < ||2¥)? — 2(a*, andxn + (1 — o) I, 20) + o |2
+ (1 = an)||Tle, 2
= and(z*, zy) + (1 — an)p(z”, e, xp) (3.1)
< on@(z%, 2n) + (1 = an)(@(27, 2n) — ¢, 2n, 2n))
< o(a”, zn) — (1= an)¢(e, 2n, 20)) < G(27, 20),

which yields that the sequence {¢(z*,z,)} is convergent. Hence {x,} is
bounded. Since y, = l¢J Y (Jz, — A\pAzy,), we have

Az, yn) < o(z7, J_l(an — M Azy)) < (Hx*H + | Jzn — )\nAfvnH)Z,

which implies from the boundness of {z,} that {y,} is bounded. It follows
from ¢(z*, zp) < d(x*,ypn) that {z,} is also bounded. Since {¢p(z*,z,)} con-
verges and limsup o, < 1, we get from (3.1) that

n—0o0
lim ¢(Ilg, xn, z,) = 0. (3.2)
n—oo
From Lemma 2.4, we have
lim [[II¢, z, — 2n|| = 0. (3.3)
n—0o0

Since Il¢, x,, € C,,, we have
d(Ue, T, 2n)
< ¢(le, zn, Tn) — G(Yns Tn) — 220 (yn — o, Tn, ATy — Ayn)
< ¢(Ue, Tn, Tn) — c1llyn — xn||2 + 2An L|yn — $n||2
=2\ (zy, — g, xp, Az, — Ayp)
< ¢(Ile, on, zn) + (2AnL — c1)||yn — anQ + 2 L7y — Hey, || 2n — yall
< ¢(Ile, on, zn) + 220 Ll|zn — Ue, zn||[|2n — yall,
which implies from (3.2),(3.3) and the boundness of {z,} and {y,} that
Jim §(1Lo, 2. 2) =l [lgn — 0] = 0. (3.4)

It follows from Lemma 2.4 that

lim ||z, — I, .|| = 0. (3.5)
n—oo
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Since ||zp, — 2| < ||zn — e, xn ||+ [|1c, zn — 2n||, we have from (3.3) and (3.5)
that
lim ||z, — z,|| =0, (3.6)
n—oo
which leads to {z,}, {yn} and {z,} have the same weak accumulation points.
Step 3. Show that each weak accumulation point of {z,} is an element of
VI(C,A)NF(T).
Since J is uniformly norm-to-norm continuous on bounded sets, we have
from (3.4) that

lim ||Jz, — Jy,| = 0. (3.7)
n—oo

Let {z,,} be a subsequence of {z,} such that z,, — Z. By (3.4), we have
Yn, — 2 € C. By y, = UeJY(Jx, — M\yAzy,), we have

<yn —u, Jry — Jyn> > >‘n<yn —u, A$n>
for all u € C, which leads to

<yn —u, Jx, — Jyn) - )‘n<yn —u, Az, — Ayn>
Z An<yn - U7Ayn> 2 )\n<yn —Uu, Au)

This implies that

Hynk - UH(Hank - Jynk” + AnkLHxnk - ynk”) > )\nk <ynk - U Au>'
By (3.4) and (3.7), we obtain that
(& —u,Au) <0, YueC.
By Lemma 2.7, we have & € VI(C, A). Since ||zn—ynl| < ||2n—2n||+|2n—ynll,
from (3.4) and (3.6), we get that lim |z, — yn|| = 0. So, we have & € F(T).
n—oo

This implies that & € VI(C, A)(F(T).
Step 4. Show that the entire sequence {x,} weakly converges to & and & =
lim TIyrc a)(@n)-
n—oo

Put u, = Iy 1o a0 Fer)(@n). It follows from (3.1) and Lemma 2.5 that
{up} is a Cauchy sequence. Since VI(C,A)(F(T) is closed, we have that
{un} converges strongly to z € VI(C, A)( F(T). By the uniform smoothness
of E, we also have that lim ||Ju,—Jz|| = 0. Now, we prove that z = Z. In fact,

n—oo

it follows from Lemma 2.3, u,, = Hy 10,4y p(r) (72) and & € VI(C, A) (N F(T)
that (& — up, Ju, — Jx,) > 0. By the weakly sequential continuity of J, we
infer that (z — z,Jz — Jz) > 0. Hence we have from the monotonicity of J

that (z — z,Jz — J&) = 0. Since E is strictly convex, we have that z = %.
Therefore, the sequence {z,} converges weakly to & = klim Uy rc,a)(zn). O
— 00
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Remark 3.3. Algorithm 3.1 replaces the second general projection onto the
closed and convex set C), ()@ in Algorithm 1.1 with the one onto the half-
space Ch,.

We consider the following Algorithm 3.2 which is different from Algorithm
3.1 and prove the new weak convergence theorem.

Algorithm 3.2.

ro € F,

yn = HoJ H(JTz, — M AT (21)),

If =, =y, =Tx,, then stop.

Otherwise, construct C,, as

Cp:={u€ E: ¢(u,yn) <d(u, zn) —&(Yn, Txn) —2\n (Yn—u, ATxp— Ayp) },
i1 = J HanJzn + (1 — an)Je, 7),

where 0 < inf A\, <sup A, < ¢ and limsup o, < 1.
ne neN n—00

Remark 3.4. (1) If z, = y, = Tz, then z, € VI(C,A)(F(T), which
implies that the iterative sequence {z,} is finite, and the last term is an
element of VI(C,A)( F(T). Otherwise, z,, ¢ Cy,. In fact, if =, € Cy,, then it
follows from Lemma 2.6 that

c1llen — ynll?

< @@, Yn) < 0(@n, 2n) — ¢(Yn, T2n) — 2An(yn — p, ATzn — Ayn)
< —cillyn — TanQ + 22X Ll|zn — ynllllyn — Tanl|

< —cllyn — TanQ + An L@y — ynH2 + AnLllyn — Tl‘n”2a

which implies that
(c1 = ML)z —yn|?> <0 and  (c; — A\ L)||Tzn — yal|? < 0.

Since 0 < inf A\, < supA, < F, we have z, = y, = Tz, Therefore, if
Tp = yp = Tz, doesn’t hold, then z,, ¢ C,,.

(2) Since ¢d(u,yn) < O(u,xy) — A(Yn, TTn) — 2An(Yn — u, ATx,, — Ayyn)} is
equivalent to

2(u, Jxy — Jyn — M (AT x,, — Ayy))

> ||xn||2 - 2||yn||2 + 2(yn, JTwp) + ||Txn||2 =2 (Yn, ATz, — Ayn),
we have C), is a half-space. The next iterate x,+1 is a convex combination

of x,, and a generalized projection of x, onto the half-space C,, which is not
expensive at all from a numerical point of view.
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Theorem 3.5. Assume that E,C,J are the same as Theorem 3.2. Let T :
E — E be a relatively nonexpansive mapping. Then, under conditions (B1)—
(B3), the sequence {x,} generated by Algorithm 3.2 converges weakly to a point
e VI(C,A)NF(T) and z* = nh_}ngo Hy 1(c,4) N F(T) Tn-

Proof. The proof will be split into four steps.

Step 1. Show that Algorithm 3.2 is well-defined.
Suppose z* € VI(C, A)(F(T). As in the proof of Theorem 3.2, we obtain
from y,, = HeJ 1 (JTz, — \yATx,) that

(yn — ", JTxpn — JYyn) > Mn{yn — ™, ATx,).

By z* € VI(C, A), we have (y, — x*, Az*) > 0. Since A is monotone, we have
(yn — x*, Ayn) > 0. Hence

(yn — ™, JTxp — Jyn) > Mp{yn — ™, ATz, — Ayn),
which implies that
¢(x*,yn) < ¢(x%, Tn) — d(Yn, TTn) — 2A0(yn — 2, AT Ty — Aypn)
for all n € N. Since z* € F(T), we have ¢(x*, Tzy,) < ¢(z*, z,,). So, we get
¢($*, yn) < qb(a:*, xn) - ¢(yna Txn) - 2)\n<yn - 'f*a ATz, — Ayn>
for all n € N. This and Remark 3.4 imply that Algorithm 3.2 is well-defined.

Step 2. Show that {z,}, {yn} and {T'z,,} have the same weak accumulation
points. As in the proof of Theorem 3.2, we can obtain that {x,},{yn} and
{T'z,} are bounded and

lim ¢(Ilg, xn, z,) = 0. (3.9)
n—oo
By Lemma 2.4, we have
lim ||Ig, xz, — zy| = 0. (3.10)
n—oo

Since Il¢, x,, € C,,, we have

a|e, zn — ynH2 < ¢(Ilc, Zn, yn)

< oI, Tny n) — (Yn, Tn) — 220 (yn — e, 20, ATz, — Ayp)

< o(le, Tn, Tn) — c1lyn — T$n||2 + 20 Ly — e, 2|l Ton — yull

< ¢(lc, Tn, Tn) — c1llyn — TanQ + AnL|yn — HCn:UnH2 + M L|Tzn — ynH2a
which implies that

(c1 = ML) Ty — yull® + (e1 = ML) e, 20 — yull* < ¢(He, n, 20).

It follows from (3.9) that

nlgrolo |y — Tyl = nh_ggo lyn — e, xn| = 0. (3.11)
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Since ||zn — ynll < ||lzn — e, znll + |lc, n — ynl|, we have from (3.9) and
(3.10) that
lim |z, —yn|| = 0. (3.12)
n—oo
On the other hand, since ||z, — Txy| < |[|[2n — Ynll + |yn — T2y, it follows
from (3.11) and (3.12) that

lim ||z, — Tz,|| =0, (3.13)

n—oo
which leads to {x,, }, {yn} and {Tx, } have the same weak accumulation points.

Step 3. Show that each weak accumulation point of {z,} is an element of
VI(C,A) F(T). Since J is uniformly norm-to-norm continuous on bounded
sets, we have from (3.11) that

nh_)n;o |JTxy — Jyn| = 0. (3.14)
Let {x,,} be a subsequence of {x,} such that z,, — . By (3.12), we have
Yn, — 2 € C. By y, = UeJ Y (JTz), — \yATz,,), we have
(Yn — uy JTxy, — Jyp) > My (yn — u, ATxy,)

for all uw € C, which leads to

(Yyn — uy JTxy, — Jypn) — Mo (yn — u, ATx,, — Ayp,)

> Mo Yn — u, Ayn) > A (yn — u, Au).
This implies that

(3.15)

[Yny, — wll(IITzny, — JYyn || + Any LI T 20, — Yy ll) = Ay (Y, — u, Au).
By (3.11) and (3.14), we obtain that
(& —u, Au) <0, YueC.

By Lemma 2.7, we have & € VI(C, A). From (3.13), we have & € F(T). This
implies that & € VI(C, A) N F(T).

Step 4. Show that the entire sequence {x,} weakly converges to & and & =
lim ITy (¢ a)(zn). The proof is the same as Theorem 3.2. Hence, we omit
n—00 ’

it. O

Remark 3.6. Algorithm 3.2 replaces the second general projection onto the
closed and convex set C), (@ in Algorithm 1.2 with the one onto the half-
space C,,.

We consider the following Algorithm 3.3 which is different from Algorithms
3.1 and 3.2.
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Algorithm 3.3.

;

o € E,
yn = HoJ H(Jzp — MA(zn)),
Zn = J_I(BnJTxn + (1 - /Bn)Jyn)a
If x, =y, = z,, then stop.
Otherwise, construct C), as
Cp:={ucFE:d(u,z,) < odlu,z,) — (1 = Bn)d(yn, Tn)
_2(1 - 6n))\n<yn —u, Aa;n - Ayn>}7
i1 = J HanJzn + (1 — an)Jle, 2,),

\

where a < f, < 1 for some a € (0,1), 0 < inf A\, < supA, < 5} and
neN neN

limsup o, < 1.

n—o0

Remark 3.7. (1) If z,, = yp, = 2y, then z,, € VI(C, A)( F(T), which implies
that the iterative sequence {x,} is finite, and the last term is an element of
VI(C,A)(F(T). Otherwise, z,, ¢ C,. In fact, if z,, € C,, then it follows
from Lemma 2.6 that
¢($n7 Zn)
< ¢($n,$n) - (1 - Bn)¢(yn,xn) - 2(1 - Bn)An<yn — T, Ay — Ayn>
< —c1(1 = Bu)llyn — @all* + 2(1 = Bu) A Lllzn — yull?
= (1= Ba)(2MaL — 1) lyn — za* < 0,
which implies that x, = y, = z,. Therefore, if x, = y, = 2, doesn’t hold,
then z, ¢ C,.
(2) Since ¢(u, zn) < P(u, zp) — (1 = Bn)d(Yn, n) — 2(1 — Bp) An(yn — u, Azy, —
Ayn)} is equivalent to
2(u, Jaxn, — Jzn — A (1 — Bn) (Azy, — Ayy))

> ||33nH2 - HanQ — (1= Bn)d(Yn, Tn) — 2(1 = Bn) An(Yn, Azn — Ayn),
we have C), is a half-space. The next iterate x,+1 is a convex combination

of x,, and a generalized projection of x, onto the half-space C,, which is not
expensive at all from a numerical point of view.

Theorem 3.8. Assume that E,C,J, T are the same as Theorem 3.5. Then,
under conditions (B1)—(B3), the sequence {x,} generated by Algorithm 3.3
converges weakly to a point x* € VI(C,A)(F(T') and

Tt = Jim Ty, 0 F(0)2n-
Proof. Suppose z* € VI(C,A)(F(T). We have
(%, 2n) < ,Bn¢($*,T$n) + (1 — ﬂn)¢(x*ayn)a Vn € N.
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As in the proof of Theorem 3.2, we obtain that

A2, yn) < O(x", 2n) — G(Yn, Tn) — 2An{Yn — =*, Az, — Ayn)
for all n € N. Since 2* € F(T'), we have ¢(z*,Tzy) < ¢(z*, z,). So, we get
¢(‘T*7 2n) < ¢($*7$n) — (1= Bn)¢(yn, Tn)
—2(1 = Bn)An(yn — ™, Az, — Ayp)
for all n € N. That is, VI(C,A)(F(T) C C,. This and Remark 3.7 imply
that Algorithm 3.3 is well-defined.

Using the same proof as Theorem 3.5, we can obtain {z,}, {yn} and {z,}
are bounded, and

lim ¢o(Ilg, xn, n) = lim |e,zn — x| = lim ||z, — yul|
= lim ¢(Ilg, xp, 2,) = lim ||IIg, x, — 2| = 0.
n—oo n—oo

Since ||xn — zn|| < ||z — e, znl| + ||o, xn — 25, from (3.16), we have
lim ||z, — z,|| = 0. (3.17)

n—o0

Since J is uniformly norm-to-norm continuous on each bounded set, we have

lim || 2y — Jyn|| = lim |[Jz, — J2zn = 0. (3.18)
n—00 n—00

Since z, = J B JTxy + (1 — Br)Jyn), it follows from (3.18) and 0 < a <
By that li_>m |JTx, — Jx,|| = 0. Since J~! is also uniformly norm-to-norm
n oo

continuous on each bounded set, we have lim [Tz, — x| = 0. As in the
n—oo

proof of Theorem 3.2, each weak accumulation point of {z,} is an element of
VI(C,A)NF(T) and z,, — 1i_>m My rc,a)(Tn)- O
n—oo

Remark 3.9. Algorithm 3.3 replaces the second general projection onto the
closed and convex set C), ()@, in Algorithm 1.3 with the one onto the half-
space C,,.

Remark 3.10. Theorem 3.5 holds under more mild condition for {\,} than
Theorems 3.2 and 3.8.

Remark 3.11. Theorems 3.2, 3.5 and 3.8 improve Theorem 1.4 in the follow-
ing senses.
(1) The inverse-strong-monotonicity of A is relaxed to monotonicity and
Lipschitz continuity.
(2) The assumption (A3) is removed.
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Remark 3.12. Remarks 3.3, 3.6, 3.9 and 3.11 show our results answer the
questions (Q1) and (Q2) and don’t involve this subproblem of finding a general
minimal distance onto the intersection of two additional closed and convex
subsets of a Banach space E in Algorithms 1.1-1.3.

4. DEDUCED RESULTS

When T is the identity mapping, we get the following weak convergence to
an element of VI(C, A) from Theorem 3.5.

Theorem 4.1. Let C be a nonempty closed convex subset of a 2—uniformly
convex and uniformly smooth Banach space E with the 2—uniformly con-
vex constant c; and the duality mapping J is weakly sequentially continu-
ous. Let A : E — E* be monotone and L— Lipschitz continuous on C such
that VI(C,A) # 0. Let {\n}nen be a sequence in (0,400) which satisfies

0 < inf A\, <sup A, < . Let {z,} be a sequence generated by
neN neN

rg € F,

yn = Hod " H(Jzp — MA(z0)),

If x, =y, then stop.

Otherwise, construct C, as

Cni={u€ E:o(u,yn) <o(u, Tn) ! = O(Yn, Tn) — 20 (Yn —u, ATn— Ayn) },
Tpy1 = J Handzn + (1 — ap)Je, 7).

Then {xn} and {yn} converge weakly to x* = lim Iy (o 4)Zn.
n—00 ’

When C = E, we have VI(E,A) = A~'0 = {2 € E: Az = 0}. So, we have
the following theorem by Theorem 4.1.

Theorem 4.2. Assume E, J are the same as Theorem 4.1. Let A: E — E*
be monotone and L— Lipschitz continuous such that A='0 # 0. Let {\n}nen

be a sequence in (0,400) which satisfies 0 < ing An <sup A, < 3, where ¢
ne neN
is the 2—uniformly convexr constant. Let {x,} be a sequence generated by

¢

xg € F,

yn = J Tz — MA(zy)),

If z, =y,, then stop.

Otherwise, construct C, as

Cp = {u € E: ¢(u,yn) <d(u, xn) —d(Yns Tn) —2An(yn —u, Axy — Ayn>}7
Ty = J HanJzn + (1 — an)Je, 7).

Then {zn} and {yn} converge weakly to x* = lim II,4-1)y.
n—oo
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