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Abstract. In this paper, we establish the existence and uniqueness of common and coinci-
dence fixed points for a family of self mappings satisfying a generalized contractive condition
in cone metric spaces. Examples are given to support the results. The presented results

generalize many known results in cone metric spaces.

1. INTRODUCTION

It is well known that the classical contraction mapping principle of Banach
is a fundamental result in fixed point theory. Several authors have obtained
various extensions and generalizations of Banachs theorems by considering
contractive mappings on different metric spaces, for instance [6]-[8], [14]-[20],
[22, 23, 28]. In 2007, Huang and Zhang [10] generalized the concept of metric
spaces by replacing the real numbers by ordered Banach space and introduced
cone metric spaces. They have proved Banach contraction mapping theorem
and some other fixed point theorems of contractive type mappings in cone
metric spaces. Subsequently, Abbas and Jungck [1] obtained the common fixed
points for noncommuting mappings by dropping the continuity property. In
[2], Abbas and Rhoades studied the fixed and periodic point results. Ili¢ and
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Rakocevi¢ [11] extended the concept of quasi-contraction mappings to cone
metric spaces and provided a generalized result of [10] to quasi-contraction
mappings in complete cone metric spaces. In 2009, Radenovié¢ [21] has obtained
coincidence point result for two mappings in cone metric spaces which satisfy
new contractive conditions. Meanwhile, Semwel and Dimri [26] investigated
the couple fixed point results for Suzuki type mappings in cone metric spaces.
Recently, many authors studied several variants of contraction conditions and
proved some fixed point theorems in a cone metric space when the underlying
cone is normal or not normal. The existence of a common fixed point in cone
metric space has been considered recently in [4, 6, 9, 12, 13, 24, 25, 29, 30].

Motivated by the above work, in this paper, we obtain a unique common
fixed point and coincidence point for a family of self mappings satisfying a
generalized contractive condition in cone metric spaces without the normality.
Illustrative examples are provided to justify our results. Also, we prove the
convergence of the sequence of fixed points. The presented results generalize
many known results in cone metric spaces.

2. PRELIMINARIES

In this section, We recall the definition of cone metric spaces and some of
their properties.

Definition 2.1. Let E be a real Banach space. A subset P of F is called a
cone if the following conditions are satisfied:
(i) P is closed, nonempty and P # {0};
(ii) a,b € R,a,b > 0 and z,y € P imply that ax + by € P.
(iii) PN (—P) ={0}.

Given a cone P of E, we define a partial ordering < with respect to P by
x <y if and only if y — x € P. We shall write z < y to indicate that x <y
but x # y, while z < y will stand for y — x € intP.

A cone P is called normal if there is a number K > 0 such that for all
x,y € F,
0<z<y implies |z| < K]yl
The least positive number satisfying the above inequality is called the normal
constant of P.

Definition 2.2. Let X be a nonempty set and d : X x X — E be a mapping
such that the following conditions hold:
(i) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if z = y;
(i) d(z,y) = d(y,z) for all z,y € X;
(iii) d(z,y) < d(z,z) + d(z,y) for all z,y, z € X.
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Then d is called a cone metric on X and (X, d) is called a cone metric space.

Example 2.3. Let X =R, E =R? P = {(2,9) € E : z,y > 0} C R? and
d: X xX — Esuch that d(z,y) = (Jxr—yl|,d|r—y|), where § > 0 is a constant.
Then (X,d) is a cone metric space.

Definition 2.4. Let (X, d) be a cone metric space. We say that {z,} is

(i) a Cauchy sequence if for every ¢ € E with 0 < ¢, there is N such that
for all m,n > N,d(zp, xm) < ¢

(ii) a convergent sequence if for every ¢ € E with 0 < ¢, there is N such
that for all n > N,d(z,,z) < ¢, for some x € X. We denote it by

lim z, =z or z,, — .
n—oo

A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X. The limit of a convergent sequence is unique provided P
is a normal cone with normal constant K (see [10]).

Proposition 2.5. ([1]) Let f and g be weakly compatible self mappings on a
non empty set X. If f and g have a unique point of coincidence v = fu = gu,
then v is the unique common fixzed point of f and g.

3. MAIN RESULTS

Theorem 3.1. Let (X, d) be a cone metric space, T and f be two self mappings
of X such that

(i) T(X) C f(X) and f(X) is a complete subspace of X;
(i)
(T2, Ty) < amax {d( . ). d( o To), (. T)

d(fz,Ty) + d(fy, Tz)
2

(3.1)

}7 v:I"7y er

where 0 < o < 1.

Then T and [ have a unique point of coincidence in X. Moreover, if T and f
are weakly compatible then T and f have a unique common fized point in X .

Proof. Let zp € X be an arbitrary point. Since T(X) C f(X), there exists
x1 € X such that Tzg = fx1. Proceeding like this way, for x, € X, we get
ZTpy1 € X such that Tz, = fzpi1, n = 0,1,2,--- . Then, using (3.1), we
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obtain
d(fanit, fon) < d(Tzp, Trp—1)
< amax {d(fa;n, frn_1),d(frn, Try),d(frn—1,TTn-1),

d(fen, Tep—1) +d(frn—1,Tzy) }

2
< amax {d(fxn, frn_1),d(frn, frnt1), d(frn—1, fx,),

d(fxn—ly fxn) + d(fxny fxn—i-l) }
2 )

which yields

A fms, fon) < amax {d(fxn,fmn1>,d<f:cn,fxn+1>}.

Case I: d(fxpt1, frn) < ad(frps1, fry) which implies 1 < «, which is a
contradiction.

Case II: d(fxni1, frn) < ad(fn, frn_1) < o?d(frn_1, frn_2), continuing
in this fashion, we get

d(f$n+17 fCEn) < and(f5517 fCEO)

For m > n, we have

d(fl’m, fl‘n) < d(fﬂ?m, fxm—l) + d(fl'm—lv fxm—2) + -+ d(fxn—i-la fxn)
< (@ P+ 4 aM)d(fa, fao)

1 _nad(fxla f[E(])

Let 0 < ¢ be given. Choose § > 0 such that {x € E : ||z]| < d} + ¢ C P. Also,
choose a natural number Ny such that

o}
<

an

. ad(fxl,fxo) c{zx e E:|z] <d}, Vn> Ny.

Then

aTL

11— ad(fl‘hfl‘o) < ¢, Yn> Ny,

which implies that

an

d(fxm> fxn) < 1 d(fl‘l, fm()) < ¢, Vm > n.

—
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This shows that {fz,} is a Cauchy sequence in f(X). Because of the com-
pleteness of f(X), fx, — v and there exists u € X such that fu = v. Further,
we have

d(fxn, Tu) = d(Tzp—1,Tu)
< amax {d(facn_l, fu),d(frp—1,Txn_1),d(fu,Tu),

d(fxn—b TU) + d(fua Twn—l) }

2
< amax {d(qun—lv fu)a d(fxn—la fxn)v d(f“) TU),

d(fxp—1,Tu) +d(fu, fz,) }
5 .

Now, letting n — oo, we obtain
d(v,Tu) < ad(v, Tu),

which implies that Tu = v = fu, since @ < 1. Therefore, v is a point of
coincidence of T" and f. Now we claim that v is a unique point of coincidence
of T and f. Suppose there exists another point of coincidence v’ of T and f,
that is, Tu' = v' = fu/. Then, from (3.1), we have

d(fu, fu') < d(Tu, Tu')
< amax {d(fu, ful), d(fu, Tu), d(fol T,

d(fu, Tu') + d(fu', Tu) }
2 )

which gives
d(fu, fu') < ad(fu, fu').
Thus, fu = fu’ which shows that v is a unique point of coincidence of T' and

f. Now, by Proposition 2.5, T" and f have a unique common fixed point v in
X. O

Remark 3.2. Theorem 3.1 generalizes the following:
(i) Theorems 2.1,2.3,2.4 of [1].

)

) Theorems 1,3, 4 of [10].

(iv) Theorems 2.3,2.6,2.7,2.8 of [24].
)
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Example 3.3. Let X =R, E =R? and P = {(z,y) : #,¥ > 0}. Now, define

d(z,y) = (Hx —l ﬁ”x ; yH>, where > 0.

2 )
Let T, f : X — X be defined by
Te=2>+3z+3 and fz=2z?+6x+5.

Note that the condition (3.1) holds for 3 < a < 1. Clearly, T(X) C f(X) and
f(X) is a complete subspace of X. Thus, by Theorem 3.1, T and f have a
unique point of coincidence 1 € X, as f(—1) =T(-1) = 1.

Remark 3.4. As fT(—1) = 13 and Tf(—1) = 7, T and f are not weakly
compatible. So,

T() £ (1) # 1.
This shows that the weak compatibility for 7" and f in Theorem 3.1 is an
essential condition.

Example 3.5. If we take Tox = 22 + 3z +1 and fr = 2224 6z + 3 in
Example 3.3 then T and f become weakly compatible and all conditions of
Theorem 3.1 are satisfied. Hence we obtain a a unique common fixed point

1=f(1)=T(1).
If f = Idx in Theorem 3.1, then we get the following result of Ciri¢ [7].

Corollary 3.6. Let (X,d) be a cone metric space and T be a self mapping of
X such that

d(Tx,Ty) < amax {d(x, v, d(w, Tx), d(y, Ty), L& TY) ;L dy, Tz) } (3.2)

forall x,y € X, where 0 < a < 1. Then T has a unique fized point in X.

Theorem 3.7. Let (X, d) be a cone metric space and {T,} be a family of self
mappings of X such that

d(TaI', Tay)

< amax {d(x, y), d(z, Toaz), d(y, Tay), d(z, Toy)+d(y, Tax) } (3.3)

2

foralla€ A, z,y € X and x # y, where 0 < o < 1. Then {T,} have a unique
common fixed point in X.

Proof. The proof follows from Theorem 3.1. U

Theorem 3.8. Let (X, d) be a cone metric space, T and f be two self mappings
of X such that
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(i) T(X) C f(X) and f(X) is a complete subspace of X.
(i)

d(Tz,Ty) < amax {d(fa:, fy), W T2) ; dfy, Ty)

WaTy) + dfsTo) o, e x
2 9 Y Y

where 0 < o < 1.

Then T and f have a unique point of coincidence in X. Moreover, if T and f
are weakly compatible then T and f have a unique common fized point in X.

Proof. The proof is immediate from Theorem 3.1. O

Corollary 3.9. Let (X,d) be a cone metric space and {T,} be a family of self
mappings of X such that

d(Ta$7 Tﬂcy)

d(z, Tox) + d(y, Tay) d(Hr,Tay)er(y,Tax)} (3.4)
2 ’ 2

< amax {d(x, Y),

foralla€e A, z,y € X and x # y, where 0 < a < 1. Then {T,} have a unique
common fixed point in X.

Theorem 3.10. Let (X, d) be a cone metric space, T' be a self mapping of X
and {T,,} be a sequence of self mappings of X satisfying

d(Thx, Thy)

< amax {d(x, y), d(z, Tpz), d(y, Tny), d(z, Thy) —;—d(y,Tna;) } (3.5)

for all z,y € X,x # y, where 0 < a < 1 and the sequence {T,,} converges
pointwise to T. If {T,} have fixed points v,, n = 1,2,3,---, then T has a
unique fized point v and the sequence {v,} converges to v as n — co.

Proof. For z,y € X, using the continuity of metric and {7}, } converging point-
wise to T', we get the following

d(Tx,Ty) < amax {d(x,y),d(:c,Tx% d(y, Ty), d(x, Ty) + d(y, Tr) }

2
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Therefore, from Corollary 3.6, T" has a unique fixed point v in X. Further,
since T, v, = v, and T'v = v, using (3.5) we have

d(vp,v) = d(Tyvn, Tv)
< d(Tpvn, Tyv) + d(Thv, Tv)

d n;Tn d 7Tn n
< amax{d(vn,v),d(vn,TnU),d(v,Tnv), (w v) +d(v, Ty )}

2
+ d(T,v, Tv).
Using the fact that T,,v — Tv as n — 0o, we obtain
d(vp,v) < ad(vy, ),

which implies that v, — v as n — oo, since a < 1. O

Theorem 3.11. Let (X, d) be a cone metric space, {T,,} be a sequence of self
mappings of X with fixed points v, and T be a self mapping of X such that T
satisfies (3.2) for all x,y € X with a fized point v € X. If T,, converges to T
uniformly as n — oo, then v, converges to v as n — oco.

Proof. Note that T),v,, = v, and T'v = v. Then, using (3.2), we have
d(vp,v) = d(Tpvn, Tv)
< d(Tyvp, Tvy) + d(Tvp, Tv)
< d(Tyvn, Tvy)

d n7T d ’T n
+amaX{d(vna’U)vd('UmTUn)?d(vaU)’ (v U)_g (U - )}

= d(T,vn, Tvy)

+ amax {d(vn, v), d(Tyvn, Tvy), d(v, Tv), 5

which yields d(vy,,v) < ad(v,,v). This completes the proof. O

d(vn, Tv) + d(Tpvp, Tuy) }
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