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Abstract. In this paper, hemi-relatively nonexpansive mappings, variational inequalities
and equilibrium problems are considered based on a shrinking projection method. Strong
convergence of iterative sequences is obtained in a uniformly convex and uniformly smooth
Banach space. As an application, the problem of finding zeros of maximal monotone opera-
tors is studied.

1. INTRODUCTION

Let E be a Banach space and E* the dual space of E. Let C be a nonempty
closed convex subset of E. Let J be the normalized duality mapping from E
into 2" defined by

Je={feE":(z,f) =|lz[I” = |fI*}, VaekE,
where (-,-) denotes the generalized duality pairing.

It is known that the duality mapping J has the following properties:
(1) If E is smooth, then J is single-valued.
(2) If E is strictly convex, then J is one-to-one.
(3) If E is reflexive, then J is surjective.
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(4) If E is uniformly smooth, then .J is uniformly norm-to-norm continuous
on each bounded subset of E.

(5) If E* is uniformly convex, then J is uniformly continuous on bounded
subsets of F and J is single-valued and also one-to-one; see, [6, 12, 27,
35].

Let A : C — E* be an operator. We consider the following variational
inequality: Find x € C' such that

(Az,y —z) >0, VyeC. (1.1)

A point zy € C is called a solution of the variational inequality (1.1) if (Azg, y—
xo) > 0. The solutions set of the variational inequality (1.1) is denoted by
VI(A,C). The variational inequality (1.1) has been intensively considered due
to its various applications in operations research, economic equilibrium and
engineering design. When A has some monotonicity, many iterative methods
for solving the variational inequality (1.1) have been developed; see, [1, 2, 3,
4,7, 8, 24, 25, 26].

Let C' is a nonempty closed and convex subset of a Hilbert space H and
Pc : H — C be the metric projection of H onto C, then Pg is nonexpansive,
that is,

|Pox — Poyll < [lz —yll, Va,y € H.

This fact actually characterizes Hilbert spaces, however, it is not available in
more general Banach spaces. In this connection, Alber [1] recently introduced
a generalized projection operator Il in a Banach space E which is an analogue
of the metric projection in Hilbert spaces.

Recently, applying the generalized projection operator, Li [16] established
the following Mann type iterative scheme for solving variational inequalities
without assuming the monotonicity of A in compact subset of Banach spaces.

Theorem 1.1. ([16], Theorem 3.1) Let E be a uniformly convex and uniformly
smooth Banach space and C be a compact convex subset of E. Let A: C — E*
be a continuous mapping on C such that

(Az — &, T YJx — (A — €))) >0, VzeC,

where £ € E*. For any xo € C, define the Mann type iteration scheme as
follows:

Tyl = (1 — ap)zn + aplle(Jx, — (Azy, — &), Vn>1,

where the sequence {ay} satisfies the following conditions:

(a) 0 < a, <1 foralln € N;
(b) X9 0 (1 — ) = 0.
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Then the wvariational inequality (Ax — &,y — x) > 0 for all y € C (when
& =0, the variational inequality (1.1)) has a solution z* € C' and there exists
a subsequence {n;} C {n} such that

Tn, = " (i — 00).

In addition, Fan [11] established some existence results of solutions and the
convergence of the Mann type iterative scheme for the variational inequality
(1.1) in a noncompact subset of a Banach space and proved the following
theorem.

Theorem 1.2. ([11], Theorem 3.3) Let E be a uniformly convex and uniformly
smooth Banach space and C be a compact convex subset of . Suppose that
there exists a positive number B such that

(Az,J Y (Jx — BAz)) >0, VzeC,
and J — BA : C — E* is compact. if
(Az,y) <0, VaxelC, yeVI(AC),

then the variational inequality (1.1) has a solution xz* € C and the sequence
{zp} defined by the following iteration scheme:

Tnt1 = (1 — ap)zy + aplle(Jzy, — BAxy), Vn>1,

where the sequence {ay,} satisfies that 0 < a < ap < b < 1 foralln > 1
(a,b € (0,1] with a < b), converges strongly to x* € C.

Motivated by Li [16] and Fan [11], Liu [17] introduced the iterative sequence
for approximating a common element of the fixed points set of a relatively
weak nonexpansive mapping defined by Kohasaka and Takahashi [15] and the
solutions set of the variational inequality in a noncompact subset of Banach
spaces without assuming the compactness of the operator J — BA. More
precisely, Liu [17] proved the following theorems.

Theorem 1.3. ([17], Lemma 2.5) Let E be a uniformly conver and uniformly
smooth Banach space and C' be a nonempty, closed convex subset of E. Suppose
that there exists a positive number B such that

(Az, J Y (Jx — BAx)) >0, VYzeC, (1.2)
and

(Az,y) <0, Vel ,yeVIAC), (1.3)
then VI(A,C) is closed and convex.
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Theorem 1.4. ([17], Theorem 3.1) Let E be a uniformly convex and uniformly
smooth Banach space and C be a nonempty closed conver subset of E. Assume
that A is a continuous operator of C' into E* satisfying the conditions (1.2)
and (1.3) and S : C — C is a relatively weak nonexpansive mapping with

F:=F(S)NVI(AC) #0.
Then the sequence {xy} generated by the following iterative scheme:

xg € C chosen arbitrarily,
zn = Ho(anJzy, + (1 — ) JSzy,),
Yn = J (O Jzn + (1 — 8,) U (T2, — BAZ)),

OO = {Z eC: qb(z?y()) < ¢(zv$0)}a (1 4)
Cn = {Z S Cn—l N Qn—l : Qb(zayn) < ¢(Z7$n)}7 .
Qo =C,

Qn={2€Cph1NQn-1:{(Jrg— Japn,x, — 2) > 0},
Tni1 = le,ng,Jxo, VN 2>1,

\

where the sequences {ay} and {0y} satisfy the following conditions:

0<d,<1, limsupdo <1, 0<ay,<1, liminfa,(1-—«a)>0,
n—oo

n—oo

converges strongly to Ilpsynvra,cydzo-

A mapping A : D(A) C E — E* is said to be monotone if the following
inequality holds:

(Ar — Ay,xz —y) >0, Va,yec D(A). (1.5)

A is said to be A—inverse strongly monotone if there exists a positive real
number A such that

(v —y, Az — Ay) > \|Az — Ay|]®, Va,y € D(A). (1.6)

If A is A—inverse strongly monotone, then it is Lipschitz continuous with
constant 1, i.e., ||[Az — Ay|| < }|lz — yl|, Va,y € D(A), and hence uniformly

continuous.

For finding an element of a nonexpansive mapping and VI (A, C'), Takahashi
and Toyoda [38] introduced the following iterative scheme in a Hilbert space
H:

Tntl = QnZp + (1 — ap)SPo(xy — pnAzy), n>1, (1.7)
where xg € C, Po is a metric projection of H onto C, A is a A—inverse strongly
monotone operator. Furthermore they proved a weak convergence theorem.
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Theorem 1.5. ([38], Theorem 3.1) Let C' be a closed convex subset of a real
Hilbert space H. Let A > 0. Let A be an A\—inverse strongly-monotone map-
ping of C into H, and let S be a nonexpansive mapping of C into itself such
that F(S)NVI(A,C) # (. Let {x,} be a sequence generated by (1.7) for all
n € NU{0}, where {un} C [a,b] for some a, b € (0,2X) and {an} C [c,d]
for some ¢, d € (0,1). Then, {x,,} converges weakly to z € F(S)NVI(A,C),
where z = limn_mo PF(S)OVI(A,C)xn'

Let f: C x C — R be a bifunction. The equilibrium problem for f is as
follows: Find & € C such that

f(i,y) >0, VyeC. (1.8)

The set of solutions of the problem (1.8) is denoted by EP(f). For solving the
equilibrium problem, let us assume that a bifunction f satisfies the following
conditions:

(A1) f(z,z) =0 for all z € C,
(A2) f is monotone, that is, f(z,y) + f(y,z) <0 for all z,y € C;
(A3) forall x, y, z € C,

limsup f(tz + (1 — t)z,y) < f(x,y);
)

(A4) for all x € C, f(x,-) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C' into E*
and define

f(flf,y):<AI13,y—{L’>, V377y60-
Then f satisfies (A1)-(A4).

Let f: C x C — R be a bifunction and let B : C — E* be a monotone
mapping. The generalized equilibrium problem (for short, GEP) for f and B
is to find & € C such that

f(@,y)+(Bi,y—2) 20, VyeC. (1.9)
The set of solutions for the problem (1.9) is denoted by GEP(f, B), i.e.,
GEP(f,B):={zteC: f(z,y)+ (Bt,y—x) >0, VyeC}.

If B=01in (1.9), then GEP(1.9) reduces to the classical equilibrium problem
and GEP(f,0) is denoted by EP(f), i.e.,

EP(f):={2e€C: f(i,y) >0, VyeCl}.
Equilibrium problems, which were introduced in [5] in 1994, have had a

great impact and influence in the development of several branches of pure and
applied sciences. It has been shown that equilibrium problem theory provides a
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novel and unified treatment of a wide class of problems which arise in econom-
ics, finance, physics, image reconstruction, ecology, transportation, network,
elasticity and optimization. Numerous problems in physics, optimization and
economics reduce to finding a solution of the problem (1.5). Some methods
have been proposed to solve the equilibrium problem in a Hilbert space; See
[5, 20, 21].

In this paper, motivated and inspired by the results mentioned above, we
introduce a new hybrid projection algorithm based on the shrinking projection
method [31, 37] for two hemi-relatively nonexpansive mappings. Using the new
algorithm, we prove some strong convergence theorem which approximate a
common element in the fixed points set of two hemi-relatively nonexpansive
mappings, the solutions set of a variational inequality and the solutions set of
the equilibrium problem in a uniformly convex and uniformly smooth Banach
space. Our results extend and improve the recent ones announced by Li [16],
Fan [11], Liu [17], Takahashi and Toyoda [38], Kamraksa and Wangkeeree [14]
and many others.

2. PRELIMINARIES

A Banach space F is said to be strictly convex if L;ry < 1for all z,y €

E with ||z|| = |ly|| = 1 and « # y. It is said to be uniformly convex if
lim,, o0 [|Zn — yn|| = 0 for any two sequences {x,} and {y,} in E such that
]l = llynll = 1 and lim_,oc || =252 = 1.

Let Ug = {z € E : ||z|| = 1} be the unit sphere of E. Then the Banach
space F is said to be smooth provided

t —
et tyll = ]

2.1
t—0 t ( )

exists for each xz,y € Ug. It is also said to be uniformly smooth if the limit
(2.1) is attained uniformly for z,y € Ug.

It is well known that, if F is uniformly smooth, then J is uniformly norm-to-
norm continuous on each bounded subset of F and, if E is uniformly smooth
if and only if E* is uniformly convex.

A Banach space F is said to have the Kadec-Klee property if, for a sequence
{zy} of E satisfying that x,, = = € F and ||xy|| — ||z||, zn — z. It is known
that, if E is uniformly convex, then F has the Kadec-Klee property; see,
[9, 35, 36] for more details.

Let C be a closed convex subset of £¥ and T" be a mapping from C into
itself. A point p in C is said to be an asymptotic fixed point of T if C
contains a sequence {x,} which converges weakly to p such that the strong
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limy, 00 (2, — T'zy,) = 0. The set of asymptotic fixed points of T is denoted by
F(T).

Recall that an operator T in Banach space is said to be closed if z,, — =
and Tz, — y implies Tz = y.
A mapping T from C into itself is said to be nonexpansive if

[Tz —Ty|| < [z —yll, Va,yeCl.
The mapping T is said to be relatively nonexpansive [13, 18, 19] if
F(T) = F(T) #0, ¢(p,Tz) < é(p,x), Yz eC, peF(T).

The asymptotic behavior of a relatively nonexpansive mapping was studied
in [13, 18, 19]. A point p € C is called a strong asymptotic fixed point of
T if C contains a sequence {z,} which converges strongly to p such that
limy, o0 (2, — Txy) = 0. The set of strong asymptotic fixed points of T is
denoted by F(T).

A mapping T from C into itself is said to be relatively weak nonexpansive
if

F(T)=F(T)#0, ¢(p,Tx) < d(p,x), Ve, peF(T).
The mapping T is said to be hemi-relatively nonexpansive if
¢(p,Tz) < ¢(p,x), VxeC, peFT).

It is obvious that a relatively nonexpansive mapping is a relatively and weakly
nonexpansive mapping and, further, a relatively and weakly nonexpansive
mapping is a hemi-relatively nonexpansive mapping, but the converses are
not true as in the following example.

Example 2.1. ([34]) Let E be any smooth Banach space and xo # 0 be any
element of . We define a mapping T : £ — FE as follows: For all n > 1,

1 1 : 1
T(z) = {(2 + gurr )20, if © = (3 + v )20,

+ 2%)950-

-, if x # (

Then T is a hemi-relatively nonexpansive mapping, but it is not relatively
nonexpansive mapping.

N[ N[

Next, we give some important examples which are hemi-relatively nonex-
)
pansive.

Example 2.2. ([23]) Let E be a strictly convex reflexive smooth Banach
space. Let A be a maximal monotone operator of F into E* and J, be the
resolvent for A with r > 0. Then J, = (J + rA)~'J is a hemi-relatively
nonexpansive mapping from E onto D(A) with F(J,.) = A~10.
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In [4, 12], Alber introduced the functional V' : E* x E' — R defined by

V(g,z) = [0 - 2(¢, x) + [, (2.2)
where ¢ € E* and x € E. It is easy to see that
V(g,z) = (o] - [l])® (2.3)

and so the functional V : E* x E — R™T is nonnegative.

In order to prove our results in the next section, we present several defini-
tions and lemmas here.

Definition 2.3. ([13]) If E be a uniformly convex and uniformly smooth
Banach space, then the generalized projection Il : E* — C is a mapping
that assigns an arbitrary point ¢ € E* to the minimum point of the functional
V(¢,x), i.e., a solution to the minimization problem

V(6.11c(0)) = inf V(0.) (24)

Li [16] proved that the generalized projection operator Il : E* — C is
continuous if F is a reflexive, strictly convex and smooth Banach space.
Consider the function ¢ : E x E — R is defined by

o(z,y) =V (Jy,z), Va,yckE.

The following properties of the operator Il and V are useful for our paper
(see, for example, [1, 16]).

(B ) V : E* x E — R is continuous.

V(¢,z) =0 if and only if ¢ = Jz.

(JHc(gb) x) <V(¢p,z) for all p € E* and x € E.
The operator Il is J fixed at each point x € E* and x € F.
If FE is smooth, then, for any given ¢ € E* and =z € C, x € Ilg(9¢) if
and only if

\./\/\/\/

(B2

(B3
(B4
(B5

(p —Jz,x —y) >0, VyeC.
(B6) The operator Il : E* — c is single valued if and only if E is strictly
convex.
(B7) If E is smooth, then, for any given point ¢ € E* and x € II¢(¢), the
following inequality holds:

V(Jz,y) <V(d,y) —V(gp,x), VyeC.

(B8) v(¢, X) is convex with respect to ¢ when x is fixed and with respect
to x when ¢ is fixed.
(B9) If E is reflexive, then, for any point ¢ € E*, Ilo(¢) is a nonempty
closed convex and bounded subset of C.
Using some properties of the generalized projection operator I, Alber [1]
proved the following theorem.
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Lemma 2.4. ([1]) Let E be a strictly convex reflexive smooth Banach space.
Let A be an arbitrary operator from a Banach space E to E* and 3 be an ar-
bitrary fized positive number. Then x € C' C E is a solution of the variational
inequality (1.1) if and only if x is a solution of the following operator equation
n B

z=1lg(Jx — fAzx). (2.5)

Lemma 2.5. ([13]) Let E be a uniformly convex smooth Banach space and
{yn}, {zn} be two sequences of E such that either {yn} or {z,} is bounded. If
im0 @(Yns 2n) = 0, then limpy o0 ||y — 2a] = 0.

Lemma 2.6. ([7]) Let E be a uniformly convex and uniformly smooth Banach
space. We have

6+ ®|* < [|9]> + 2(®, J (¢ + @), Vo, ®€ E". (2.6)

From Qin et al. [22], the following lemma can be obtained immediately.

Lemma 2.7. Let E be a uniformly convex Banach space, s > 0 be a positive
number and Bs(0) be a closed ball of E. Then there exists a continuous, strictly
increasing and convex function g : [0,00) — [0,00) with g(0) = 0 such that

IS (i) | < 23 (eillel|?) — asajg(flas — ) (2.7)
for all z1,29, -,y € Bs(0) = {z € E : |z|| < s}, i # j for alli,j €
{1,2,--- N} and a1, a9, -+ ,ayn € [0,1] such that ¥ a; = 1.

Lemma 2.8. ([5]) Let C be a closed and conver subset of a smooth, strictly
convexr and reflexive Banach spaces E, f be a bifunction from C x C to R
satisfying the conditions (B1)-(B4) and let r > 0, x € E. Then there ezists
z € C such that

1
fzy)+ {y—2Jz=Jz) 20, Vyel. (2.8)

Lemma 2.9. ([39]) Let C be a closed and convex subset of a uniformly smooth,
strictly convex and reflexive Banach spaces E, let f be a bifunction from C' xC
to R satisfying (B1)-(B4). For allT > 0 and x € E, define the mapping

1
TT:L":{zeC:f(z,y)+r<y—Z,JZ—J$>207 VyEC}.

Then, the following statements hold:
(C1) T, is single-valued;
(C2) T, is a firmly nonexpansive-type mapping, that is, for all x, y € E,
(Trx — Ty, JTyx — JTyy) < (Trx — Ty, Jo — Jy);
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(C3) F(T;) = F(T;) = EP(f);
(C4) EP(f) is closed and convez.

Lemma 2.10. ([39]) Let C be a closed convex subset of a smooth, strictly
convezx, and reflerive Banach space E, let f be a bifunction from C x C' to R
satisfying (C1)-(A4), and let r > 0. Then, for z € E and q € F(T}),

¢(Q7 Trx) + (b(TrfL‘, ZL‘) < ¢(Q7 l‘) (2'9)

Remark 2.11. Replacing z with J~(Jz —rB(z)) in (2.8), where B is mono-
tone mapping from C' into E*, then there exists z € C' such that

1
f(z,y)+<B:c,yfz>+;(yfz,szJ:1:)20, VyeC. (2.10)

Lemma 2.12. Let C be a closed and convex subset of a smooth, strictly con-
vex and reflexive Banach space E, B : C — E* a monotone and continuous
mapping, f a bifunction from C x C to R satisfying the conditions (A1)—(A4).
For all r > 0, the following statements hold.

(i) for x € E, there exists z € C such that
1
f(z,y)+ (Bz,y — 2) + ;(y —z,Jz—Jz) >0, VYyeC;

(ii) of E is additionally uniformly smooth and K, : E — C' is defined as

1
er:{zEC:f(z,y)+<Bz,y—z)+T(y—z,Jz—Jx}
(2.11)
>0, VyEC}, VrekFE.

Then the mapping K, has the following Properties:
(D1) K, is single-valued;
(D2) K, is a firmly nonexpansive-type mapping, that is, for all z, y € E,
(Kyx — Ky, JKpx — JKy) < (Ko — Ky, Je — Jy); (2.12)
(D3) F(K,) = F(K,) = EP(f, B);
(D4) EP(f,B) is closed and convex subset of C;
(D5) o(p, Krx) + ¢(Kra, x) < ¢(p,x), Vp e F(K,).
Proof. Define a bifunction F : C' x C — R as follows:
F(Zay):f(zvy)+<BZ7y_Z>7 Vz,yEC.

Then it is easy to imply that F satisfies conditions (A1)—(A4). Therefore, from
Lemma 2.8-2.10, statements (i), (ii) of Lemma 2.12 follow immediately. [
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Lemma 2.13. ([17], Lemma 2.6) If E is a reflexive, strictly convex and smooth
Banach space, then o = J 1.

Lemma 2.14. ([34], Lemma 2.6) Let E be a strictly convex and smooth real
Banach space, C' be a closed convexr subset of E and T be a hemi-relatively
nonexpansive mapping from C' into itself. Then F(T) is closed and convex.

3. MAIN RESULTS

Theorem 3.1. Let E be a uniformly convexr and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(A4). Assume that Ay, Ay
are two continuous operators of C' into E* satisfying the conditions (1.2) and
(1.3), B is a continuous and monotone operator of C into E*and S,T : C' — C
are two closed hemi-relatively nonexpansive mappings with F := F(S)NF(T)N
VI(A1,C)NVI(Ay,C)NGEP(f,B) # 0. Let {x,} be a sequence generated by
the following iterative scheme:

xg € C chosen arbitrarily,
2t =To(Jzn — niAizy), i=1, 2,
yn = To(B0 Ty + FLITZ + 52IS22),
up, € C such that f(up,y) + (Bun,y — uy,
—1—%(3,/ — Up, Jup, — Jyp) >0, VyeC,

Cry1={2€Cy: ﬂi:LQ d(z,un) < o(2,yn)

< (1= B)8(220) + Bro(z, 2,)

< ¢(z,2n)},
Co=C,
T+l = HCn+1Jx0, Vn Z 1,

where {89}, {BL} and {B2} are the sequences in [0,1] with the following re-
strictions:

() Bo+ By + 87 =15

(b) {rn} C [a,00) for some a > 0;

(¢) liminf, e B2BL > 0 and liminf,, o BY82 > 0.
Then the sequence {x,} converges strongly to a point IlpJxy, where I is the
generalized projection from C onto F.

Proof. We divide the proof into five steps.
Step 1. HFJH,’O and HC

1T are well defined.
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From Lemma 2.12 (D5), Lemma 2.14 and Theorem 1.1, one has that IIrJxg
is well defined. Next, we show that C), is closed and convex for all n € NU{0}.
From the definitions of Cy, it is obvious that C), is closed for all n € NU {0}.

Next, we prove that C, is convex for all n € N U {0}. Since ¢(z,u,) <
#(2,yn) is equivalent to 2(z, Jyn — Jun) < |lynl|* — [|[unl/?, for i = 1,2, we have

Oz, yn) < (1= Bz, n) + Br0(2, 23)
is equivalent to

20z, (1= By)Jan + Bz — Jyn) < (1= By)llznl® + Bullzpl® = lyml®,

and ‘ ' ‘

(1= Bn)o(z,2n) + Bro(2, 2,) < 6(2,2n)
is equivalent to

2(z, Jan — Jz) < llzal® = [l25]1%,

it follows that C), is convex for all n € NU {0}. Thus, for all n € NU {0}, C,
is closed and convex and so Il¢, , Jxq is well defined.
Step 2. F C C, for all n € NU{0}.

Observe that F' € Cy = C' is obvious. Suppose that F' C C,, for some n € N.
Let w € F C C,,. Then, from the definition of ¢ and V', the property (B3) of
V', Lemma 2.6, the conditions (1.2) and (1.3), for all n € NU {0}, i =1, 2, it
follows that

o(w, Uo(Jzy — nidizn))

=V(Jle(Jx, — niAixy,), w)

<V (Jxzp — niAizy,w)

= Ty — miAsn||® = 2(Jy — 0 Asn, w) + [[w]?

< HJ:BnH2 — 20 (A, J_l(an — niAiTy))
—2(Jxy — niAizn, w) + |w|?

< [Tzl = 2(Jan, w) + Jw||?

= ¢(w, xy).

Since u, = K, Yn, applying Lemma 2.12; the properties (B3) and (B8) of the
operator V and (3.4), we obtain

P(w, upn) = d(w, Ky, yn) < d(w,yn) = V(Jyn, w)
< BV (Jan, w) + BLV (JT 2L, w) + B2V (S22, w)
< Bpo(w,zn) + Bro(w, 2,) + Bro(w, 27) (3:3)
< B2¢(w, Ty) + ﬁTquﬁ(w, Tn) + B?qu(w? Tp)
= ¢(w, xy),
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which shows that w € C),11. This implies that F' C C,, for all n € NU {0}.
Step 3. {z,} is a Cauchy sequence.

Since x, = IIg, Jzg and F C C),, we have V(Jxg,z,) < V(Jzg,w) for all
w € F. Therefore, {V(Jxg,x,)} is bounded. Moreover, from the definition

of V, it follows that {x,} is bounded. Since z,41 = ¢, ,Jrg € Cpy1 and

xy, = I, Jxo, we have V (Jxo, zy) < V(Jxg,zn11) for all n € NU{0}. Hence
{V(Jzg,zy)} is nondecreasing and so lim,, o V' (Jxg, x,) exists. By the con-
struction of C),, we have that C,, C C, and z,, = Il¢g,, Jzg € C, for any
positive integer m > n. From the property (B3), we have

V(Jzp, xm) < V(Jxo,Tm) — V(Jxo, Tp)
for all n € NU {0} and any positive integer m > n. This implies that
V(Jzp,zm) =0 as n,m — oo.
The definition of ¢ implies that
d(Tm,xn) >0 as n,m — oo. (3.4)
Applying Lemma 2.5, we obtain
|Xm —znl| =0 as n,m — oo. (3.5)

Hence {z,} is a Cauchy sequence. In view of the completeness of a Banach
space F and the closeness of C', it follows that

nh_)rlgo Tp =P (3.6)
for some p € C.
Step 4. p€ F.
First, we show that p € F(S) N F(T'). In fact, since x,41 € Cp41, we have
(Tnt1, Uun) < G(Tnt1, Tn).
Thus, by (3.4) and Lemma 2.5, we have that

[€n41 = unl| =0 as n— oo,

and hence
|lzn — unl| < |Tn — Tngi|| + [|Tns1 —unll = 0 as n — oo, (3.7)
which implies that
lim u, = lim z, =p. (3.8)
n—oo n—oo

On the other hand, since J is uniformly norm-to-norm continuous on bounded
sets, one has
lim ||Jz, — Ju,| = 0. (3.9)
n—oo
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Since {x,} is bounded, {Jz,}, {JTx,} and {JSz,} are also bounded. Since E
is a uniformly smooth Banach space, one knows that E* is a uniformly convex
Banach space. Let r = sup,>o{||Jxnll, [|[JTxx, || JSzy||}. Therefore, from
Lemma 2.7, it follows that there exists a continuous strictly increasing convex
function ¢ : [0,00) — [0, 00) satisfying ¢(0) = 0 and the inequality (2.7). It
follows from the property (B3) of the operator V, (3.2) and the definition of
S and T that

P(w, yn)
=V (Jyn,w)
<V(BYJwy + BEIT 2L + B2TS22, w)
= ¢(w, J By Ty + By I Tz, + ] Sz))
= [Jwl* = 287 (w, Jxy) — 28, (w, JT2,) — 26, (w, JSz3)
+ 18T + BTz, + BrJ Sz |12 (3.10)
< |lwll* = 265 (w, Jap) — 26, (w, JTz,) — 267 (w, JSz;)
+ Bl Janl® + Bull T T2, |* + Ball TSz |1 — BuBrg(l| Tz — JTzy )
= Bnp(w, x) + Brd(w,Tz,) + B d(w, Sz1) = BuBug(|[Jan — T T2, )
< Bro(w, xp) + Bad(w, ) + Bad(w, wn) — BrBrg((|Jzn — JT 2, )
= ¢(w,zn) = BpBpg([|Jzn — JT 2 ).
On the other hand, from (3.3), we get that
P(w,up) = d(w, Kr,yn) < ¢(w,yn). (3.11)
Substituting (3.10) into (3.11), we obtain that
$(w,un) < d(w,x0) = BpBrg([|Jzn = JT2]))-
The above inequality implies that
Bubug(lJzn — TT2,l) < d(w, ) — p(w, ), (3.12)
and we have
P(w, zn) — P(w, un) = 2(Jup — Jon, w) + ||$n||2 - ||un||2

< 2(Jun = Jan, p) + (2]l = llual)(lzall + l[unl])
< 2| Jun = Jzalllwll + lln = unll(lzall + llunl])-

It follows from (3.7) and (3.8) that
li_>m (p(w, ) — d(w,uy)) = 0. (3.13)
In view of liminf, . 823 > 0, the inequality (3.12) implies that

g(|Jzn — JT2L) -0 as n — .
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Therefore, from the property of g, we get that
|Jzn — JT2L| -0 as n— occ.

Furthermore, since J~! is uniformly norm to norm continuous on bounded
sets, we see that
|zn — Tz =0 as n — oco. (3.14)

On the other hand, By the construction of C,,, we know that
¢(z un) < (1= Bo)o(2,an) + Bz, 2) < d(2, 20).

From x,4+1 = Jxg € Cpy1, we have

n+1

P(Tng1,un) < (11— 5 )P(Tnt1,Tn) + 5 A(Tpy1, n) < O(Tnt1, Tn)-
It follows from (3.8) that
¢(Tni1,2.) =0 as n — oo.
Applying Lemma 2.5, one has
|2ns1 — 2L =0 as n— oo,
and by (3.5), we obtain that
|20 — 25| < ll2n — Zpaa | + [|Tnr — 2L = 0 as n — oo. (3.15)
Thus, from (3.14) and (3.15), we obtain that
Izt = Tzh | <l2) — xnll + l2n — T2E| =0 as n — oo.
Similarly, one can obtain that
|z — 22| = 0 as n — oo

and
|22 — S22 -0 as n — oo.

Thus, from the closedness of S, T', we obtain that p € F'(S) N F(T).

Secondly, we show that p € GEP(f, B), from w, = K, x, and the con-
struction of Cy,, one has

(tn, yn) = ¢(Kr, Yn, Yn)
< o(w,yn) — d(w, Ky, yn)
< d(w, xn) — ¢(w, Ky, yn)
< d(w, xy) — P(w, un).

And by (3.13) it follows that
&(Uun,yn) >0 as n — oo.
Applying Lemma 2.5, we obtain

| —ynl| = 0 as n — co.
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Since J is a uniformly norm-to-norm continuous on bounded sets, one has
lim || Ju, — Jy,| = 0.
n—oo

From the assumption that r, > a, one has

lim | Jwn — Jyn| _

n—00 Tn

0.
Observing that u, = K, yn, one obtains

1
F(up,y) + —(y — up, Jup, — Jy) >0, VyeC,

Tn
where F(un,y) = f(tun,y) + (Bup,y — u,). From (A2), one gets
| [Jun = Jyn|| > 1

[yn — tnl|—————— = — (Y — un, Jun — Jyn)
Tn Tn
< F(y,un), VyeC.

Taking n — oo in above inequality, it follows from (A4) and (3.8) that
F(y,p) <0, VyeC.
Forall 0 < ¢t < 1andy € C, define y; = ty + (1 — t)p. Note that y, p € C, one
obtains y; € C, which yields that F(y;,p) < 0. It follows from (A1) that
0= F(ye,ye) < tF(ye,y) + (1 = 1) F(ye, p) < tF(ys,y),
that is
F(y,,y) = 0.

Let ¢t | 0. From (A3), we obtain F(p,y) > 0 for all y € C, which imply that
p € GEP(, B).

Finally, we show that p € VI(A;,C) N VI(A2,C). In fact, by (3.15), we
have

\Me(Jzy —mAi1x,) — 2] =0 as n — oco.

Since lim,, o T, = p, We obtain

. 1
lim z, =p.
n—oo
Similarly, one can also have
. 2
lim z, = p.
n—oo

By the continuity of the operator J, A1, Ilo, we have
lim [[Tle(Jzn —mAiz,) — He(Jp — mAip)| =0
n—oo
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Note that
e (Jzn —mArzn) —p)l| < |He(Jzn — mAiz,) — 20|l + |20 — pl|
—0 as n — oo.

Hence it follows from the uniqueness of the limit that p = o (Jp — m1A1p).
From Lemma 2.4, we have p € VI(A;,C). By the same way, we can also know
that p € VI(A2,C) and so p € VI(A;,C) N VI(Ag,C). Therefore, we have
p € F.

Step 5. p=pJxg.
Since p € F, from the property (B3) of the operator II¢, we have

On the other hand, since ;41 = Il¢,,, Jxg and F' C Cy4q for all n € NU{0},
it follows from the property (B7) of the operator Il that

V(Jl’lurl, HFJiL'o) + V(Jxo, l’n+1) < V(Jl‘o, HFJ:E()). (3.17)
Furthermore, by the continuity of the operator V', we get
lim V(J20, 21) = V(J20.p). (3.18)

Combining (3.16), (3.17) with (3.18), we obtain
V(Jzo,p) = V(Jxo, llpJao).

Therefore, it follows from the uniqueness of IlpJxy that p = lIgpJxg. This
completes the proof. O

Remark 3.2. Theorem 3.1 improves Theorem 3.1 of Liu [17] and Theorem
3.1 of Kamraksa et al. [14] in the following senses.

(1) The hemi-relatively nonexpansive mapping is more general than the
relatively weak nonexpansive one in Liu [17] and Kamraksa et al. [14].

(2) The iteration algorithms of Theorem 3.1 is modified Mann iteration
which is different from the modified Mann iteration given in Liu [17]
and Kamraksa et al. [14]; And, in contrast to Theorem 3.1 of Kam-
raksa et al. [14], our algorithm in Theorem 3.1 contacts with gen-
eralized equilibrium problem which is more general than equilibrium
problem.

Remark 3.3. See Remark 3.1 of Liu [17], Theorem 3.1 also does the corre-
sponding promotions about Liu [17] and Fan [11].

When S =T =1 in (3.1), we can obtain the new modified Mann iteration
for the variational inequality (1.1), the generalized equilibrium problem (1.9)
as follows.
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Corollary 3.4. Let E be a uniformly conver and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(A4). Assume that Ay, A
are two continuous operators of C into E* satisfying the conditions (1.2) and
(1.3), B is a continuous and monotone operator of C into E* with F =

VI(A1,C)NVI(A2, C)NGEP(f,B) # (. Let {xy} be a sequence generated by
the following iterative scheme:

xg € C chosen arbitrarily,
2t =T (Jzy — niAiry), i=1, 2,
yn = (B0 + BLIZE + 2722),
un € C such that f(un,y) + (Bup,y — up,
—i—%(y — Up, Juy — Jyp) >0, VyeC,

Cntr={2€Cyn: ni=1,2 P(z;un) < ¢(2,yn)

< (1= B)(z 20) + Bid(2 21) < Bz 2n)},
Co =C,
Tpy1 = e, Jxo, Vn>1,

where {89}, {BLY and {B%} are the sequences in [0, 1] with the following re-
strictions:

() B+ Bn + B = 1;
(b) {rn} C [a,00) for some a > 0;
(c) liminf, oo BYBE >0 and liminf, . BYB2 > 0.

Then the sequence {x,} converges strongly to a point g Jxo, where Il is the
generalized projection from C onto F.

If 32 = 0 in (3.1), then the iteration scheme (3.1) reduces to the new
modified Mann iteration for one closed hemi-relatively nonexpansive mapping,
the variational inequality (1.1) and the generalized equilibrium problem (1.9)
as follows.

Corollary 3.5. Let E be a uniformly convex and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(A4). Assume that A is a
continuous operator of C' into E* satisfying the conditions (1.2) and (1.3), B
s a continuous and monotone operator of C into E*and T : C — C is a closed
hemi-relatively nonexpansive mapping with

F:= F(T)NVI(A,C)NGEP(f,B) # 0.
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Let {x,} be a sequence generated by the following iterative scheme:

xg € C chosen arbitrarily,
zn = Ho(Jxy — nAxy,),
yn = Ho(anJxn, + (1 — ap)JTzy),
un, € C such that f(un,y) + (Bun,y — un,)
+%<y — U, Juy — Jyn) >0, Vy e C,
Cni1={2 € Cn : ¢(2,un) < ¢(2,Yn)
< an@(z,2n) + (1 — an)d(2, 2n) < ¢(2,2n)},
Co=0C,
(Zni1 =g, Jxg, Vn>1,

where {ay,} is a sequence in [0, 1] with the following restrictions:
(a) liminf, o an(1 — ay) > 0;
(b) {rn} Cla,o0) for some a > 0.

Then the sequence {x,} converges strongly to a point g Jxo, where Il is the
generalized projection from C onto F.

If the mapping A is a A—inverse strongly monotone mapping in Corollary
3.5, then the following result can be also obtained by Corollary 2.5 and The-
orem 3.1.

Corollary 3.6. Let E be a uniformly conver and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(As). Assume that A is a
A—inverse strongly monotone mapping of C into E* satisfying the conditions
(1.2) and (1.3), B is a continuous and monotone operator of C into E*and
T :C — C is a closed hemi-relatively nonexpansive mapping with F := F(T)N
VI(A,C)NGEP(f,B) # (. Let {x,,} be a sequence generated by the following
iterative scheme:

xg € C chosen arbitrarily,

zn = Ho(Jxy — nAxy),

yn = Heo(andJx, + (1 — ap)JTzy,),

up, € C such that f(un,y) + (Bup,y — uy)

+%<y — Up, JUup — Jyn) >0, VyeC,
C(n—i—l = {Z € Chp: ¢(Z,Un) < ¢(Z7yn)
< Oéngb(Z,l‘n) + (1 - an)¢(zy Zn) < Qb(Z,l‘n)},

Co=0C,
(Zny1 =g, Jxg, Vn>1,
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where {an} is a sequence in [0, 1] with the following restrictions:

(a) liminf, o0 an(1l — ) > 0;

(b) {rn} C[a,00) for some a > 0.
Then the sequence {x,} converges strongly to a point g Jxo, where I is the
generalized projection from C onto F.

Proof. Since A is A—inverse strongly monotone, by (1.6), we have
1
lAz — Ayll < Sl =y,

for all z, y € C, then it is Lipschitz continuous with constant % By Corollary
3.5, we can directly obtain that the sequence {z,} converges strongly to a
point IIpJxg. O

Remark 3.7. Corollary 3.6 improves Theorem 3.1 of Takahashi and Toyoda
[38] in the following senses:

(1) The hemi-relatively nonexpansive mapping is more general than a non-
expansive one in Takahashi and Toyoda [38].

(2) Our modified Mann iteration obtains strong convergence result about
a A—inverse strongly monotone mapping and a closed hemi-relatively
nonexpansive mapping and generalized equilibrium problem (1.9) in a
uniformly convex and uniformly smooth Banach space.

4. APPLICATIONS TO MAXIMAL MONOTONE OPERATORS

In this section, we apply the our main results to proving some strong con-
vergence theorem concerning maximal monotone operators in a Banach space
E.

Let B be a multi-valued operator from E to E* with domain D(B) = {z €
E: Bz # (0} and range R(B) = {z € E: z € D(B)}. An operator B is said to
be monotone if

(1 —m2,91 —y2) >0
for all 1,29 € D(B) and y; € Bz, y2 € Bxa. A monotone operator B is said
to be maximal if it’s graph G(B) = {(x,y) : y € Bz} is not properly contained
in the graph of any other monotone operator.

It is well known that, if B is a maximal monotone operator, then B~10 is
closed and convex.

The following result is also well known.

Lemma 4.1. ([30]) Let E be a reflexive, strictly convex and smooth Banach
space and B be a monotone operator from E to E*. Then B is mazimal if
and only if R(J +rB) = E* for allr > 0.
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Let E be a reflexive, strictly convex and smooth Banach space and B be a
maximal monotone operator from F to E*. Using Lemma 4.1 and the strict
convexity of F, it follows that, for all » > 0 and = € FE, there exists a unique
z, € D(B) such that

Jx € Jx, +rBzx,.

If J,x = x,, then we can define a single valued mapping J, : E — D(B) by
J» = (J+rB)~1J and such a J, is called the resolvent of B. We know that
B0 = F(J,) for all r > 0 (see [21, 35] for more details).

The following lemma plays an important role in our next theorem.

Lemma 4.2. ([33]) Let E be a uniformly convex and uniformly smooth Banach
space, B be a maximal monotone operator from E to E* and J,. be a resolvent
of B. Then J, is closed hemi-relatively nonexpansive mapping.

We consider the problem of strong convergence concerning maximal mono-
tone operators in a Banach space. Such a problem has been also studied in
[28, 29, 32]. Using Theorem 3.1, we obtain the following result.

Theorem 4.3. Let E be a uniformly convexr and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(As). Assume that Ay, As are
two continuous operators of C into E* satisfying the conditions (1.2) and (1.3),
B is a continuous and monotone operator of C into E*and By, Bs are two
mazimal monotone operators from E to E*, JB' and JP? are two resolvents
of By and Bs with

F:=B'0NB;'0NVI(A;,C)NVI(A2,C)NGEP(f) # 0.
Let {x,} be a sequence generated by the following iterative scheme:

xg € C chosen arbitrarily,
2t =To(Jzn — nidizy), i=1, 2,
yn = Ho(BpJan + By JP 2, + BrJ JP2 23),
uy € C such that f(un,y) 4+ (Bup,y — uy)
—i—rin(y—un,Jun—Jyn) >0, VyedC, (4.1)

Cni1={2€Cy: ni:1,2 P(2,un) < G2, yn)

< (1= B)o(z x0) + Br0(2, 21,) < 6(2, 24},
Co=0C,
Tny1 = e, Jxo, Vn >1,

where {89}, {BLY} and {B%} are the sequences in [0, 1] with the following re-
strictions:
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() Bo+ By + 87 =15

(b) {rn} Cla,o0) for some a > 0;

(c) liminf, 0o B26) >0 and liminf, . B9B2 > 0.
Then the sequence {x,} converges strongly to a point IlpJxy, where I is the
generalized projection from C onto F.

Proof. From Lemma 4.2, we know that JP' and JP' are two closed hemi-
relatively nonexpansive mappings. Furthermore, applying Theorem 3.1, we
can obtain that the sequence {x,} converges strongly to a point llpJzy. O

If 82 = 0 in (4.1), then the iteration scheme (4.1) is reduced to the new mod-
ified Mann iteration for zero of maximal monotone operator By, the variational
inequality (1.1) and the generalized equilibrium problem (1.9) as follows.

Corollary 4.4. Let E be a uniformly conver and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(As). Assume that A is a
continuous operator of C into E* satisfying the conditions (1.2) and (1.3),
B is a continuous and monotone operator of C' into E*and B is a mazimal
monotone operator from E to E*, JB' is a resolvent of By with

F:=B'0NVI(A,C)NGEP(f,B) # 0.
Let {x,} be a sequence generated by the following iterative scheme:

(19 € C chosen arbitrarily,

zn = Uo(Jxy — nAxy,),

yn = He(apJz, + (1 —ap)JJPrz,),

up € C such that f(un,y) + (Bun,y — up)

-y = un, Jup — Jyn) >0, VyeC,
Cnt1 =1{2€Cy : 0(2z,upn) < &(2,yn)
< and(z,2n) + (1 — an)d(z, 2n) < d(z,24)},

Co =C,

Tny1 = e, ., Jxo, Vn>1,

where {an} is a sequence in [0, 1] with the following restrictions:
(a) liminf, o an(1 — @) > 0;
(b) {rn} Cla,00) for some a > 0.

Then the sequence {x,} converges strongly to a point IlpJxy, where I is the
generalized projection from C onto F.

Considering B = 0 in Corollary 4.4, we can directly obtain the following
corollary by applying Corollary 4.4.
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Corollary 4.5. Let E be a uniformly conver and uniformly smooth Banach
space and C be a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying the conditions (A1)-(As). Assume that A is a
continuous operator of C' into E* satisfying the conditions (1.2) and (1.3), B
is a mazimal monotone operator from E to E*, JP is a resolvents of B with

F:=B'0nVI(A,C)NEP(f) #0.
Let {x,} be a sequence generated by the following iterative scheme:

xg € C chosen arbitrarily,
zp = Ho(Jxy — nAxy,),
Yn = HolanJz, + (1 — o) JJE2,),
up € C' such that f(un,y) + %(y — Up, Jup — Jyn) >0, VyeC,
Cni1=1{2 € Cp : ¢(2,un) < ¢(2,Yn)
< and(z,20) + (1 — an)d(2, 2n) < ¢(2,20)},
Co=C,
Tny1 = e, Jxo, Vn>1,

where {ay,} is a sequence in [0, 1] with the following restrictions:
(a) liminf, o0 an(1 — ) > 0;
(b) {rn} C [a,00) for some a > 0.

Then the sequence {x,} converges strongly to a point g Jxo, where Il is the
generalized projection from C onto F.

Acknowledgments: The author is supported by the National Natural Sci-
ence Foundation of China (grant No. 61603227), Shandong Provincial Natu-
ral Science Foundation, China (Grant No. ZR2015AL001), and the Project
of Shandong Province Higher Educational Science and Technology Program
(grant No. J15LI51).

REFERENCES

[1] Ya. Alber, Metric and generalized projection operators in Banach spaces: properties and
applications. In: Kartsatos, A. (ed.) Theory and Applications of Nonlinear Operators
of Monotonic and Accretive Type, Marcel Dekker, New York (1996), 15-50.

[2] Ya. Alber and S. GuerreDelabriere, On the projection methods for fized point problems,
Anal., 21 (2001), 17-39.

[3] Ya. Alber and A. Notik, On some estimates for projection operator in Banach space,
Comm. Appl. Nonlinear Anal., 2 (1995), 47-56.

[4] Ya. Alber and S. Reich, An iterative method for solving a class of nonlinear operator
equations in Banach spaces, PanAmer. Math. J., 4 (1994), 39-54.



482

[5]

[24]

[25]

Z. M. Wang

E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium
problems, Math. Student, 63 (1994), 123-145.

D. Butnariu, S. Reich and A.J. Zaslavski, Weak convergence of orbits of nonlinear
operators in reflerive Banach spaces, Numer. Funct. Anal. Optim., 24 (2003), 489-508.
S.S. Chang, On Chidumes open questions and approximate solutions of multivalued
strongly accretive mapping in Banach spaces, J. Math. Anal. Appl., 216 (1997), 94—
111.

C.E. Chidume and J. Li, Projection methods for approzimating fized points of Lipschitz
suppressive operators, PanAmer. Math. J., 15 (2005), 29-40.

I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems,
Kluwer Academic, Dordrecht (1990).

P.L. Combettes and S.A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Non-
linear Convex Anal., 6 (2005), 117-136.

J. Fan, A Mann type iterative scheme for variational inequalities in noncompact subsets
of Banach spaces, J. Math. Anal. Appl., 337 (2008), 1041-1047.

S. Ishikawa, Fized points by a new iteration method, Proc. Amer. Math. Soc., 44 (1974),
147-150.

S. Kamimura and W. Takahashi, Strong convergence of a proximal-type algorithm in o
Banach space, STAM J. Optim., 13 (2002), 938-945.

U. Kamraksa and R. Wangkeeree, Convergence theorems based on the shrinking projec-
tion method for variational inequality and equilibrium problems, J. Appl. Math. Com-
put., 37 (2011), 159-176.

F. Kohasaha and W. Takahashi, Strong convergence of an iterative sequence for mazximal
monotone operators in Banach spaces, Abstr. Appl. Anal., 2004 (2004), 239-249.

J. Li, On the ezistence of solutions of variational inequalities in Banach spaces, J. Math.
Anal. Appl., 295 (2004), 115-126.

Y. Liu, Strong convergence theorems for variational inequalities and relatively weak non-
expansive mappings, J. Glob. Optim., 46 (2010), 319-329.

S. Matsushita and W. Takahashi, Weak and strong convergence theorems for relatively
nonexpansive mappings in Banach spaces, Fixed Point Theory Appl., 2004 (2004), 37—
47.

S.Y. Matsushita and W. Takahashi, A strong convergence theorem for relatively nonez-
pansive mappings in a Banach space, J. Approx. Theory, 134 (2005), 257-266.

A. Moudafi, Second-order differential prozimal methods for equilibrium problems, J.
Inequal. Pure Appl. Math., 4 (2003), 1-7.

X. Qin, S.S. Chang and Y.J. Cho, Iterative methods for generalized equilibrium problems
and fixed point problems with applications, Nonlinear Anal., 11 (2010), 2963-2972.

X. Qin, S.Y. Cho and S.M. Kang, Strong convergence of shrinking projection methods
for quasi-¢-nonexpansive mappings and equilibrium problems, J. Comput. Appl. Math.,
234 (2010), 750-760.

X. Qin, Y.J. Cho and S.M. Kang, Convergence theorems of common elements for equi-
librium problems and fized point problems in Banach spaces, J. Comput. Appl. Math.,
225 (2009), 20-30.

X. Qin, Y.J. Cho and S.M. Kang, Convergence analysis on hybrid projection algorithms
for equilibrium problems and wvariational inequality problems, Math. Modelling Anal.,
14 (2009), 335-351.

X. Qin, Y.J. Cho and S.M. Kang, Viscosity approrimation methods for generalized
equilibrium problems and fized point problems with applications, Nonlienar Anal., 72
(2010), 99-112.



[26]

[27]

[28]

Convergence theorems based on the shrinking projection method 483

X. Qin and S.M. Kang, Convergence theorems for inverse-strongly monotone mappings
and quasi-phi-nonerpansive mappings, Bull. Korean Math. Soc., 46 (2009), 885-894.
S. Reich, Review of Geometry of Banach Spaces Duality Mappings and Nonlinear Prob-
lems by loana Cioranescu, Kluwer Academic Publishers, Dordrecht, 1990; Bull. Amer.
Math. Soc., 26 (1992), 367-370.

S. Reich, A weak convergence theorem for the alternating method with Bregman distance,
mn: A.G. Kartsatos(Ed.), Theory and Applicationsof Nonlinear Operatorsof Accretive
and Monotone Type, Marcel Dekker, New York (1996), 313—-318.

S. Reich, Constructive techniques for accretive and monotone operators, Applied Non-
linear Analysis, in: Proceedings of the Third International Conference University of
Texas, Arlington, TX, 1978, Academic Press, New York (1979), 335-345.

R.T. Rockafellar, On the mazimality of sums of nonlinear monotone operators, Trans.
Amer. Math. Soc., 149 (1970), 75-88.

S. Saewan and P. Kumam, The shrinking projection method for solving generalized equi-
librium problems and common fixed points for asymptotically quasi-j-nonexpansive map-
pings, Fixed Point Theory and Applications, 2011 (2011):9.

M.V. Solodov and B.F. Svaiter, Forcing strong convergence of proximal point iterations
in Hilbert space, Math. Program., 87 (2000), 189-202.

Y. Su, M. Li and H. Zhang, New monotone hybrid algorithm for hemi-relatively nonez-
pansive mappings and mazimal monotone operators, Appl. Math. Comput., 217 (2011),
5458-5465.

Y. Su, Z. Wang and H.K. Xu, Strong convergence theorems for a common fixed point of
two hemi-relatively nonezpansive mappings, Nonlinear Anal., 71 (2009), 5616-5628.
W. Takahashi, Nonlinear Functional Analysis, Yokohama-Publishers (2000).

W. Takahashi, Convexr Analysis and Approximation Fized points, Yokohama Publishers,
Yokohama (2000), (Japanese).

W. Takahashi, Y. Takeuchi and R. Kubota, Strong convergence theorems by hybrid
methods for families of nonexpansive mapping in Hilbert spaces, J. Math. Anal. Appl.,
341 (2008), 276-286.

W. Takahashi and M. Toyoda, Weak convergence theorems for nonerpansive mappings
and monotone mappings, Jour. Opti. Theo. Appl., 118 (2003), 417-428.

W. Takahashi and K. Zembayashi, Strong and weak convergence theorems for equilibrium
problems and relatively nonexpansive mappings in Banach spaces, Nonlinear Anal., 70
(2009), 45-57.



