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Abstract. In this paper, we present a multivalued coupled fixed point results in metric
spaces and discuss the stability of the fixed point sets of sequence of such multivalued map-
pings. For that purpose we introduce a notion of stability for coupled fixed point sets with

the help of the Hausdorff metric on a product space. We illustrate our result with examples.

1. INTRODUCTION

We present in this paper a multivalued coupled fixed point theorem for
multivalued coupled mappings which satisfies certain inequality which is a
combinations of Banach and Kannan types. After its origination in the cele-
brated of work in 1922 ([1]), the metric fixed point theory has developed over
the years in various directions. Banach’s result was carried into the domain
of multivalued analysis by Nadler, who in 1969 in his work [17] proved the
multivalued analog of Banach’s contraction mapping principle. The work was
followed by a large number of papers dealing with different multivalued con-
tractions and their fixed points. Several aspects of this development can be
found in [11]. Coupled fixed point theorems were introduced by Guo et al. [10]
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in the area of research. A problem related to coupled fixed points obtained a
boost after the publication of the result by Bhaskar et al. in 2006 ([3]). Some
works from this area are noted in [7, 9]. Multivalued extensions of coupled
fixed points appeared in works like [2, 18].

We also discuss stability of the coupled fixed point sets associated with the
multivalued coupled fixed point theorem which we prove here. It is a character
of multivalued mappings that their fixed points, when they exists, are often,
but not always non unique. It can be mentioned that the Nadler’s multivalued
contraction mappings theorem, unlike its counterpart on Banach’s result is not
a unique fixed point result. Thus stability analysis of fixed point sets find its
natural place in multivalued analysis. There are several results dealing with
the stability of fixed point sets as for instance [4]-[6], [8], [12]-[15], [16, 19]. We
establish that a sequence of contraction mappings satisfying the condition of
our theorem in complete metric spaces as stable coupled fixed point structure.

Before we present our findings in the next two sections, we highlight the
following points.
e We use a control function in the existence theorem of multivalued coupled
fixed point.
e We use Hausdorff metric in relation to the product of two metric spaces.
e We define the concept of stability for coupled fixed point sets.
e We illustrate both the existence of the coupled multivalued fixed point and
stability of coupled fixed point sets with an example.

2. PRELIMINARIES

The following are the concepts from setvalued analysis which we use in this
paper. Let (X, d) be a metric space. Then

Nx = {A: Ais a non-empty subset of X},

Bx = {A: Ais a non-empty bounded subset of X},

CBx = {A: Ais a non-empty closed and bounded subset of X} and

Cx = {A: Ais a non-empty compact subset of X }.

For z € X and B € Ny, the function D(z, B), and for A, B € CBy, the
function H(A, B) are defined as follows:

D(z, B) =inf {d(z, y) : y € B}

and

H(A, B) =max < sup D(z, B), sup D(y, A) ;.
€A yeB

H is known as the Hausdorff metric induced by the metric d on CBx ([17]).
Further, if (X, d) is complete then (CByx, H) is also complete.
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Nadler [17] established the following Lemma.

Lemma 2.1. ([17]) Let (X, d) be a metric space and A, B € CBx. Let ¢ > 1.
Then for every x € A, there exists y € B such that d(z, y) < q H(A, B).

Lemma 2.2. ([4]) Let (X, d) be a metric space and A, B € Cx. Then for
every x € A, there exists y € B such that d(z, y) < H(A, B).

The following is a consequence of Lemma 2.2.

Lemma 2.3. ([4]) Let (X, d) be a metric space and T : A — Cp be a
multivalued mapping. Let ¢ > 1. Then for a, b € A and x € Ta, there
exists y € Tb such that d(z, y) < q H(Ta, Tb) where A and B are two
nonempty compact subsets of X.

Definition 2.4. Let T': X — CBy be a multivalued mapping, where (X, p),
(Y, d) are two metric spaces and H is the Hausdorff metric on CBy. The
mapping 7" is said to be continuous at = € X if for any sequence {z,} in X,
H(Tx, Tx,) — 0 whenever p(z, x,) — 0 as n — oc.

Definition 2.5. ([18]) Let T': X x X — Nx be a multivalued mapping, a
point z € X is said to be fixed point of T', whenever z € Tz. Let T : X — Nx
be any mapping, a point (z, y) € X x X is said to be a coupled fixed point
of T, whenever x € T'(z,y) and y € T'(y, ).

Let (X, d) be metric space. Then n: X x X — [0,00) by
n((z, v), (u, v)) =d(z, u)+d(y, v), for (z, y), (u, v) € X x X.
We denote the Hausdorff metric with respect to this metric as follows.

Let (X,d)be any metric space, we denote by @ the Hausdorff metric on
X x X with respect to the metric 7 on X x X defined above, that is for
A7 B e CBXXX7

Q(A, B) = max { sup R((z, y), B), sup R((u, v), A)}

(z, y) €A (u, v)€B
where R((z, y), B) =inf {n((x, y), (u, v)): (u,v) € B}.

The following notion are related to stability study of coupled fixed points.
Let {T}, : T,, : X — Nx} be a sequence of multivalued mappings with re-
spective fixed point sets Fiz(T,). Let T, — T as n — oo and Fiz(T) be
the fixed point sets of T. The fixed point sets of T}, are said to be stable if
Fix(T,) — Fix(T) as n — oo, where the convergence is with respect to the
Hausdorff metric, that is, H(Fiz(T),), Fiz(T)) — 0 as n — oc.
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In the same vein, we introduce the following notion of stability for coupled
fixed point sets.

For any F': X x X — Nx the set of coupled fixed points is denoted by
CFiz(F) = {(u, v): (u, v) is a coupled fixed point of F'}.

Let {F, : F,, : X x X — Nx} be a sequence of multivalued mappings with
respective fixed point sets CFiz(F},). Let F;, = F as n — oo and CFiz(F)
be the coupled fixed point sets of I'. The coupled fixed point sets of F,, are
said to be stable if CFixz(T,,) — CFixz(T) as n — oo, where the convergence
is with respect to the Hausdorff metric, that is, Q(CFiz(F,), CFixz(F)) =0
as n — oo.

3. MAIN RESULTS

Theorem 3.1. Let (X,d) be a complete metric space. F : X x X — CBx
be a continuous coupled multivalued function. Suppose F' satisfy the following:

H(F(z,y), F(u,v))

< go(max{ w0 + d(y). Do, Flo) + Dl Fly.a),

D(u, F(u,v)) +D(v,F(v,u))}>, (3.1)

where 1 : [0,00) — [0,00) is any non decreasing function with Y ™ (t) < oo
and Y™ (t) is the n'" iterate of 1 and (t) < t for each t > 0. Then F has a
coupled fized point.

Proof. Let (z9,y0) € X x X, 21 € F(x0,y0) and y1 € F(yp, o). By Lemma
2.2 there exists x9 € F(x1,y1) and y2 € F(y1,21) such that

d(w1,22) < H(F(20,Y0), F'(21,91)), (3.2)

d(y1,y2) < H(F(yo, o), F(y1,21)). (3.3)
Since F' satisfy (3.1), therefore, we have from (3.2)

d(z1,72) < H(F(w0,%0), F(21,91))
< ;¢<max {d(l’ov 1) + d(Yo, Y1),
D(zo, F(x0,0)) + D(yo, F'(y0, o)),

D(scl,Fm,yl))+D<yl,F<yl,x1>>}), (3.4)
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1
d(z1,22) < 59 (max {d(xo, 1) + d(yo, y1), d(z1, z2) + d(y1, y2)}>- (3.5)
Again since F satisfy (3.1) therefore we have from (3.3)
d(yhy?) < H( (yOPrO) F(yhl’l))

< ¢<max{ (Y0, y1) + d(z0, 1),
D(yo, F(yo, w0)) + D(wo, (20, Y0)),

Dl Flyn, 1)) +D<x1,F<x1,y1>>}), (3.6)

d(y1,y2) < ;w<max {d(ﬂfo, r1) + d(yo, 1), d(w1, 72) + d(yl,y2)}>- (3.7)

Adding (3.5) and (3.7) we get,
d(z1,2) + d(y1,y2)
< ¢(max{d(xo,z1) + d(yo, y1),d(x1,z2) + d(y1,y2)}). (3.8)
Now,
max{d(zo, z1) + d(yo, y1), d(z1, 22) + d(y1,y2) } = d(xo, z1) + d(yo, y1),
because if
max{d(zo, 1) + d(yo, y1), (d(71,v2) + d(y1,y2)} = d(z1,22) + d(y1, Y2),
then
d(z1,22) + d(y1,y2) < P(d(w1,22) + d(y1,y2)) < d(w1,22) + d(Y1,92)-

If d(z1,72) = 0= d(y1,y2), then 1 = 22 € F(21,y1) and y1 = y2 € F(y1,92),
that is (21, y1) is a coupled fixed point of F'. We take d(z1,x2) # 0 # d(y1, y2),
and we arrive at a contradiction. Therefore,

d(z1,2) + d(y1,y2) < P(d(zo, 1) + d(yo, y1))- (3.9)
By Lemma 2.2, there exists x5 € F(x2,y2) and y3 € F(y2,x2) such that

d(z2,73) < H(F(x1,y1), F(22,%2))
1
< —tp(max{d(z1,x2) + d(y1,v2),

5Y (
D(z1, F(z1,91)) + D(y1, F(y1,71)),
D(za, F(x2,y2)) + D(y2, F(y2,72))}) (3.10)
(

= ; (max{d x17x2) + d(:‘/h y2)7 d(x% x3) + d(y27y3)})

= %¢(d($1,x2) +d(y1,92))- (3.11)
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Similarly we have,

Ay, 5) < gold(ar,22) + d(yn, ). (3.12)
Adding (3.11) and (3.12) we get,
d(z2,23) + d(y2,y3) < Y(d(z1,22) + d(y1,92))
< ?(d(zo, 21) + d(yo, y1))- (3.13)

Continuing and arguing as above we construct a sequence{(xy,,y,)}, where
Tnt1 € F(xn,yn) and ypy1 € F(Yn, Tn).
Now we have,
d(ﬂfn, lin—ﬁ-l) + d(yna yn+l) S Q;Z)n(d(l‘lh ZEl) + d(yO) yl))
Therefore,
Z(d@n,xnﬂ) + d(Yn, Ynt1)) < Z¢n(d(l‘o,ﬂf1) + d(yo,y1)) < +oo.
n

This implies that, d(x,,x,+1) < 0o, and d(yn, yn+1) < 00. Since (X, d) is
a complete metric space, therefore, x,, — x and y, — y as n — o0o. Now,
d(xps1, F(xn,yn)) = 0, taking limit n — oo and using the continuity of F
we get, d(x, F(z,y)) = 0, this implies that, z € F(x,y). Similarly we have,
y € F(y,x). Hence F have a coupled fixed point at (z,y) . O

Example 3.2. Let X =[1, 3], F:X x X — CBx be defined as follows
1 1 1 1
We also define

O =+

P(t) =
It satisfies all the condition of Theorem 3.1. F' has a couple fixed point at
(3,3).

4. STABILITY

Lemma 4.1. Let (X,d) be a complete metric space. F; : X x X — CBx be
two continuous coupled multivalued function. Suppose F; satisfy the following:

H(Fi(z,y), Fi(u,v))

< go(max w0 + dg). Do Fio) + Dl Flo)

D(u, Fi(u,v)) —|—D(v,Fi(v,u))}>, (4.1)
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where 1 : [0,00) — [0,00) is any non decreasing function with Y ™ (t) < oo

and ™ (t) is the nt" iterate of 1 and V(t) <t for each t > 0. Then
Q(CFix(F1), CFix(Fy)) < ®(2k),

where k = sup(,yexxx H(Fi(2,y), Fa(z,y)). We assume that CFix(F}),

1 =1, 2 are bounded.

Proof. By Theorem 3.1, CFixz(F;), i = 1,2 are nonempty. Let

k= sup H(Fi(z,y),Fa(z,y)).
(x,y)EXXX

Let (xo,y0) € CFixz(Fy), that is g € Fi(xo,y0) and yo € Fi(yo, o), by
Lemma 2.2, there exists z1 € Fa(x0,y0) and y1 € Fa(yo, zo) such that

d(ﬂl’o, 171) < H(Fl(x()vy())v F2($07y0))a

d(yo, y1) < H(F1(y0,70), F2(yo,0))- (4.2)

Which implies that,

d(zo, 1)+ d(yo, y1)
< H(F1(z0,Y0), F2(%0,y0)) + H(F1(y0, o), F2(yo,70)) < 2k. (4.3)

Let (z0,y0) be a coupled fixed point of Fy. Therefore (xg,yo) € Fix(F}).
Arguing as Theorem 3.1 we can construct a Cauchy sequence {(zy,yn)} by
Tnt1 € Fo(xn,yn) and yp 41 € Fo(xn, yn) with x, — 2%, y, — y*.
By previous theorem we can prove (z*,y*) is a fixed point of F.
Now,

d(z0,2") <Y d(wi,wit1) + d(wnia,27) (4.4)
=0
and
d(yo,y™) <Y d(yi,Yir1) + d(Yn+2,y)- (4.5)
=0

Adding (4.4) and (4.5), we have
d($0, .’I)*) + d(y()v y*)

NE

(d(xi, wip1) + d(Yir Yit1)) + d(@nr2, %) + d(Ynt2, ")

@.
3 |l
()

IN

W' (d(zo, 1) + d(Yo, y1)) + d(Tni2,2°) + d(Yni2, ¥*).-
0

%

Taking limit n — oo, by (4.3), we have,
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d(wo, z*) + d(yo,y*) < Y ¢ (2k) < ¢(2k).
=0

Thus, given arbitrary (xo,yo) € Fiz(F1), we can find (z*,y*) € Fiz(Fy) for
which

n((zo0,%0), (2,y)) < P(2k).

Similarly, we can prove that for arbitrary (z(,y,) € CFiz(Fy), there exists a
(«',y") € CFix(F1) such that n((z(,y5), (2',y")) < ®(2k). Hence, we conclude
that

Q(CFiz(F), CFiz(F)) < ®(2k).
]

Lemma 4.2. Let (X, d) be a complete metric space. Let {F, : X x X —
CBx : n € N} be a sequence of multivalued mappings, uniformly convergent
to a multivalued mapping F : X x X — CBx. If F,, satisfies (4.1) for every
n € N, then F also satisfies (4.1).

Proof. Since F,, satisfies (4.1) for every n € N, therefore, we have
H(Fy(z,y), Fn(u,v))

< g (max {ate. 0 + dly.). Do Flo) + Dl Fi ),

D(u, Fy,(u,v)) + D(v, F, (v, u))}).

Since the sequence F), converges uniformly to F', taking limit n — oo in the
above inequality we get,

H(F(x,y), F(u,v))

< Svlmax{d(z,u) +d(y, v), Dla, F(z,)) + Dly, F(y,2))

D(u, F(u,v)) + D(v, F(v, u))}) .
Hence the result. O

Now we present our stability result.

Theorem 4.3. Let (X, d) be a complete metric space. Let {F,, : X x X —
CBx : n € N} be a sequence of multivalued mappings, uniformly convergent to
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a multivalued mapping F : X x X — CBx. Suppose that F,, satisfies (4.1)
for every n € N. Then

lim Q(CFix(F,), CFiz(F)) =0,

n—oo
where the conditions upon i is same as in Theorem 4.1, that is, the fized point
sets of F,, are stable.

Proof. By the Lemma 4.2, F,, for every n € N and F satisfy (4.1). Let

kn= sup H(F,(z, y), F(z, y)).
(z,y)eX xX

Since the sequence {F,} is uniformly convergent to F' on X,
lim k, = lim  sup H(F,(z,y),F(z,y)) =0. (4.6)

n—00 =00 (py)eX X X
Now, from Theorem 4.1, we get
Q(CFix(F,), CFiz(F)) < ®(2k,), for every n € N.
Since v is continuous and ®(t) - 0 as ¢ — 0, using (4.6) we have
Jim Q(CFix(F,), CFiz(F)) < Jim D(2k,) =0

that is,
hm Q(CFix(F,), CFiz(F)) =0.

Hence the proof is completed. [l

Example 4.4. Let X =R, d(z,y) = |z — y|. Define
{F,: X x X — CBx :n €N}

by
{141 max{41x 711, 4y+ Ly it oy > 1
Fo(z,y) = {2 max{i + & 14 23} if0<a<I;

{0}, otherwise;
F, — F as n — oco. The F'is given by
{Lmax{g, 51}, ifa, y>1
F(z, y) = ¢ {0,max{%, %}}, if0<zy<I;
{0}, otherwise.
We define 9 : [0, 00) — [0, 00) by

$(t) = ot.

Hence
Q(CFix(F,),CFiz(F)) — 0 asn — oc.
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Remark 4.5. In the Theorem 4.1 and Theorem 4.3 if we relax the bounded-
ness assumption on C'Fiz(F'), then also these Theorems are valid provided we
define the Hausdorff distance on closed sets in which case the distance func-
tion can take up infinite valued, that is, it is then defined with range as the
extended real number systems.

Remark 4.6. It may be noted that there are another view point where coupled
fixed pint problems are considered as fixed point problems in product spaces.
This view point is not appeared in this paper.
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