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Abstract. In this paper, we prove the existence of solutions of fractional integrodifferential
equations by using the resolvent operators and fixed point theorem. Application to illustrate
the theory is also studied.

1. INTRODUCTION

Fractional differential equations have been an attraction to many mathe-
maticians because of its numerous applications in various fields of science and
engineering [17]. It is considered as an alternative model to a nonlinear dif-
ferential equation [8]. The fractional order differential operator is nonlocal
which is the most relevant feature making it a useful tool in applications. The
abstract fractional differential equations with nonlocal conditions have been
studied extensively in the literature [2], since it is shown that the nonlocal
problems have better effects than the normal Cauchy problem. The nonlocal
Cauchy problem for an abstract fractional evolution equations was discussed
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in [3] where as in [4, 6] the authors have studied the existence of solutions
of fractional impulsive evolution equations and integrodifferential equations
in Banach spaces by using fixed point techniques. Hernandez et al. [12] es-
tablished the existence of solution for a class of abstract fractional differential
equations with nonlocal condition. Balachandran et al. [11] investigated the
recent developments in the theory of abstract fractional differential equations
in which the resolvent operator [12] played a key role in proving their existence
results. In [5], the authors have proved the existence of solution for fractional
integrodifferential equations. In this paper, we study the nonlocal fractional
integrodifferential equations governed by operator A generating analytical re-
solvent operators and using the Krasnoselskii fixed point theorem.

2. PRELIMINARIES

We need some basic definitions and properties of fractional calculus and
semigroup to establish our results. Let X be a Banach space with supnorm
denoted by [|-||¢(s,x) and C(J; X) denote the space of all continuous functions
from J := [0, b] into Banach space X. The notation X 4 denotes the domain of
A endowed with the graph norm ||z||4 = ||z| + [|Az|. In addition, B,(z, X)
represents the closed ball with center at x and radius r in X.

Definition 2.1. (Riemann-Liouville Fractional Integral)
The Riemann-Liouville fractional integral operator of order v > 0 of func-
tion f € Ly (R4) is defined as

1 t s)ds
B0 = 17, 7o e 2

where I'(-) is the Euler Gamma function.

Definition 2.2. (Riemann-Liouville Fractional Derivative)
The Riemann-Liouville fractional derivative of order a > 0, n — 1 < a < n,
n € N, is defined as

DR A0 = DR T30 = s () [ -9 poas, 22

where the function f(¢) has absolutely continuous derivatives upto order (n—1).

Definition 2.3. (Caputo Fractional Derivative)
The Caputo fractional derivative of order o > 0, n — 1 < o < n, is defined
as

Dg, f(t) = —— ) / (t— sy 1 £ (9)ds, (2.3)

I'n—a«
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where the function f(¢) has absolutely continuous derivatives upto order (n—1).
If 0 < a < 1, then

1 t f(s)ds
C na
D t) = 24
0+f() F(l—Oé)/O (t—s)a’ ( )
) - .
where f'(s) = Df(s) = 1 and f is an abstract function with values in X.

Consider the fractional differential equation

{ Diu(t) = Au(t) + f(t), teJ,
u(0) = uy,

where 0 < ¢ < 1, A is a closed linear unbounded operator in X and f €
C(J;X). Equation (2.5) is equivalent to the following integral equation.

L L A 1 )
u(t) = 0+F(q)/0 (t—s)l—qd +F(q)/0 (t—s)l—qd’ ted (2.6)

This equation can be written in the following form of integral equation

(2.5)

ult) = h(t) + F(lq) /0 (iu(j;)_qu, >0, (2.7)

1 b f(s)ds
where h(t) = ug + / . We assume that the integral equation
O =0 105y y - sy

(2.7) has an associated resolvent operator {S(t)}+>0 on X.

Here we assume that the resolvent operator {S(t)}+>0 is analytic [15] and
there exists a function ¢4 in L} ([0,00); RT) such that

loc

1S’ M)zl < pa)|zlx,, forall ¢> 0.

Definition 2.4. A one parameter family of bounded linear operators {S(¢) }+>0
on X is called a resolvent operator for (2.7) if the following conditions hold:
(i) S(-)x € C([0,00); X) and S(0) x = x for all z € X,
(ii) S(t)D(A) € D(A) and AS(t) x = S(t)Ax for all z € D(A) and every

£>0,
(iii) for every x € D(A) and t > 0,
1 b AS(s)x
St)r=x+ / ds. 2.8
Or=H 00 Jy =9 2

Definition 2.5. A function v € C(J;X) is called a mild solution of the
t

integral equation (2.7) on J if/ (t — )9 u(s)ds € D(A) for all t € J, h(t) €
0
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C(J;X) and

AP u(s) .
u(t) = F(q)/o (tfs)lfqd + h(t), VteJ

Lemma 2.6. Under the above conditions, the following properties are valid:
(i) If u(:) is a mild solution of (2.7) on J, then the function

- /tS(t — $)h(s)ds
0

is continuously differentiable on J and

d t
u(t) = dt/o S(t—s)h(s)ds, VteJ (2.9)
(i) If h € CP(J; X) for some B € (0,1), then the function defined by
u(t) = S(t)(h(t) — h(0))
+ /t S'(t — s)[h(s) — h(t)]ds + S(t)h(0), t € J, (2.10)
0
is a mild solution of (2.7) on J.
(iii) If h € C(J;Xa), then the function u: J — X defined by
/S’t—s (s)ds+ h(t), teJ, (2.11)

is a mild solution of (2.7) on J.

3. EXISTENCE AND UNIQUENESS

In this paper, we study the existence of mild solution for a class of abstract
fractional integrodifferential equations for ¢ € J of the form

DY(u(t) + elt, u(t)))
:Au(t)—l—f<t,u(t),/0 kl(t,s,u(s))ds,---,/o kn(t,s,u(s))ds>, (3.1)

u(0) + g(u) = uo, (3-2)

where DY is the Caputo fractional derivative of order 0 < ¢ < 1, A is closed
linear unbounded operator in a Banach space X with dense domain D(A),
up € Xand f: J XX X X" -5 X, e: JxX = X,k : Ax X — X,
g: C(J;X) — X are continuous. Here A = {(¢,s) : 0 < s <t < b}. For

t
brevity, we take K;u(t) = / ki(t,s,u(s))ds ,i=0,---,n
0
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Now we introduce the concept of mild solution for equations (3.1)-(3.2).
This equation is equivalent to the following integral equation

u(t) = ug — g(u) +€e(0,up) — e(t, u(t)) + F(lq) /0 (tfus(;)—q ds

/ I, ul Ktlli(s))l = ol ge vees (33)

Definition 3.1. A function u € C(J;X) is said to be a mild solution of (3.1)-
(3.2) on J, if / ds € D(A) for all t € J and satisfies the integral

equation (3.3).

Suppose there exists a resolvent operator {S(t)}+>¢ which is differentiable
and the functions f, g, k; and e are continuous in X 4, then we have

u(t) = ug — g(u) + e(0,up) — e(t, u(t))
/ f(s,u(s), Kqu(s), - ,Knu(s))ds
(t—s)l—a

+ / S'(t — s) (uo — g(u) + e(0,ug) — e(s,u(s))
/ flryu(r), Kiu(r),- - ’Knu(T))dT>ds.

(s —7)l—a

Assume the following conditions:

The fractional integrodifferential equation (3.1)-(3.2) satisfies the Lipschitz
condition such that forallxz,y € X, x1, 22, - ,Tn,Y1,Y2, - ,yn € X", t, s € J
where ¢ = 1,2,--- ,n, then we have

(H1) The function f : J x X x X™ — X4 is completely continuous; there
exists a constant L; > 0 such that

n

=1

(H2) The function k; : A x X — X4 is continuous and there exist constants
B;, B! > 0 such that

t
/ halt, 5,) — kalt, 5, 9)]ds|| < Billz — .
0

t
‘ / ki(t, s, x)ds
0

< Bi[l + [l]].
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(H3) There exists a constant Ly > 0 of function e : J x X — X4 such that

le(t, ) —e(t, y)|| < Lallz -yl

(H4) There exists a constant G > 0, of the function ¢g : C(J; X) — X4 such
that

lg(z) — gl < Gllz -yl
(H5) 2(1 + [lpall)(vLa(1 4+ 320, Bi) + G + L2) < 1.

For our convenience, let

bq
N = 0), Nj = £.0).
T max f(t,0,---,0), N max e(t,0)

’7:

Theorem 3.2. Assume uyg € D(A), f, g, e, ki, satisfies (H1)-(H5). Then
there exists a mild solution of (3.1)-(3.2) on J.

Proof. First we transform the existence of solutions of (3.1)-(3.2) into a fixed
point problem. For that, by considering the Lemma 2.6(iii), we introduce the
map ®: C(J;X) — C(J; X) by

Du(t) = up — g(u) + e(0,up) — e(t, u(t))
/ f(s,u(s), Kqu(s),. ,Knu(s))ds
(t —s)l—a

-y/s%—ﬁ(m—gmwwwww—daw$>
L[ ) g

(s — 7)1

Now we decompose ¢ as ¢; + ®2 on B, (0; C(J; X)) where

Bru(t) = o — 9(u) + (0, uo) — el u(?) ‘/SW—Sim—()
+e(0,u9) — e(s,u(s)))ds,

and
Doult) / f(s,ul Ktlﬁ(z) -  Knuls) o
/ S'(t—s / 1z Iiﬂi(T;I . 7Knu(T))des.
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Here,
h(t) = up — g(u) + €(0,up) — e(t, u(t))
f(s,u(s), Kqu(s),. .., Kyu(s))
/ = “

isin C(J;X4). Let Z = C’(J, X) and B, (0,Z)={z € Z : ||z|| < r}. Choose
r 2 2(1+ Jpall ) (luoll + lg(O) + lle(0, uo)l| + Ny +vLa(D Bf + N)).

For any u,v € Z, we have
[@1u(t) + 20(t)||
< ||uo|| + [lg(w) = gO) || + lg(0)]] + lle(0, uo)[| + lle(t, u(t)) — e(t, 0)[| + [le(t, 0)]]

/||fsv ) Krv(s), o Knv(s)) = £(5,0,, 0)l| + (5,0, )
(t—s)id

+/ 157(t = ) (Iluo||+|g(U)— 9O+ llgO)I + l[e(0, uo) | + lle(s, u(s))
0

||f T, ’U Kl’U ~~~~~ Knv(T))”
el O + (s, )] + [/ o "
||f70,--1-’ dr + “fTO ---- 0) ])d
(s—71)l—¢ 5_7'1 ¢

L b
ql'(q)

W) [ 15'(c = 91| luol+ Gr-+ (0

+N>}ds

< lluoll + Gr +[lg(0) || + [le (0 uo)|| + Lalu(®)|| + N
+ L <||v ||—|—Z{ /0 ki(t,s,0)ds }—I—N)
+/ 15 (t = sl [||Uo||+G7‘+|g(0)+||6(0’U0)||+L2|u(5)||+N1 +7L1<|U(8)|

+Z{ /Oski(s,ﬂ())dT ]+N>ds

< ol -+Gr+[1g(0) | +]1e(0, o) |+ Lar+ Ny +~Ly <T+Z[Bﬂ’ T B;1+N)+|¢A|L1
=1

< luoll + Gr +[lg(O) || + lle(0, uo)[| + La[[u(®)[| + N1 + ——

(o H+Z

Lb?
+ ||e(0,uo)||+L2||u(s)H+N1+qr(q) (||U(s)

i(t, s,v(s))ds||+

yu(T))dr

i(t, s,0(8))—ki(t,s,0)]ds||+

(s,m,0(7)) — ki(s,7,0)]d7|| +

x (||uo|+Gr+g<o>|+||e<o,uo>||+Lzr+Nl+vL1 (r+Z[Bz-r+Bﬂ+N))

i=1
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< <1+||soA||L1>(nuon+Gr+||g<o>||+||e<o7uo>||+L2r+N1+fyL1 (r+z B)

=1
n
+7L1<ZB§+N>)

i=1
<.

Thus ® maps B,(0, Z) into itself and so ®1u + ®ov € Br. From the assump-
tions (H3) and (H4), we see that, for any u € Z,

tégﬁ—ﬂw+mw+d&wﬂw@m®bﬁﬂ

< llpallpt (luoll + Gr + lg(O)]] + [le(0, uo) || + Lar + N1)

which implies that the function s — S'(t — s)(uop + g(u) + €(0, ugp) + e(s, u(s)))
is integrable on J, for all t € J and ®yu € Z. Moreover for u,v € Z and t € J,
we get

[@ru(t) = @ro@)]| < llg(u) = g()]| + lle(t, u(t)) — e(t, v(®))]]

/nyt ) (lg(w) = g(v) | +lle(t, u(t)) —e(t, v(t) | )ds
< Gllu = vl| + Loflu = vl| + [ 9all 2 (Gllu — o + Lflu — of)
< (14 lpallz)(@ + Lo)(Ju - ol]).

By (H5), ®; is a contraction on B,(0, Z). Now we show that the operator ®
is completely continuous. Note that the function

s—>/tS’ /fTu , Kiu(T),. ..,Knu(T))deS
0

(s —7)l—¢

is integrable from the assumptions on f(-) and k;(-) as shown above. First we
show that ®4 is uniformly bounded. Now, for t € J,

H<I>2u H < / ”f S, u Klu( ) 7Knu<3>)”d8

(t —s)l—a

, | f(m,u(r), Kiu(T),..., Kyu(r))|]
+/0 = / 51—7)1—q drds

< (14 |leallr) [7L1r<1 + ;Bz) +7Ll(;Bg + Nﬂ

This shows that ®9 is uniformly bounded. Let {uy} be a sequence in B, (0; Z)
such that u, — u in B,(0; Z). Since the functions f and k; are continuous,

f(s,un(s), Kiun(s), ..., Kpun(s)) = f(s,u(s), Kiu(s),..., Kyu(s)),

as n — oQ.
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Now for each ¢t € J, we have

||q’2un( ) — @au(t)]
/ I1f (s, un(s), K1un(s),. .., Knun(s)) —f(s,u(s),Klu(s),...,Knu(s))HdS

/HS’t— { )/ (1S (7 un (T (%Ui)(}))j-;,ffnun(T))dT
/ i ’[((13 ;71 -+ Knulr ))dT ds

%O as n — 00.

From the above it is clear that ®5 is continuous. We need to prove that the
set {Pou(t) : u € B, (0; Z)} is relatively compact in X for all ¢t € J. Obviously
{®2u(0) : u € B,(0; Z)} is compact. Fix ¢t € (0,b] and u € B,(0; Z); define the
operator ®5 by

e L7 f(s,uls), Kau(s), .-, Kpu(s))
qu(t) = F(q)/o tl_ 5) ds
+ Ot aS' t—s / I Iiﬂi(T;I 'q' ’Knu(T))des.

Since, by (H1), f(-) is completely continuous, the set X, = {P5u(t) : u €
B, (0; Z)} is precompact in X, for every ¢ > 0, 0 < € < t. Moreover, for every
u(-) € Br(0; Z), we have

[P2u(t) — P5u(t)]]
L0 S (s uls), Kiu(s), ...
/ (t1 s)l—a

/ I1f (7, u( Klu(r

), -
—7)l=q

ST

,Knu(S))\|d8+/t_ 1S'(t — )l

- Kpu(7))]]

drds.

This shows that precompact set X, are arbitrarily close to the set {®ou(t) : u €
B,.(0; Z)}. Hence the set {®ou(t) : u € B-(0; Z)} is precompact in X. Next,
we prove that ®2(B,(0; Z)) is equicontinuous. The function ®yu, u € B, (0; Z)
are equicontinuous at t = 0. For t <t+ h < b, h > 0 we have

[Pau(t + h) — Dau(t)|

1 t+h f(s,u(s), Kiu(s), ..., Kyu(s))
T'(q) (t+h—s)la
/ s), Kiu(s),. .,Knu(s))dSH

0

(t—s)l—a

ds
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1 t+h flru(r), Kiu(r), ..., Kyu(r))
+@ t—l—h / t—l—h—T)lq drds
tS' / f(ru(r K;lﬁ(T))l - ’K”U(T)>d7-ds

1
I'(q) /0 [(t +h— S)l—q (t — 3)1—‘1} IIf(s,u(s), Kiu(s),..., Kyu(s))||ds

bl [ o) ol D,

<

t+h75) —4q
/,w,+h_ L[ Mo sl Kol
/HS, S+thu ), Kju(r),. ..,Knu(T))dT
(s+h—71)la

drl|l ds

/ flru(r Klu o Kpu(r))

3—7')1 q

which tends to zero as h — 0, since by (H1)f(-) is completely continuous and
the set {®ou : u € B,(0;Z)} is equicontinuous. Thus we have proved that
Oy (B,-(0; Z)) is relatively compact for ¢t € J. By Arzela-Ascoli theorem, ®9
is compact. Hence, by the Krasnoselskii fixed point theorem there exists a
fixed point u € Z such that ®u = u which is a mild solution to (3.1) with the
nonlocal condition (3.2). O

4. EXAMPLE
Consider the following partial integrodifferential equation with fractional
temporal derivative of the form

01 0? ,
gy (10:2)  a(0ult ) = Fo5u(tse) +aa(t) sin )
+ [ at—s)e 0 ds 4. 4 / en(t — 8)e 50 ds, ¢ >0,

w(t,0) Zu(t, 7y =0, (t,2) € [0,8] % [0, 7],
w(0,2) + ; /0 by ()u(r 2)dr = 2(x),

where ¢ € (0,1),z € L?[0,7] and ay,a2,¢; € L*(J) , 4 = 1,2,3,--- ,n and
bj € L*(J,R), j = 1,2. Take X = L?[0, 7] and let A be the Opearator given
by Aw = w" with domaln

D(A) :={we X :w" € X,w(0) = w(m) =0}

(4.1)
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Clearly A has a discrete spectrum with eigenvalues of the form —n?, n € N,
and the corresponding normalized eigenfunctions are given by

1

wn(z) = <2> sin (nz).

™

In addition, {wy, : n € N} is an orthogonal basis for X and

oo
Ze (w,wp)wy, YwéeX and for every t > 0.

n=1

From these expressions, it follows that {T'(¢)}+>0 is uniformly bounded com-
pact semigroup, so that R(A\, A) = (A — A)~! is a compact operator for all
A € p(A). From [15], we know that the integral equation

B 1 b Au(s) s s
u(t) = £(t) + )/0( ds, >0,

I'(q t—s)l—q
has an associated analytic resolvent operator {S(t)}:>0 on X given by
1 At -1
— e AN —A)"HdA, t>0,
S(t) =< 2mi /r 0 ( ) (4.2)
I, t=0,

where T,y denotes a contour consisting of the ray {re? : r > 0} and {re=% :
r > 0} for some 0 € (m, ). It is easy to see that {S(t)} is differentiable, and
there exists a constant N > 0 such that ||S"(t)z| < N||z||, for x € D(A), t > 0.
To represent the differential system(4.1) in the abstract form (3.1)-(3.2), we
introduce the functions e: J x X — X, f: I Xx X x X" - X, g: Z — X,
ki A x X — X defined by

e(t,w)(x) = ar(t)w(z),
ftw, Kyw, ..., Kyw)(z) = w(z) + ag(t) sin w(z) + Kjw + ... + K,w,
Z / dr,
Kiw = ki(t,s,w(x)) =ci(t—s)e @ =12, ...
Note that [lg(u(z)) — g(v(z))|| < Z tillbill [lu — v]| and Ly = sup,c; [lax(t)[.

=1
Here [lpallr = N. Ly = (1 + supe, las()]] + B). B; = supie llent)]
n
G = > ti||bi|| and t; is chosen such that
i=1

n
r>2(1+ [lpallp) (N1 + 7L (> Bi+ N))
=1
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21+ [l ) (YL1(1+ > Bi) + G+ Ly) < 1.
=1

Thus the conditions (H1)-(H5) of Theorem 3.2 are satisfied. Hence there is a
function u € C(J; L?[0, 7]) which is a mild solution of (4.1) on J.
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