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Abstract. We use the penalty methods in order to study two constrained minimization
problems in Hilbert spaces. A penalty function is said to have the exact penalty property if
there is a penalty coefficient for which a solution of an unconstrained penalized problem is a
solution of the corresponding constrained problem. We establish simple sufficient conditions

for the exact penalty property.

1. INTRODUCTION AND THE MAIN RESULTS

Penalty methods are an important and useful tool in constrained optimiza-
tion. See, for example, [1], [2], [4]-[6], [8]-[13], [15]-[20] and the references
mentioned there. In this paper we use the penalty approach in order to study
two constrained nonconvex minimization problems with smooth cost functions.
Note that classes of minimization problems with smooth objective functions
and smooth constraints are considered in [3]. A penalty function is said to
have the exact penalty property [1], [2], [8], [10] if there is a penalty coefficient
for which a solution of an unconstrained penalized problem is a solution of
the corresponding constrained problem. The notion of exact penalization was
introduced in [9], [18]. For a review of the literature on exact penalization see
[1], [2], [8]. We will establish simple sufficient conditions for the exact penalty

property.
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Let (X, < -,- >) be a Hilbert space with the inner product < -,- > and the
norm ||z|| = < x,z >'/2, x € X. Let U be a nonempty open subset of X.
Denote by C1(U; RY) the set of all Frechet differentiable functions f : U — R!
such that the mapping x — f/(z), x € U is continuous. Here f'(z) € X is a
Frechet derivative of f at z € U.

Denote by C?(U; R') the set of all Frechet differentiable functions f €
CY(U; RY) such that the mapping  — f’(x), z € U is also Frechet differen-
tiable and that the mapping x — f”(z), © € U is continuous. Here f”(z)
is a Frechet second order derivative of f at € U. It is a linear continuous
self-mapping of X.

For each z € X and each r» > 0 set

B(a,r) ={y e X: |lz —yll <7}, B(x,r) ={y € X : |lz —yl| <7},
B(r) = B(0,r), B°(r) = B°(0,r).
For each function h: X — R!' U {oo} and each A C X put
inf(h) =inf{h(z): z€ X} and inf(h;A)=inf{h(z): = € A}.

For each x € X and each B C X set d(z, B) = inf{||z — y|| : v € B}.

Let g € C?(U; RY). A point z € U is called a critical point of g if ¢'(x) = 0.
Denote by Cr(g) the set of all critical points of g. A real number c is a critical
value of g if there exists x € Cr(g) such that g(z) = c¢. Denote by Cr(g,+)
the set of all 2 € Cr(g) such that

<g"(@)u,u >>0 foral uweX
and by Cr(g, —) the set of all z € Cr(g) such that
< ¢"(z)u,u ><0 forall ueX.

Let g : X — R! be a continuous function, ¢ € R! be such that g='(c) # ()
and let f : X — R'U{co} be a lower semicontinuous function which is bounded
from below and satisfies the growth condition

lim f(z) = 0. (1.1)
||z||—o00
Clearly, g~!(c) is a closed subset of (X,||-||). We consider the constrained
problems
f(z) — min subject to x € g l(c) (P.)
and
f(z) — min subject to x € g ((—o0,(]). (P;)
We associate with these two problems the corresponding families of uncon-
strained minimization problems

f(@) + Alg(x) = ¢f = min, z€X (Pre)
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and
f(z) + Amax{g(x) — ¢, 0} > min, z€ X (Py;)

where A > 0.

In [19] we showed the existence of exact penalty for problems (F;) and
(P.) with locally Lipschitzian functions f and g. In [20] assuming that g €
C?*(X;RY, f € CY(X;R') and that the mapping f' : X — X is locally
Lipschitzian we established that exact penalty exists for the problem (P.)
if g=1(c) N (Cr(g,+) U Cr(g,—)) = 0 and that exact penalty exists for the
problem (B;) if g=(c) N Cr(g,+) = 0. In this paper we improve the results
of [20]. It turns our that they remain in force if g and f are smooth only
in small neighborhoods of minimizers of problems (P.) and (F;) respectively.
(See assumptions (A2) and (A3) below).

In this paper we suppose that there exists v > 0 such that the following
assumption holds.

(A1) For each r > 0 the set B(r)Ng~([c — v, ¢+ ~]) is compact.

Note that in [20] instead of (A1) we use a Palais-Smale type condition [14].
In this paper we also use the following two assumptions.

(A2) If = € g~1(c) satisfies f(x) = inf(f; g 1(c)), then there exists A, > 0
such that:

the restriction of g to B°(z,A;) denoted by § belongs to C?(B°(x, A,); RY)
and x & Cr(g+) UCr(g—);

the restriction of f to B°(x, A;) belongs to C1(B°(z,A,); R') and is Lips-
chitz and the mapping f’: B°(z,A,) — X is locally Lipschitz.

(A3) If x € g~(c) satisfies f(x) = inf(f; g7 ((—o0,c])), then there exists
A, > 0 such that:

the restriction of g to B°(z,A,) denoted by § belongs to C?(B°(z, A.); RY)
and = & Cr(g+);

the restriction of f to B°(x, A;) belongs to C1(B°(z,A,); R') and is Lips-
chitz and the mapping f': B°(z,A,) — X is locally Lipschitz.

The next two theorems are the main results of the paper.

Theorem 1.1. Assume that (A2) holds and that inf(f;g *(c)) < co. Then
there exists a positive number Ay such that for each € > 0 there exists § € (0, €)

such that the following assertion holds:
If A > Ao and if © € X satisfies

f(@) + Alg(x) — e <inf{f(2) + Ag(2) — |+ 2z € X} +,
then there exists y € g~ '(c) such that

ly — || < e and f(y) < inf(f;97"(c)) +e.
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Theorem 1.2. Assume that (A3) holds and that inf(f; g1 ((—o0,(])) < .
Then there is Ag > 0 such that for each € > 0 there exists 6 € (0,€) such that
the following assertion holds:

If A > Ag and if © € X satisfies

f(z) + Amax{g(x) — ¢,0} <inf{f(z) + Amax{g(z) —¢,0} : z € X} +,
then there exists y € g~ ((—o0,c]) such that
ly — z|| < € and f(y) < inf(f;97 " ((—o0,d])) + €.
Theorems 1.1 and 1.2 will be proved in Section 2. In this section we present
several important results which easily follow from Theorems 1.1 and 1.2.
Theorems 1.1 and 1.2 imply the following result.

Theorem 1.3. 1. Assume that (A2) holds and that inf(f; g=*(c)) < co. Then
there exists Ag > 0 such that for each A > Ag and each sequence {z;}3°; C X
which satisfies

lim [ () + Mo (a:) — el] = inf{ () + Ng(z) | : = € X)
there exists a sequence {y;}3°; C g~ (c) such that
lim f(y;) = inf(f;97"(c)) and lim |ly; — x| = 0.

2. Assume that (A3) holds and that inf(f; g~ ((—o0,c])) < co. Then there
exists Ao > 0 such that for each X > Ay and each sequence {x;}°, C X which
satisfies

lim [f(x;) + Amax{g(z;) — ¢,0}] = inf{f(2) + Amax{g(z) —¢,0} : z € X}
there exists a sequence {y;}3°; C g~ ((—o0,c]) such that

Jim flyi) =inf(f;97"((—00,d])) and ili{})lo\lyi — x| = 0.

The next result easily follows from Theorem 1.3.

Theorem 1.4. 1. Assume that (A2) holds and that inf(f; g~ *(c)) < co. Then
there exists Ag > 0 such that if A > Ay and if x € X satisfies

f(@) + Alg(x) = cf = nf{f(z) + Ag(z) — | : 2z € X},

then g(x) = ¢ and f(z) = inf(f; g7 (c)).
2. Assume that (A3) holds and that inf(f; g~ 1((—o0,c])) < co. Then there
exists Ag > 0 such that if X > Ag and if x € X satisfies

f(z) + Amax{g(z) — ¢,0} = inf{f(z) + Amax{g(z) —¢,0} : z € X},
then g(z) < ¢ and f(z) = inf(f; g1 ((—o0,c])).
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Theorem 1.3 implies the following result.

Theorem 1.5. 1. Assume that (A2) holds and that T € g~'(c) satisfies the
following conditions:

f(@) =inf(f;97"(c)) < oo;
any sequence {x,}5°, C g~ 1(c) which satisfies

Jim f(en) = inf(f597'(¢))

converges to T in the norm topology.

Then there exists Ag > 0 such that for each A > Ag the point T is a unique
solution of the minimization problem f(z) + A g(z) — ¢| — min, z € X.

2. Assume that (A3) holds and that & € g~'((—o0, c]) satisfies the following
conditions:

f(@) = inf(f;97 ((—00,¢])) < 003

any sequence {x,}5°; C g~1((—o0, c]) which satisfies
lim f(xn) = inf(f;97" ((—00,]))

converges to T in the norm topology.
Then there exists Ag > 0 such that for each A > Ag the point T is a unique
solution of the minimization problem f(z)+ Amax{g(z) —¢,0} — min, z € X.

2. PROOFS OF THEOREMS 1.1 AND 1.2

We prove Theorems 1.1 and 1.2 simultaneously. There exists a > 0 such
that
f(x) > —a for all z € X. (2.1)

Set A = g~'(c) in the case of Theorem 1.1 and A = g~ ((—o0, c]) in the case
of Theorem 1.2. Clearly A is a nonempty closed subset of (X, || -||). For each
A > 0 we define a function 1, : X — R! U {oco} as follows:

Ua(z) = f(2) + Mg(2) —¢|, 2 € X (2.2)
in the case of Theorem 1.1 and
Ua(z) = f(2) + Amax{g(z) — ¢,0}, z € X (2.3)

in the case of Theorem 1.2. Clearly, the function ) is lower semicontinuous
for all A > 0.

We show that there is Ag > 0 such that the following property holds:

(P1) For each € > 0 there exists 6 € (0,€) such that for each A > Ay and
each x € X which satisfies ¥(x) < inf(¢y) + 0 there is y € A for which
ly — z[| < € and Pa(y) < inf(Yy) +e.

It is not difficult to see that Theorems 1.1 and 1.2 follow from (P1).
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Let us assume that there is no Ay for which (P1) holds. Then for each
natural number £ there exist

€L € (0, 1), A >k, xpe X (2.4)
such that
U (zx) < inf(Pr,) + (8K%) e, (2.5)
{z € AN B(wp, ) + ¥ (2) <inf(Py,) + e} = 0. (2.6)
Let k£ be a natural number. Consider the function
O (2) = Un (2) + (4K7) M|z — %, 2 € X. (2.7)

Clearly, the function ¢,, is lower semicontinuous and bounded from below.
By the variational principle of Deville-Godefroy-Zizler [7] there exist hj €
C?*(X; R') and y;, € X such that

sup{|lw(2)|| + [|hE ()| + [[RE(2)] 2 € X} <327 7%k, (2.8)

(D, + hi)(2) > (da, + hi)(yr) forall ze X\ {y}. (2.9)
We show that ||z — yk|| < ex. Let us assume the contrary. Then
lye — k]| > ex. (2.10)

By (2.7) and (2.5),

ngAk (a:k) = 1/))\k (:L’k) < inf(zmk) + (8k2)716i. (2.11)
In view of (2.7), (2.10) and (2.5),

O (i) = U, (n) + (46%) "My — 2l * > ¥n, () + (45%) 7' eg
> inf(x,) + (4k%) 7 ek > o, (2x) + (8K%) 7'ei
Combined with (2.8) this inequality implies that
(D i) () = (Ex, +he) (21) = b, (k) — b () — (16K%) e, > (16k%) e
This inequality contradicts (2.9). The contradiction we have reached proves
that
[y — il < €k (2.12)

It follows from (2.2), (2.3), (2.7), (2.8) and (2.9) that

Fr) < One (k) < O, (k) < (D, + i) (ye) + 327162

< o (k) + hye(k) + (32k2) i

< é, (zk) + (16K%) e} (2.13)
= ¥ (2x) + (16k%) 7 k

< inf(y,) + (4k*) 7!

By (2.12) and (2.6),
Yk & A. (2.14)
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In view of (2.13), (2.2) and (2.3),

flyr) <1+ inf(y,; A) = inf(f; A) + 1. (2.15)
This inequality and (1.1) imply that the sequence {y;}32, is bounded
sup{||lykl| : k=1,2,...} < 0. (2.16)

By (2.14) in the case of Theorem 1.2 we obtain that
g(yr) > ¢ for all natural numbers k. (2.17)

By (2.14) in the case of Theorem 1.1 we obtain that for each natural number
k either g(yx) > c or g(yx) < c. In the case of Theorem 1.1 extracting a
subsequence and re-indexing we may assume that either g(yx) > ¢ for all
natural numbers k or

g(yr) < ¢ for all natural numbers k. (2.18)

Define a function g and a real number ¢ as follows. In the case of Theorem
1.2 put g = g, ¢ = c. In the case of Theorem 1.1, if (2.17) holds then set § = ¢
and ¢ = ¢, and if (2.18) is valid then put § = —g and ¢ = —c. Note that in all
these cases we have

g(yr) > ¢ for all natural numbers k. (2.19)

Let k be a natural number. It follows from (2.2), (2.3), the definition of § and
¢, (2.19) and (2.13) that

Fyr) + Xe(g(ye) — €) = ¥a, (ye) < inf(¥y,) +1
inf(¢y,; A) +1 (2.20)
inf(f; A) + 1.
Together with (2.19) and (2.4) this relation implies that

0 < glyr) — ¢ < A [inf(f; A) +1 = (f ()]

INIA A

< b g £ _ (2.21)
< [inf(f; A) + 1 —inf(f)] — 0 as k — oo,
Jim g(yx) = ¢ (2.22)

In view of (2.22) and the definition of g and é
c—7v<g(yx) <c+~ for all sufficiently large natural numbers k. (2.23)

By (2.23), (2.16) and (A1) extracting a subsequence and re-indexing we may
assume without loss of generality that there exists

Yy« = lim g, in the norm topology. (2.24)

k—o00

In view of (2.22) and (2.24)
g(ys) =c and y, € A. (2.25)
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It follows from the lower semicontinuity of the function f, (2.24), (2.13), (2.2)
and (2.3) that

£(y.) = liminf f(yp) < limsupfinf(p,) + (46) " ef)

k—o0

= limsup inf(¢y, )

k—o0

< limsupinf(¢y,; A) = inf(f; A).

k—o0

Together with (2.25) this relation implies that

F(y.) = inf(f; A). (2.26)
By (2.25), (2.26), (A2) and (A3) there exists A > 0 such that the following
property holds:

(i) the restriction of g to B°(y., A) belongs to C%(B°(y«, A); R);

(ii) the restriction of f to B°(y., A) belongs to C?(B°(y., A); R') and it is
Lipschitz;

(iii) the mapping f’: B°(y«, A) — X is Lipschitz.

(iv) in the case of Theorem 1.1 y, &€ Cr(g+) U Cr(g—) and in the case of
Theorem 1.2 y, & Cr(g+).

Relation (2.24) implies that there is a natural number ko such that

llye — || < A/4  for all integers k > k. (2.27)

Let k > ko be a natural number. By (2.19) there is an open neighborhood W
of ¥y, in X with the norm topology such that

W C B°(yx, AJ4) and §(z) >¢é forall z€ W. (2.28)
By (2.7), (2.18), (2.2) and (2.3) for each z € W
(D + hie) (2) = U, (2) + (46 7]z — 2l P + ha(2)
i i - , (2.29)
= [(2) + M(9(2) = &) + (4k7) 2 — el I” + ha(2)-

It follows from (2.27)-(2.29) and the properties (i) and (ii) that the function
o, + hy is Frechet differentiable on the set W. In view of (2.9) and (2.29)

0= (dx, +hwe) (k) = f'(wk) + Mg (y) + (4K*) " 2(yx — 1) + hj.(yr)- (2.30)
Together with (2.4), (2.12) and (2.8) this equality implies that
15 Il = X M1 (k) + (48%) 7 2(yn — ax) + B (y) |
<K i)l + e+ |1 (w1 (2.31)
<K ()l +2).
Combined with (2.24) and the property (i) this relation implies that
/)l = Jim [l ()| =l (13 (]| = 0 and () =0, (232)
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By the property (iii) there exist L > 0 such that
I/ (z1) — f'(22)|| < L||z1 — 22|| for each 21,20 € B°(yx, A). (2.33)

Let k > ko be an integer. Since hy € C?(X; R') and the restriction of g to
B°(y«, A) belongs to C%(B°(ys«, A); R!) it follows from (2.19) and (2.27) that

there exists a positive number

re < min{ex/2, A/8} (2.34)
such that
g(z) > ¢ foreach =z € B(yk,mk), (2.35)
1R (ye) — RY(yx +0)|| < k2 for each v € B(0,73), (2.36)
g" (yr. +v) — " (ye)|| < k2.t for each v € B(0,7y). (2.37)

By (2.7), (2.2), (2.3) and (2.35) for each z € B(yk, %)
(dar + 1) (2) = F(2) + Ael@(2) = &) + (4k%) Iz — @ * + hi(2). (2.38)
It follows from (2.23), (2.27) and (2.24) that for each v € B(0,ry)

1w + ) = f ()l < LlJv]]- (2.39)
By (2.12) and (2.16) that there exists M > 0 such that
lykll, ||z < M for all integers &k > 1. (2.40)
Let
u e B(0,r) \ {0}. (2.41)

The inclusion hy € C?(X;R') and Taylor theorem imply that there exists
t1 € 10, 1] such that

hi(ye + ) = by (ye)+ < h(y), u) > + < hi(ye + tiu)u,u > /2. (2.42)

Since the restriction of g to B°(y«, A) belongs to C?(B°(y., A); RY) it follows
from the Taylor theorem that there exists ta € [0, 1] such that

g(yr +u) = glyr)+ < g (ye), u > + < ¢" (yp + tow)u, u > /2. (2.43)

Since the restriction of f to B°(y., A) belongs to C'(B°(y., A); R!) there exists
ts € [0,1] such that

Flye +u) = flye)+ < f(ye +tsu),u>. (2.44)
Relations (2.42), (2.36) and (2.41) imply that

|k (e + w) — hye(yp)— < Rl (ye),u > =271 < W (yp)u,u > |

=271 < (B + trw) — ) Ju, u > | < k72 ful . (2.45)
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In view of (2.43), (2.37) and (2.41)

lg(yr + u) — g(ye)+ < ¢ (ye),u > — < ¢" (yr)u,u > /2|
=271 < (¢" (yk + tou) — 9" (yn))u, u > | (2.46)
< Jul PR3N

It follows from (2.44), (2.39) and (2.41) that

|f (4 w) = fyr)— < f'(yr),u > |
=| < f'(yk + tsu) — f'(y),u > | (2.47)
< |1F (e + taw) — f (i) ||lul| < Lts||ul|*.

By (2.9), (2.41), (2.38), (2.47), (2.46), (2.45) and (2.4),

0 < (¢, + he)(yr +u) — (dx, + i) (k)
= flyx +u) — f(yr) + Me(G(yr +v) — G(yx))
+ (4E*) " Mlye +u — 2kl = llyk — 2l 1P] + Py + ) — he ()

_ 2.48
< < P> LIl + Ml< 7w > + < > 27 B8
+ [Jul PR 4 (4E%) Ml + 2 < g — 2, u >]+ < B (ye), u >
+ 27 < Wl (yr)u, u > k2 |ul)?.
Set
F(u) =< f'(y),u > +L|ul[® + Ae[< §'(yr), u >
+ < §"(yp)u,uw > 274 + 2|ul|?k 2 (2.49)
+ (4R T || * +2 < g — xp,u > '
+ < Rl(yp),u > +271 < B (yp)u,u >, u € X.
Clearly F € C?(X; RY). It follows from (2.49) and (2.48) that
F(u) > F(0) forall we B(0,rg)\ {0}
The inequality above implies that
F'(0)=0and < F"(0)v,o >>0 forall veX. (2.50)

Denote by I the identity operator I : X — X such that Iz = z for all x € X.
By (2.49), (2.4) and (2.8)

F"(0) = 2L + Mg (yx) + (9/2)k 21 + il (). (2.51)
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Relations (2.50) and (2.51) imply that for each v € X
0<< )\Ile"(O)v,v >
2L ol < 3 (o, > +O/2k AT ol 2+ A7 < (v, v >
< < §"(yr)v,v > +2LE7H[ol? + (9/2)k ||l + k7| < B (yr)v, v > |
< < §"(yr)v,v > +2LE7H[ol2 + (9/2)k 73|l + &7 o]
— < 3" (ye)v,0 >

as k — oo. Thus
< 3" (ye)v,v>>0 forall veX. (2.52)
Combining (2.25), (2.26) and (2.32) we obtain

9(ys) = ¢, ¢'(y«) =0,  fys) = inf(f; A). (2.53)

In the case of Theorem 1.1 relations (2.52) and (2.53) contradict (A2). In the
case of Theorem 1.2 (2.52) and (2.53) contradict (A3). The contradiction we
have reached proves that there exists Ag > 0 such that property (P1) holds.
This completes the proof of Theorems 1.1 and 1.2. O
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