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INVARIANCE FOR AN ABSTRACT NONLINEAR
VOLTERRA INTEGRODIFFERENTIAL EQUATION

M. B. DHAKNE AND S. D. KENDRE

ABSTRACT. The aim of the present paper is to study the invariance of arbitrary
closed set for nonlinear Volterra integrodifferential equation in Banach spaces
with general semigroup.

1. INTRODUCTION

Let X be a Banach space with norm || || and K a closed subset of X. The
present paper is concerned with invariant sets for nonlinear Volterra integrod-
ifferential equation in Banach spaces of the form

2/ (t) = Ax(t) +/ {a(t,s)f(s, z(s)) + g(t,s, z(s))}ds + fo(t), t > 0;
0 1.1
z(0) =z € X (1.2)

where A is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators S(t), ¢t > 0 in X, nonlinear functions f: Rt x X — X
gRT" x R x X — X, fo: Rt — X and the kernel a: R* x R™ — R are
continuous and x( is a given element of X.

Recently, in [4], the authors have proved that the equations (1.1) — (1.2)
have a unique mild solution z(t) = T'(t)xo, t > 0 satisfying the following
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integral equation
T(t)l‘o == S(t)xo

—|—/O S(t—s) /Os{a(s,T)f(T,T(T)xo) +g(s,7,T(T)x0) }dTds (1.3)

—|—/O S(t —s)fo(s)ds.

The transformations T'(t), ¢ > 0 form a semigroup of nonlinear operators.
In the present paper, we establish the condition under which the set K is
invariant with respect to the invariance conditions of different types have
been studied by many authors. The classical Nagumo condition

1
lir?l(i)nfgd(a: +tf(x),K)=0, forall z € K (1.4)

is sufficient and necessary for invariance of a closed set K for the classical
differential equation

a'(t) = f(xz(t), x(0) = o (1.5)
where d(-, K) denotes the distance function (see [1]). In [2], Brezis proved
that the condition

1
lirﬁ%nfgd(T(t):r,K) =0, forallze K (1.6)

is sufficient and necessary for the semilinear differential equations

2'(t) = Ax(t) + f(x(t)), z(0) = zo (1.7)
when X is a Hilbert space, K is a closed, convex set and T'(-) is a general
nonlinear semigroup of contractions. This result is extended by Martin [6]
when X is a Banach space and K is closed set. In [8] Pavel proved that if X
is Banach space, K is closed subset of X, then T'(t)K C K, t > 0 if and only
if

1
lirgll(i)nf ;d(S(t)x +tf(x),K)=0 foral ze K (1.8)

provided that the operators S(t), ¢ > 0 are compact. The condition (1.8) is
called semigroup Nagumo’s condition. We observe that if K is contained in
the domain D(A) of the operator A, then (1.8) becomes

1
lintal%nf gd(a: +t(Ax + f(x)),K) =0, forallz € K (1.9)

The paper is organized as follows. In section 2, we present the preliminaries
and statements of our main results. Section 3 deals with the proofs of main
theorem.
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2. PRELIMINARIES AND STATEMENT OF RESULTS

Before proceeding to the statements of our main results, we shall setforth
some preliminaries and hypotheses on the functions involved in (1.1) — (1.2)
that will be used throughout the paper.

Let (X, r) be a complete metric space and T'(t), ¢t > 0 a family of nonlinear
operators on X satisfying:

T(t+s)=T(t)T(s) fort,s>0 (2.1)

JweR M>0, r(T(t)u,T(t)v) < Me“r(u,v), t >0,u,ve X  (2.2)
Vue X, t — T(t)u is contonuous on [0, 00). (2.3)

We now state lemma and theorem before stating our main results.

Lemma 2.1. [11] Let K C X be a closed set and C > 0. Assume forVz € K

1
iminf — <C. .
hr{ll%)nf td(T(t)a:, K)<C (2.4)
ThenVx e X, t >0
M
d(T(t)x, K) < Me“'d(x, K) + CT( —1). (2.5)

Theorem 2.2. [7] Let u, p, q and r be nonnegative continuous functions
defined on Ry, p be positive and sufficiently smooth on Ry and ug > 0 be a
constant. If

u(t) < ug +/O p(s)q(s)ds +/O p(s) /Os r(T)u(r)drds for t € Ry,

then

u(t) < (uo + / p(s)g(s)ds)exp{ / / Pdrds) for t € R,

For convenience, we list the following hypotheses used in our further dis-
cussion.

(H,) The function fo: RT — X is continuously differentiable.
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(H3) The kernel function a: R x RT™ — R is continuous, continuously dif-
ferentiable and
la(t, s)] < N, (2.6)

fort,s € RT.
(H3) The function f: Rt x X — X is Lipschitz continuous i.e. there exists
Lipschitz constant L; such that

£t z1) = f(t,22)|| < Laflz1 — 22, (2.7)

for x1, zo € X.
(Hy) The function g: Rt x Rt x X — X is continuously differentiable and
Lipschitz continuous i.e. there exists Lipschitz constant Lo such that

Hg(t7 Saxl) - g(t737$2)” < Ly ||.’L‘1 - xQH ) (28)
for x1,z0 € X.

We have established the following result.

Theorem 2.3. Let X be a Banach space and K be a closed subset of X.
Suppose that the hypotheses (Hy) — (Hy4) hold and for some M > 0, w € R
and for all t > 0 the estimation ||S(t)|| < Me“! is valid. If there exists a
constant C > 0 such that

lil?l%nf %d(S(t)x - t{/ (a(t,s)f(s,z(s)) + g(t,s,x(s)))ds + fo(t)}, K) <C,
0

(2.9)
Vx € K, then
wt 1
d(T(t)z, K) < MCS , V¢ >0, Vz € K. (2.10)
Conversely, if there exists a constant C' > 0 such that
et —1
dT(t)z,K) < C , Vi >0, Vx € K, (2.11)

then

lir?l%nf %d(S(t):r + t{/o (a(t,s)f(s,z(s)) + g(t,s,x(s)))ds + fo(t)}, K) <C,

(2.12)
Vo € K.

The next corollary is the special case for the C' = 0 in Theorem 2.3.
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Corollary 2.4. Suppose the hypotheses of Theorem 2.8 hold. A closed set K
is invariant for equations (1.1) — (1.2) if and only if

lim inf %d(S(t)x + t{/o (al(t,s)f(s,z(s)) + g(t,s,x(s)))ds + fo(t)}, K)=0,

10
(2.13)
for Ve € K holds.

3. PROOF FOR THE THEOREM 2.3

Proof for the Theorem 2.3. First, we prove that (2.11) = (2.12). Assume
that (2.11) holds. For ¢t > 0, = € K, we have

LSO +11 [ (alt,5) 6,206 + 005206 + o)), K)

<1002 + 1 (01,07 (6,2(6)) + 9,206 + fo0)} ~ T
4 %d(T(t)x, K)

I [ .91, 2(50) + 05,2 (6) s
- % /Ot S(t—s) /OS{CL(S,T)f(T,T(T)Z‘) + g(s,7,T(7)x)}drds||
Flfolt) — 7 / St - ) ole)ds] + Ld(T )z, K).

Now, from hypotheses (Hy) — (Hy), we have

}g%\/o (a(t, s)f(s,z(s)) + g(t,s,2(s)))ds
1 t s

— t/o S(t — S)/O {a(s,7)f(r,T(7)x) + g(s,7,T(7)x)}drds| = 0,

fim 1o(0) = 5 [ 5= 9)fo(s)as] = 0.

Therefore, by using (2.11), we obtain
t
lim %d(s(t)x + t{/o (a(t,s)f(s,2(s)) + g(t, s,2(s)))ds + fo(t)}, K)

wt 1
<limC ¢ =
t—0 wt

C.
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Now, we prove that (2.9) = (2.10). Assume that (2.9) holds. It is clear

that T'(t), t > 0 satifies (2.1) and (2.3). We show that (2.2) also holds. For
t >0, z,y € X, we obtain from (H3) and (Hy)

d(T )z, T(t)y)
= 1Tz = T(t)yl

< 15(t) —y H+H/ t—s/{am (. T(r)) — f(r, T(r)y)
+ [g(s, 7, T (1)) — 9(s, 7, T(7)y)] }drds]|

gMe”tH(a:—y)H—i—Me‘“t[NLl—FLg/ / |T(7)x — T(7)yl||drds.

1T ()2 — T()yll < Me*||(z — y)|

t s
+ Me“'[NL; + Lo] / e / T (1) — T(7)y||drds.
0 0

Putting u(t) = || T(t)z — T(t)y|le” !, we have
u(t) < Mz —y|| + M[NLy + Lo / / (1)drds. (3.1)

Applying Theorem 2.2 to equation (3.1), we get

[e® — 1]

t
u(t) < MHJJ - y‘\em’p{/ M[NL1 + Lg]e_ws dS}
0

M[NLy + Lyt

< M|z — yllexp{ }

and therefore,
1T () = T()yll < Me* ||z -y

where
M[NL; + Lo]

A={w+ -

}.

This yields
d(T(#)2, T(t)y) < M d(x,y).
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Hence (2.2) holds for T'(t) with wt is replaced by At. We observe that semigroup
T(.) satisfies (2.4). Now,

%d(T(t)x, K)

< (00 = S0z [ (a(t.5)(s.2(5) + glt,5.2()ds + fole)} |

—_

+ d(S(t)fE+t{/0 (a(t, s)f(s,2(s)) + g(t,5,2(5)))ds + fo(t)}, K)

~

<l; /0 S(t—s) /0 (s, ) f(r T(r)x) + g(s, 7, T(r)a) drds
- {/ (a(t,s)f(s,x(s)) + g(t, s, 2(s)))ds}||
0

w17 [ (= 9)hisds = oo

+ %d(S(t)a: + t{/o (a(t,s)f(s,z(s)) + g(t,s,x(s)))ds + fo(t)}, K).
Taking limit as ¢t — 0 and using hypotheses (H1) — (Hy4) and (2.9), we get

lim %d(T(t)x, K)<C.
Hence, by Lemma, we have for Vo € K, t >0
ewt — 1

d(T(t)z, K) < MC .

w

This proves the Theorem 2.3. U
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