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AN EXTENSION OF LIE�TROTTER PRODUCT FORMULA

Costic�a Moros�anu and Dumitru Motreanu

Abstract� The paper establishes the product formula for semigroups of non�
linear operators on a real Hilbert space in the case where one of the operators
is ��m�accretive� This extends a well�known result for maximal monotone
operators �the case � � ��� An example dealing with Caginalp�s model is
given�

�� Introduction and main result

Let H be a real Hilbert space endowed with the scalar product ��� �� and
the induced norm k � k� For a �nonlinear� operator A on H the notation D�A�
represents the domain of A� and R�A� denotes the range of A�

Given a number � � R� a �single�valued� operator A � D�A� � H � H
is said to be ��accretive if A � �I �where I stands for the identity of H� is
accretive� i�e��

�Ax� � Ax�� x� � x�� � ��kx� � x�k
� �x�� x� � D�A�� �����

When � 	 
 the operator A is called accretive �or monotone��
An ��accretive operator A � D�A� � H � H is said to be ��m�accretive if

A � �I is m�accretive �or maximal monotone�� If A � D�A� � H � H is an
��m�accretive operator� then �A generates a semigroup fSA�t�� t � 
g which
is di�erentiable a�e� with respect to t �on D�A�� and satises

d�

dt
�SA�t�x� �ASA�t�x 	 
 �t � �
���� �x � D�A�� �����

For a detailed study we refer to Barbu ��� and Br�ezis ���� Di�erent aspects
related to these topics are also discussed in Section ��

The main result of the paper is the following extension of Lie�Trotter prod�
uct formula�
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Theorem �� Let A � D�A� � H � H be an m�accretive operator and let

B � D�B� � H � H be an ��m�accretive operator� for some � � R� such that

the operator A�B � D�A� 	D�B� � H � H is ��m�accretive� If

�I � �A����D�A�	D�B�� � D�A� 	D�B� � � � 


and

�I � �B����D�A� 	D�B�� � D�A� 	D�B� � � � 
 with �� � ��

then one has the convergence

�
SB

� t
n

�
SA

� t
n

��n
x� SA�B�t�x strongly in H as n�� �����

uniformly on the bounded intervals of �
���� for every x � D�A� 	D�B��
Here fSA�t�� t � 
g� fSB�t�� t � 
g� fSA�B�t�� t � 
g denote the semigroups

generated by �A� �B� ��A�B�� respectively�

Theorem � extends the Lie�Trotter product formula �on the closed convex

set D�A� 	D�B�� for � 	 
 �see Barbu ���� Br�ezis ���� Br�ezis and Pazy �����

Theorem � does not cover the multivalued situation for ��accretive op�
erators� When � 	 
 the corresponding set�valued result was treated in
Kobayashi ����

As an application of Theorem � we indicate how the Caginalp�s model ���
can be decoupled in two simpler systems�

The rest of the paper is organised as follows� Section � contains some rel�
evant properties of ��m�accretive operators that are needed in the sequel� In
Section � the proof of Theorem � is presented� Section � contains the appli�
cation of Theorem � to Caginalp�s model describing the phase�eld changes�

�� Properties of ��m�accretive operators

This Section is devoted to the extension of some results known for m�
accretive operators �see� e�g�� Barbu ��� and Br�ezis ���� to ��m�accretive op�
erators� with a xed real number �� We point out that if � 
 
� an ��m�
accretive operator is m�accretive� Consequently� throughout the Section we
x a number � � 
�
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Lemma �� An operator A � D�A� � H � H is ��accretive if and only if A
is in the class A��� as introduced in Br�ezis and Pazy ���� that is�

k�x� � �Ax��� �x� � �Ax��k � ��� ���kx� � x�k

�
 
 � � ���� x�� x� � D�A��

Proof� See� e�g�� ��� p� ����� �

Lemma � allows to dene the resolvent JA� � R�I � �A�� D�A� � H and
the Yosida approximation A� � R�I � �A� � H associated to an ��accretive
operator A � D�A� � H � H by

JA� 	 �I � �A��� and A� 	
�

�
�I � JA� �� �����

respectively� for every 
 � � � ����
For an ��m�accretive operator A� the next lemma ensures that the map�

pings in ����� are dened on H�

Lemma �� If A � D�A� � H � H is ��m�accretive with � � 
� then

R�I � �A� 	 H �
 
 � � ����

Proof� Since A is ��m�accretive� it follows that

R�I � ��A� �I�� 	 H �� � 
�

or� equivalently�

R�I �
�

� � ��
A� 	 H �� � 
�

For every 
 
 � � ���� there exists � � 
 satisfying ���� � ��� 	 �� This
leads to the desired result� �

Now we state some basic properties of operator A��

Lemma �� Let A � D�A� � H � H be an ��m�accretive operator� Then for

each 
 � � � ����

�A�x� �A�x�� x� � x�� � �
�

�� ��
kx� � x�k

� �x�� x� � H�

Proof� The result follows directly from ����� and Lemma ��� �i� in ��� �see also
��� p� ������ �
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Lemma �� Let A � D�A� � H � H be an ��m�accretive operator� Then for

each x � D�A� one has that A�x� Ax strongly in H as � � 
�

Proof� Let us x x � D�A�� The set fA�x � � � 
g is bounded in H �see�
e�g�� ��� p� ������ thus there exists y � H fullling A�x � y weakly in H as
� � 
 along a relabelled subsequence� It follows that

kyk 
 lim inf
���

kA�xk 
 lim
���

��� �����kAxk

�cf� ��� p� ������ Taking into account that A�x 	 AJA� x� J
A
� x � x as � � 


and the operator A is demiclosed� it turns out that y 	 Ax� Then �����
enables us to conclude that a subsequence of �A�x� can be found such that
kA�xk � kAxk� consequently� A�x� Ax strongly as � � 
� Since this occurs
for every weakly convergent subsequence of �A�x�� the proof is complete� �

Lemma �� Let A � D�A� � H � H be an ��m�accretive operator and let

C be a nonempty closed convex subset of H with C � D�A�� If� for every


 � � � ���� one has

JA� �C� � C� �����

then the estimate below holds

kSA�t�x� PCSA�t�xk 
 kx� PCxke
��t �x � D�A�� �t � 
� �����

where PC stands for the projection �in H� on C�

Proof� Firstly we show that assumption ����� implies

�A�x� y� � 
 �y � 	IC�x�� �x � C� �����

where 	IC represents the subdi�erential of the indicator function IC of the
set C� Indeed� y � 	IC�x� is equivalent to �y� z � x� 
 
� �z � C� According
to ������ we may set here z 	 JA� x� This yields ������

The next step in the proof is to show that

�A�x� �	IC ���x�� � �
�

���� ���
kx� PCxk

� �����

for all x � H� 
 � � � ���� � � 
� Since �	IC���x� 	 ����x � PCx� �see
Br�ezis ���� p� ���� by Lemma � we can write

�A�x� �	IC���x�� �
�

�

�
�

�

�� ��
kx� PCxk

� � �A�PCx� x� PCx�

�
� �����
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Using the properties x � PCx � 	IC�PCx�� ����� �for PCx in place of x� and
������ we arrive at ������

Lemma � allows to pass to the limit as � � 
 in ������ which leads to

�Ax� �	IC ���x�� � �
�

�
kx� PCxk

� � x � D�A�� �� � 
� �����

We check now that the convex regularization �IC�� of IC �see� e�g�� ��� p�
��� or ��� p� �
��� satises

�IC���SA�t�x� 
 �IC���x� �
�

�

Z t

�

kSA�s�x� PCSA�s�xk
�ds �����

� x � D�A�� �� � 
� �t � 
�

Clearly� to establish ����� it is su�cient to consider the case where x � D�A��
By ����� and ����� �with SA�t�x in place of x� we derive

d

dt
�IC���SA�t�x� 	 �IC�

�
��SA�t�x�

d

dt
�SA�t�x�

	 ��A�SA�t�x�� �	IC���SA�t�x��



�

�
kSA�t�x� PCSA�t�xk

�

a�e� t � �
����� �� � 
�

�����

Since the map t �� �IC���SA�t�x� is Lipschitz continuous on bounded inter�
vals� by integrating ����� over �
� t� we get ������

Substituting the expression of �IC���SA�t�x� �see� e�g�� ��� p� ���� in �����
we infer that

�

��
kSA�t�x� PCSA�t�xk

�



�

��
kx� PCxk

� �
�

�

Z t

�

kSA�s�x� PCSA�s�xk
�ds �t � 
�

Then Gronwall inequality implies ����� which completes the proof� �

�� Proof of Theorem �

If � 
 
� the operator B is m�accretive� As A is also an m�accretive
operator with A � B m�accretive� we may conclude by applying the result
known for m�accretive operators� It remains to treat the case � � 
�
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We claim that

lim
t��

�

t

�
x� SB�t�SA�t�x

�
	 Ax�Bx �x � D�A� 	D�B�� �����

To this end� for a xed x � D�A� 	D�B�� one sees that

�

t
kSB�t�x� SB�t�SA�t�xk 
 e�tkAxk �t � 
� �����

Indeed� it is known from Lemma � that the operator B belongs to the class
A���� Then the following estimate holds

kSB�t�y � SB�t�zk 
 e�tky � zk �t � 
� y� z � D�B� �����

�see relation ����� in ����� Using ����� and ����� we nd that

�

t
kSB�t�x� SB�t�SA�t�xk 
 e�t

�

t
kx� SA�t�xk

	 e�t
�

t

Z t

�

kASA�
�xkd
�

�����

Part ��� of Theorem ��� in Br�ezis ��� p� ���� ensures that the mapping 
 ��
kASA�
�xk is nonincreasing� Hence ����� yields ������

We note that�
��SB�t��

t
�
x�SA�t�x

t
�
x�SB�t�x

t
�
�

t

�
SB�t�x�SB�t�SA�t�x

�
� ��SA�t�x

�

	
�

t

�
� � SB�t�� � �I � SB�t��SA�t�x� � � SA�t�x

�
	

�

t

h
k� � SA�t�xk

� �
�
SB�t�� � SB�t�SA�t�x� � � SA�t�x

�i
�

�

t

h
k� � SA�t�xk

� � kSB�t�� � SB�t�SA�t�xkk� � SA�t�xk
i

�� � D�B�� �x � D�A� 	D�B��

By ����� this leads to�
��SB�t��

t
�
x�SA�t�x

t
�
x�SB�t�x

t
�
�

t

�
SB�t�x�SB�t�SA�t�x

�
� ��SA�t�x

�

�
�

t

�
k� � SA�t�xk

� � e�tk� � SA�t�xk
�
�

�����

	
�

t
��� e�t�k� � SA�t�xk

� �� � D�B�� �x � D�A� 	D�B��
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Since the left�hand side of ����� is bounded as t � 
� there exists the weak
limit �in H�

�

t
�SB�t�x� SB�t�SA�t�x�� y weakly as t� 
� �����

Letting t � 
 in ������ on the basis of denition for the generator of a semi�
group of type � �see ��� pp� �
���
��� and ����� we nd

�B� � Ax�Bx� y� � � x� � ��k� � xk��

Equivalently� this is expressed as follows

��B � �I�� � �Bx�Ax� y � �x�� � � x� � 
 �����

for all � � D�B� and x � D�A�	D�B�� Because B is ��m�accretive we derive
from ����� that �B � �I�x 	 Bx�Ax� y � �x� that is

y 	 Ax� �����

By ����� and ����� we get

lim sup
t��

�

t
kSB�t�x� SB�t�SA�t�xk 
 kAxk 	 kyk�

This in conjunction with the weak convergence in ����� implies

�

t

�
SB�t�x� SB�t�SA�t�x

�
� Ax strongly as t� 
� �����

Then� in view of ������ it is seen that the claim in ����� is proved�
By Lemma � we know

A�B � A���� ����
�

while Lemma � insures that

R�I � ��A�B�� 	 H �
 � � �
�

�
� ������

For proving the convergence in ����� we proceed by applying Theorem ���
in Br�ezis and Pazy ��� for the family of mappings

T �t� 	 SB�t�SA�t� � D�A� 	D�B�� D�A� 	D�B� �t � 
� ������
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The mapping T �t� as introduced in ������ is from D�A� 	D�B� to itself due

to Lemma � used with C 	 D�A� 	D�B� and A � B in place of A� Let us

remark that the set D�A� 	D�B� is convex because the operator A�B��I
is maximal monotone�

Assumption �i� of Theorem ��� in Br�ezis and Pazy ��� holds with M�t� 	
e�t� t � 
� since

kT �t�x� T �t�yk 	 kSB�t�SA�t�x� SB�t�SA�t�yk


 e�tkSA�t�x� SA�t�yk 
 e�tkx� yk�
������

Relation ������ shows that the mapping T �t� is Lipschitz continuous with
the Lipschitz constant e�t � �� Then we may apply Lemma ��� part �i� in

Br�ezis and Pazy ���� Consequently� there exists on D�A� 	D�B� the mapping�
I �

�

t
�I � T �t��

���
if 
 �

�

t
� �e�t � �����

We deduce that there exists the mapping from D�A� 	D�B� into itself�
I �

�

t
�I � T �t��

���
if 
 � � �

�

��
and 
 � t � t� ������

for some t� � 
�
Let us check now that assumption �ii� of Theorem ��� in Br�ezis and Pazy

��� is fullled for T �t� given by ������ and �� 	
�
�� � To justify this claim we

have to show that�
I �

�

t

�
I � T �t�

����
x�

�
I � ��A� B�

���
x in H as t� 
 ������

for every x � D�A� 	D�B� and 
 � � � �
�� �

Towards this� taking into account ������ and ������ we can write�
�

t

�	
I �

�

t
�I � T �t��


��
x� T �t�

	
I �

�

t
�I � T �t��


��
x
�
�

�

t

	
� � T �t��



�

	
I �

�

t
�I � T �t��


��
x� �

�

�
�

t

����	I � �

t
�I � T �t��


��
x� �

����
�

������

�
�

t

����T �t�	I � �

t
�I � T �t��


��
x� T �t��

����
����	I � �

t
�I � T �t��


��
x� �

����
�

�

t
��� e�t�

����	I � �

t
�I � T �t��


��
x� �

����
�

�
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for all 
 � t � t�� 
 � � � �
�� � �� x � D�A� 	D�B�� Since

�

t

�	
I�

�

t
�I�T �t��


��
x�T �t�

	
I�

�

t
�I�T �t��


��
x
�
	
�

�

�
x�
	
I�

�

t
�I�T �t��


��
x
�
�

relation ������ implies

��
�

	
x��



�
	
I�

�

t
�I� T �t��


��
x��

�
�
��
t

	
��T �t��



�
	
I �

�

t
�I� T �t��


��
x� �

�

�
� �
�
�

�

t
�e�t � ��

�����	I � �

t
�I � T �t��


��
x� �

����
�

� ������

for all 
 � t � t�� 
 � � � �
�� � �� x � D�A� 	D�B�� Using the Cauchy�

Schwarz inequality we derive

�

�
kx� �k�

�

t
k� � T �t��k

�
� �
�
�

�

t
�e�t � ��

�����	I � �

t
�I � T �t��


��
x� �

���� �
������

for all 
 � t � t�� 
 � � � �
�� � �� x � D�A� 	D�B�� Let us x 
 � � � �

��
and � � D�A� 	D�B� in ������� By the choice of t� � 
 it is true that

�

�
�

�

t
�e�t � �� �

�

�
� �� � 
 whenever 
 � t � t��

According to ����� and ������ we know that

�

t
�� � T �t��� is bounded in H� 
 � t � t� ������

for a possibly smaller t�� Then� combining ������ and ������ we deduce that

for any x � D�A� 	D�B� and 
 � � � �
�� �

�
I �

�

t
�I � T �t��

���
x is bounded in H� 
 � t � t�� ����
�

Let �
I �

�

t
�I � T �t��

���
x� z weakly in H as t� 
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for some z � H� The existence of a weak limit point z is guaranteed by ����
��
Passing to the limit as t� 
 in ������ and making use of ������ one nds that�

�

�
� �

�
kz � �k� 


�
�

�
� �

�
lim inf
t��

k�I �
�

t
�I � T �t�����x� �k�


 lim sup
t��

k�I �
�

t
�I � T �t�����x� �k�


 lim sup
t��

�� �
�
�x� ���

	
I �

�

t
�I � T �t��


��
x� �

�

�
�

t

�
� � T �t���

	
I �

�

t
�I � T �t��


��
x� �

��
������




�
�

�
�x� ��� z � �

�
� �A� �B�� z � ���

It turns out that�
�A�B � �I�� �

�

�
�z � x�� �z� � � z

�
� 
�

for 
 � � � �
�� � � � D�A� 	 D�B�� x � H� In view of m���accretiveness

of operator A � B� i�e�� A � B � �I is maximal monotone� it follows that
z � D�A� 	D�B� and

Az � Bz � �z 	
�

�
�x� z� � �z�

On the basis of ������ the formula above can be expressed as follows

z 	
	
I � ��A�B�


��
x� ������

Since z is an arbitrary weak limit in ����
� we infer from ������ that

�I �
�

t
�I � T �t�����x� �I � ��A�B����x weakly in H as t� 
 ������

for every 
 � � � �
�� and x � H �see ��������

Choosing � 	 �I � ��A� B����x in ������� property ������ shows that

lim sup
t��

����	I � �

t
�I � T �t��


��
x� �I � ��A�B����x

����
�


 
� ������

Combining ������ and ������ it results that the claim in ������ is true�
All the hypotheses of Theorem ��� of Br�ezis�Pazy ��� are veried� Therefore

we are in a position to conclude that the convergence result stated in ����� is
valid� This completes the proof of Theorem �� �
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�� Example

As application of Theorem � we treat the Caginalp�s model� namely���
�

ut �
�

�
t 	 k�u in Q 	 �
� T � ��

t 	
��



��

�

�a

�� �� �

�



u in Q�

	u

	�
	

	

	�
	 
 on � 	 �
� T � 	��

u�
� x� 	 u��x�� �
� x� 	 ��x� x � ��

�����

where � is an open bounded subset of Rn whose boundary 	� is su�ciently
smooth �for instance of class C��� u is the reduced temperature�  repre�
sent the phase function� and the positive parameters 
� �� �� k� a are physical
constants �see ��� for details��

Setting y 	 u�
�

�
� the system ����� takes the form

��
�

yt � k�y �
k�

�
� 	 
 in Q�

t �
��



��

�




�
��

�

�a

�
�

�

�a

� �

�



y 	 
 in Q�

	y

	�
	

	

	�
	 
 on ��

y�
� x� 	 u��x� �
�

�
��x�� �
� x� 	 ��x� x � ��

�����

Next� let us put ����� in an abstract framework� To this end we consider the
space H 	 L���� L���� endowed with the norm k � k dened by����

�
y



�����
H

	 kykL���� � kkL�����
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and the operator B � D�B� 	 L���� L	��� � H � H by
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Thus the system ����� becomes
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Lemma ���� If k�� � �����
 then the operator A is m�accretive�

Proof� Using Green formula and Cauchy�Schwarz�s inequality� we get��
�k�y � k�
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Since k�� � �����
 we have
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�
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thus �
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Hence A is accretive�
It is well�known that for every

	
f
g



� H 	 D�A� the system

��
�

y � �k�y 	 f � �
k�

�
� � L�����

� �
��



� 	 g � L�����

has a unique solution
	
y
�



� D�A� for every � � 
 �see Barbu ��� p� �
�� so

the operator A is m�accretive� �



An extension of Lie�Trotter product formula ���

Lemma ���� The operator B is m���accretive�

Proof� Let us choose
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We have�
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where ����� has been used�
It remains to check that R�B������I� 	 H� �� � 
� Given �� � � L�����

the system ��
�

��� ��y 	 �
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has a unique solution �y� � � L���� L	��� for every � � 
� This expresses
that the operator B � D�B� � H � H is m���accretive� �

The lemmas above show that the conditions of Theorem � are satised�
Theorem � suggests the following approximating scheme for solving system
����� ��
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d

dt
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�
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� in �i�� �i� �����
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d

dt
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���i�� 	 y�� �i��� y�� �
� 	 y�
� x��

z��i�� 	 �
� �i��� �

� �
� 	 ��x�� i 	 
� �� � � � �M � ��
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where 
 � � � � � � � M� 	 T is a partition of the time�interval �
� T �� and
y�� �i��� 

�
� �i�� are the right limits of y�� �� respectively� at i�� Theorem �

justies the convergence of this approximating scheme to the unique solution
of system ����� �or ������� For an abstract result regarding a model more
general than ����� we refer to Moro�sanu and Motreanu ����
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