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THE JENSEN’S EQUATION IN BANACH
MODULES OVER A C*-ALGEBRA

WON-GIL PARK

ABSTRACT. We prove the generalized Hyers-Ulam-Rassias stability of Jensen’s
equations in Banach modules over a unital C*-algebra.

0. INTRODUCTION

Let Fy and F5 be Banach spaces, and f : £y — Fs a mapping such that
f(tx) is continuous in ¢t € R for each fixed x € E;. Assume that there exist
constants € > 0 and p € [0, 1) such that

1f(z+y) = f(2) = F@)I < e(ll]]” + [ly]1*)

for all xz,y € E;. Rassias [6] showed that there exists a unique R-linear
mapping T : E1 — Es such that

2€
2—2p

[f(z) =T ()] < ]|
for all x € F;.

The stability problems of functional equations have been investigated in
several papers ([4], [5], [6]).

Throughout this paper, let A be a unital C*-algebra with norm |- |, Inv(A)
the set of invertible elements in A, A1 = {a € A | |a] = 1}, AT the set of
positive elements in A, RT the set of positive real numbers, and let 4M; and
AMs be left Banach A-modules with norms || - || and || - ||, respectively (see
3], [7]).

We are going to prove the generalized Hyers-Ulam-Rassias stability of the
Jensen’s equation in Banach modules over a unital C*-algebra.
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1. THE JENSEN’S EQUATION IN BANACH MODULES OVER A C*-ALGEBRA

In this section, let A have stable rank 1, which implies that Inv(A) is dense
in A (see [1], [3]), and f: aM; — aMs> a mapping such that, for each fixed
HARS AMI,

f(az) is continuous in a € A (i)

and

lim 37" f(3"ax) converges uniformly on Aj. (ii)

n—oo

Theorem 1.1. Let ¢ : aM;\ {0} x 4M;\ {0} — [0,00) be a function and let
23 o(3Fx,3%y) < (iii)

and

aw—i—ay
12f (—5—

for all a € [Inv(A) N Ay NAT)U{i} and all x,y € aM; \ {0}. Then there
erists a unique A-linear mapping T : AM7 — 4 My

) —af(z) —af(y)l < o(z,y)

1£() — £(0) - T(@)]| < =

< 3(@(z, —2) + §(~z, 32)) (iv)

for all z € 4M; \ {0}.

Proof. By Theorem 1 in [5], it follows from the inequality of the statement for
a = 1 that there exists a unique additive mapping T : 4 M; — a4 M> satisfying
(iv). The additive mapping T given in the proof of Theorem 1 in [5] is similar
to the additive mapping T given in the proof of Theorem in [6]. By the same
reasoning as the proof of Theorem in [6], it follows from the assumption that
f(az) is continuous in a € A for each fixed x € 4 M; that the additive mapping
T: aAM; — 4Ms is R-linear. By the assumption,

I12f(3"az) —af(2-3"'2) —af(4-3"'2)|| < (23" 1z, 43" 2)

for all a € [Inv(A)NA; NAT]U{i} and all x € 4M; \ {0}. Using the fact
that there exists a K > 0 such that, for each ¢ € A and each z € 24 Ms,
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laz|| < Klal - [|z[],
n n n 1 n—1 1 n—1
1£(3"az) — af(3"2)|| =|f(3"az) - Jaf(2-3"x) - jaf(4-3"2)

+ 1af(2 23m ) 4 %af(él 23 e) —af(3"2))|

2
1
§§g0(2 R A T B )
1 _ e
+ 5 Kla| -[2f(3"2) — f(2- 3" Yr) - f(4-3" )
1+ K
§+T<p(2 30l 4.3 )

for all a € [Inv(A)NA;NAT|U{i} and all z € 4 M; \ {0}. So 37" f(3"ax) —
af(3"z)|| — 0 as n — oo for all a € [Inv(A) N A; N AT] U {i} and all
x € aM; \ {0}. Hence

T(azx) = lim 37" f(3"azx) = lim 37 "af(3"x) = aT'(x) (1)

n—oo n—oo

for all a € [Inv(A)NA; NAT]U{i} and all z € 4 M \ {0}. So
T(azx) = aT(z)

for all a € [Inv(A)NA; NAT]U{i} and all z € 4 M.
Let b € (A1 N AT)\ Inv(A). Since Inv(A) is dense in A, there exists a

sequence {b,, } in Inv(A) such that b,, — basm — co. Put ¢, = ﬁbm, then

Cm — ﬁb =basm — oo and ¢, € Inv(A)N A3 NAT. Put an, = vVem* om,
then a,, — Vb*b = b as m — oo and a,, € Inv(A) N A; N AT. Thus there

exists a sequence {a,,} in Inv(A) N A; N AT such that a,, — b as m — oo,
and so

lim T'(amz) = lim lim 37" f(3"amz)

= nan;O mlgnoo 37" f(3"amx) by (ii)

= Jm 3" i ana)] by ) ®)
= lim 37" f(3"bx)

=T (bx)
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for all z € oM;. By (1),
1T (amz) =0T (2)]| = [lamT (z) = 0T (x)|| — [|bT'(z) = bT(x)[| =0  (3)
as m — oo, By (2),
137" f(3"amz) = T(amz)| — (137" f(3"bx) — T(bx)| (4)
as m — co. By (3) and (4),

|7 (bx) — bT(2)| < |IT(ba) — 37" F(3"ba)|| + 37" F(37bx) — 3" f(3"an2)]|
+ 37" F (3" ama) — T(ana)|| + | T (ame) = T(@)]  (5)
—|[T(ba) — 37" F(3"ba)| + 13" £(3"bw) — T(ba)|| as m — oo

—0 as n— o0
for all x € 4M;. By (1) and (5),
T(ax) = aT(x)

foralla e (A;NAT)U{i} and all z € o M;.
Thus

T(az) = |al - T(ﬁx) = aT(z)

®
a—a

for all a € (AT \ {0}) U {i} and all z € 4 M;.

For any element a € A, a = a; + ias, where a; = and ay = “57- are
self-adjoint elements, furthermore, a = a1 ™ — ay~ + ias™ — ias ™, where a; ™,
a1, ast, and ay~ are positive elements (see Lemma 38.8 in [2]). So

ata”
2

T(az) =T(a1"z — a1~ x +iaxtw —iay ™~ x)
=(a1T —a1” +ias™ —iay”)T(x)

=aT(z)

for all a € A and all x € 4 Mj.

Therefore, there exists a unique A-linear mapping T : sM; — aMs, as
desired. O
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Corollary 1.2. Let p <1 and

axr + ay

l2s (2

) —af (@) —af(yll <[z + lly[”

for all a € [Inv(A) N Ay NAT)U{i} and all x,y € aM; \ {0}. Then there
exrists a unique A-linear mapping T : aMy — 4 Ms such that

3+ 37

I1£() = £0) - T@@)l < 5

l[?

for all x € 4M; \ {0}.

Proof. Define ¢ : oMy \ {0} x aM; \ {0} — [0,00) by ¢(2,y) = [|z[|” + [[y[|”
and apply Theorem 1.1. O

Theorem 1.3. Let ¢ : oMy \ {0} x aM; \ {0} — [0,00) be a function such
that

Px,y) = 3%p(37%2,37Fy) < o0 (v)
k=0

and
12/ () — af (@) - af )] < p(a.y)

for all a € [Inv(A) N Ay NAT|U{i} and all x,y € aM; \ {0}. Then there
exists a unique A-linear mapping T : sMy — 4 My such that

r —X —X
)

1£() = £(0) = T(@)]| < 35, 50) + B, 2) (v

for all x € 4M; \ {0}.

Proof. By Theorem 6 in [5], it follows from the inequality of the statement for
a = 1 that there exists a unique additive mapping T : 4 M; — 4 M> satisfying
(vi). The additive mapping T given in the proof of Theorem 6 in [5] is similar
to the additive mapping T given in the proof of Theorem in [6]. By the same
reasoning as the proof of Theorem in [6], it follows from the assumption that
f(tx) is continuous in ¢t € R for each fixed x € 4 M; that the additive mapping
T : AM; — sMs is R-linear.
By the assumption,

12f(3 "az) —af(2-37"'2) —af(4-37" 12)|| < p(2-37" 1w, 437" 1)
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for all a € [Inv(A)NA; NAT]U{i} and all z € 4M; \ {0}. Using the fact
that for each a € A and each z € 4 Ma, ||az|| < K|a| - ||z]| for some K > 0,

(3 "az) — af(37"z)| = || f(3 "az) — %af(g L3l %af(zl P

4 %af(2-3_"_11:)+%af(4 L3 1g) _a f(3"0)|
< %go@ 237l 4,37 )

4 Klal-[2/37") ~ f(2:37" )~ f(4-37" )
< L+ Kg0(2 237y 437y

for all a € [Inv(A)NA1NAT]U{i} and all 2 € 4 M;\{0}. Thus 3"|| f(3 "ax)—
af(3"x)|| — 0 asn — oo for all a € [Inv(A) N A3 N AT] U {i} and all
x € aM; \ {0}. Hence

T(ax) = lim 3"f(37"ax) = lim 3"af(37"z)=aTl(zx)

n—0o0

for all a € [Inv(A) N A; N AT]U{i} and all x € oM \ {0}.
By a similar method to the proof of Theorem 1.1, one can show that

T(ax) = aT(x)

for all a € A and all x € 4 Mj.
Therefore, there exists a unique A-linear mapping 7" : 4 M; — 4 M> satis-
fying (vi). O

Corollary 1.4. Let p > 1 and

ar + ay
l2£(*

for all a € [Inv(A) N Ay NAT)U{i} and all x,y € aM; \ {0}. Then there
exrists a unique A-linear mapping T : sMy — oMy such that

3’ +3
3P -3

) —af(z) —af@Il < llz|” + [ly[|”

1f(z) = f(0) = T(2)] <

l[?

for all x € 4 M.

Proof. Define ¢ : oMy \ {0} x aM; \ {0} — [0,00) by ¢(z,y) = [|z[|” + [[y[|”
and apply Theorem 1.3. U
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Remark 1.1.
(1) When the inequalities
ax + ay
[12/( ) —af(z) —af)l < o(z,y)
i the statements are replaced by
T —|— Y
[12af( ) = flaz) = flay)l] < ¢(z,y),

the results do also hold.
(2) When the inequalities

2 (S ay) — af(z) — af @) < p(z,y) or

l2af (252 — flaz) - flay)]| < pla,y)
in the statements are replaced by
2/ (5 - 1) — F )l < pla.y),

| flaz) —af(@)]| < o(z,2),
the results do also hold.
(3) If the inequalities

12/ () — af (@) - af ()] < p(a.y)

i the statements are replaced by

12/ (") — af (@) - Fw) < pa.),
then
2/ () — af (@) = flay)l < ol ay),
25 (“5 : Wy _ flaz) — af ()] < oly, az),
25 (*5 - Wy _ f(az) — fay)| < plaz, ay).
So
12/ () — af(2) - af W] £ oz, ay) + oly, ax) + pla, ay),

hence the results do also hold.

Remark 1.2. The A-linear mappings T : aM1 — s Ms, constructed above,
are continuous A-linear.
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