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CONVERGENCE THEOREMS OF ITERATIVE SEQUENCES

WITH ERRORS FOR NONEXPANSIVE MAPPINGS

Liang-cai Zhao, Ding-ping Wu and Zheng-liang Zhang

Abstract. Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. It is shown that under a condition
weaker than compactness, weak and strong convergence theorems of iterative
sequences with errors to some common fixed points for three nonexpansive
mappings. The results presented in this paper also extend and improve some
important results(see,e.g.,[3, 4, 9, 11]).

1. Introduction and Preliminaries

Throughout this paper we assume that E is a real Banach space, C is a
nonempty closed convex subset of E. Let T : C → C be a mapping, we use
F (T ) to denote the set of fixed points of T ; i.e., F (T ) = {x ∈ E : Tx = x}.
When {xn} is a sequence in E, then xn ⇀ x and xn → x will denote weak
and strong convergence of the sequence {xn} to x, respectively.

We recall that a Banach space E is said to satisfy Opial’s condition [6] if
for any sequence {xn} in E, xn ⇀ x implies that

lim sup
n→∞

||xn − x|| < lim sup
n→∞

||xn − y||

for all y ∈ E with y 6= x.

Definition 1. Let T : C → C be a mapping. then T is said to be nonexpan-
sive if

||Tx− Ty|| ≤ ||x− y||
for all x, y ∈ C.
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Definition 2. A mapping T : C → E is called demiclosed in y ∈ E if for
each sequence {xn} in C and each x ∈ E, xn ⇀ x and Txn → y imply that
x ∈ C and Tx = y.

Now, we introduced the following iterative scheme with errors.
Let E be a uniformly convex Banach space and C its nonempty bounded

closed convex subset. Let S, T, R : C → C be three nonexpansive mappings,
for any given x1 ∈ C,the sequence {xn} defined by





xn+1 = anxn + bnSyn + cnun,

yn = a′nxn + b′nTzn + c′nvn,

zn = a′′nxn + b′′nRxn + c′′nwn.

n ≥ 1 (1.1)

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n}, {a′′n}, {b′′n}, {c′′n} are real sequences in
[0, 1] satisfying an + bn + cn = a′n + b′n + c′n = a′′n + b′′n + c′′n = 1 and
{un}, {vn}, {wn} are arbitrary given sequences in C.

Iterative techniques for convergence to fixed points of nonexpansive map-
pings have been studied by various authors in different frames. for example,
Xu [11], Chidume and Moore [2], Das and Debata [3] and Takahashi and
Tamura [9], they proved some convergence theorems for iterative scheme of
fixed points of nonexpansive mappings. Recently, Khan and Fukhar-ud-din
[4] studied the iterative scheme with errors for weak and strong convergence
for two nonexpansive mappings in a uniformly convex Banach space.

The purpose of this paper is to study the weak and strong convergence of
the iterative scheme with errors {xn} defined by (1.1) to a common fixed point
for three nonexpansive mappings in Banach space. The results presented in
this paper also extend and improve some important results(see,e.g.,[2, 3, 4, 9,
11]).

In order to prove the main results of this paper, we need the following
lemmas:

Lemma 1. ([10]) Let {sn}, {tn} be two nonnegative sequences satisfying the
following condition:

sn+1 ≤ sn + tn for all n ≥ 1.

where
∑∞

n=1 tn < ∞. Then limn→∞ sn exists.
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Lemma 2. ([7]) Let E be a uniformly convex Banach space and {tn} a se-
quence in [ε, 1 − ε] for some ε ∈ (0, 1). Suppose that {xn}, {yn} are two
sequence in E such that for some r ≥ 0

(i) lim sup
n→∞

||xn|| ≤ r,

(ii) lim sup
n→∞

||yn|| ≤ r,

(iii) lim
n→∞

||tnxn + (1− tn)yn|| = r.

Then limn→∞ ||xn − yn|| = 0.

Lemma 3. ([1]) Let E be a uniformly convex Banach space satisfying Opial’s
condition, C be a nonempty closed convex subset of E and T : C → C be a
nonexpansive mapping with F (T ) 6= ∅. Then I−T is demiclosed at zero, i. e.,
for each sequence {xn} in C, if the sequence {xn} converges weakly to q ∈ C
and {(I − T )xn} converges strongly to 0, then (I − T )q = 0.

2. Main results

Lemma 4. Let E be a uniformly convex Banach space, C be a nonempty
bounded closed convex subset of E. Let S, T,R : C → C be three nonexpansive
mappings and {xn} be the sequence defined by (1.1) satisfying the following
conditions:





0 < δ ≤ bn, b′n, b′′n ≤ 1− δ < 1 for some δ ∈ (0, 1),
∞∑

n=1

cn < ∞,
∞∑

n=1

c′n < ∞,
∞∑

n=1

c′′n < ∞.
(2.1)

If F (S) ∩ F (T ) ∩ F (R) 6= ∅, then we have

lim
n→∞

||Sxn − xn|| = lim
n→∞

||Txn − xn|| = lim
n→∞

||Rxn − xn|| = 0.

Proof. Since C is bounded,there exist M > 0, such that

M = sup
x∈C

||x||.
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Assume that F (S)∩F (T )∩F (R) 6= ∅, Let x∗ ∈ F (S)∩F (T )∩F (R), it follows
from (1.1) that

||xn+1 − x∗||
= ||anxn + bnSyn + cnun − x∗||
= ||bn(Syn − x∗ + cn(un − xn)) + (1− bn)(xn − x∗ + cn(un − xn))||
≤ bn||Syn − x∗||+ bncn||un − xn||+ (1− bn)||xn − x∗||

+ (1− bn)cn||un − xn||
≤ bn||yn − x∗||+ (1− bn)||xn − x∗||+ cn||un − xn||
≤ bn||yn − x∗||+ (1− bn)||xn − x∗||+ cnM.

(2.2)

Now, we consider the first term on the right side of (2.2). It follows from
(1.1) that

||yn − x∗||
= ||a′nxn + b′nTzn + c′nvn − x∗||
= ||b′n(Tzn − x∗ + c′n(vn − xn)) + (1− b′n)(xn − x∗ + c′n(vn − xn))||
≤ b′n||Tzn − x∗||+ b′nc′n||vn − xn||+ (1− b′n)||xn − x∗||

+ (1− b′n)c′n||vn − xn||
≤ b′n||zn − x∗||+ (1− b′n)||xn − x∗||+ c′nM.

(2.3)

Again, it follows from (1.1) that

||zn − x∗||
= ||a′′nxn + b′′nRxn + c′′nwn − x∗||
= ||b′′n(Rxn − x∗ + c′′n(wn − xn)) + (1− b′′n)(xn − x∗ + c′′n(wn − xn))||
≤ b′′n||Rxn − x∗||+ b′′nc′′n||wn − xn||+ (1− b′′n)||xn − x∗||

+ (1− b′′n)c′′n||wn − xn||
≤ b′′n||xn − x∗||+ (1− b′′n)||xn − x∗||+ c′′nM

= ||xn − x∗||+ c′′nM.

(2.4)

Substituting (2.4) into (2.3) and simplifying, then we have

||yn − x∗|| ≤ b′n||xn − x∗||+ (1− b′n)||xn − x∗||+ b′nc′′nM + c′nM

≤ ||xn − x∗||+ c′nM + c′′nM.
(2.5)
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Again, substituting (2.5) into (2.2), then we have

||xn+1 − x∗||
≤ bn||xn − x∗||+ (1− bn)||xn − x∗||+ bn(c′nM + c′′nM) + cnM

≤ ||xn − x∗||+ M(cn + c′n + c′′n).

It follows from the condition (2.1) that

∞∑
n=1

M(cn + c′n + c′′n) < ∞.

Hence, by Lemma 1, we know that the limit limn→∞ ||xn−x∗|| exists. Suppose

lim
n→∞

||xn − x∗|| = r. (2.6)

for some r ≥ 0. If r = 0, the result is obvious. So we assume r > 0, then,
from (2.5), we have

||yn − x∗|| ≤ ||xn − x∗||+ c′nM + c′′nM.

By condition (2.1), we have limn→∞ cn = limn→∞ c′n = limn→∞ c′′n = 0. It
follows from (2.6) that

lim sup
n→∞

||yn − x∗|| ≤ r. (2.7)

By using the similar method, from (2.4), we can also prove that

lim sup
n→∞

||zn − x∗|| ≤ r. (2.8)

Again, since

||Syn − x∗ + cn(un − xn)|| ≤ ||Syn − x∗||+ cn||un − xn||
≤ ||yn − x∗||+ cnM,

it follows from (2.7) that

lim sup
n→∞

||Syn − x∗ + cn(un − xn)|| ≤ r.
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Again, since

||xn − x∗ + cn(un − xn)|| ≤ ||xn − x∗||+ cn||un − xn||
≤ ||xn − x∗||+ cnM,

we have that
lim sup

n→∞
||xn − x∗ + cn(un − xn)|| ≤ r.

Since, limn→∞ ||xn+1 − x∗|| = r this implies that

lim
n→∞

||bn(Syn − x∗ + cn(un − xn)) + (1− bn)(xn − x∗ + cn(un − xn))|| = r.

By Lemma 2, we obtain that

lim
n→∞

||Syn − xn|| = 0. (2.9)

From
||xn − x∗|| ≤ ||xn − Syn + Syn − x∗||

≤ ||xn − Syn||+ ||yn − x∗||,
it yields that

lim inf
n→∞

||yn − x∗|| ≥ r. (2.10)

By (2.7) and (2.10), we obtain

lim
n→∞

||yn − x∗|| = r.

Next,
||Tzn − x∗ + c′n(vn − xn)|| ≤ ||Tzn − x∗||+ c′n||vn − xn||

≤ ||zn − x∗||+ c′nM,

it follows from (2.8) that

lim sup
n→∞

||Tzn − x∗ + c′n(vn − xn)|| ≤ r.

It follows from

||xn − x∗ + c′n(vn − xn)|| ≤ ||xn − x∗||+ c′n||vn − xn||
≤ ||xn − x∗||+ c′nM,
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that
lim sup

n→∞
||xn − x∗ + c′n(vn − xn)|| ≤ r.

Since limn→∞ ||yn − x∗|| = r, this means that

lim
n→∞

||b′n(Tzn − x∗ + c′n(vn − xn)) + (1− b′n)(xn − x∗ + c′n(vn − xn))|| = r.

By Lemma 2, we have
lim

n→∞
||Tzn − xn|| = 0 (2.11)

It follows from

||xn − x∗|| ≤ ||xn − Tzn + Tzn − x∗||
≤ ||xn − Tzn||+ ||zn − x∗||,

that
lim inf
n→∞

||zn − x∗|| ≥ r. (2.12)

By (2.8) and (2.12),we know that

lim
n→∞

||zn − x∗|| = r.

Again, since

||Rxn − x∗ + c′′n(wn − xn)|| ≤ ||Rxn − x∗||+ c′′n||wn − xn||
≤ ||xn − x∗||+ c′′nM,

hence from (2.6), we have

lim sup
n→∞

||Rxn − x∗ + c′′n(wn − xn)|| ≤ r.

Also, from

||xn − x∗ + c′′n(wn − xn)|| ≤ ||xn − x∗||+ c′′n||wn − xn||
≤ ||xn − x∗||+ c′′nM,

we have
lim sup

n→∞
||xn − x∗ + c′′n(wn − xn)|| ≤ r.
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Since, limn→∞ ||zn − x∗|| = r, this means that

lim
n→∞

||b′′n(Rxn − x∗ + c′′n(wn − xn)) + (1− b′′n)(xn − x∗ + c′′n(wn − xn))|| = r.

By Lemma 2, we get
lim

n→∞
||Rxn − xn|| = 0. (2.13)

Now we observe that

||Txn − xn|| = ||Txn − Tzn + Tzn − xn||
≤ ||xn − zn||+ ||Tzn − xn||
= ||xn − (a′′nxn + b′′nRxn + c′′nwn)||+ ||Tzn − xn||
= ||b′′n(xn −Rxn) + c′′n(xn − wn)||+ ||Tzn − xn||
≤ b′′n||xn −Rxn||+ c′′n||xn − wn||+ ||Tzn − xn||
≤ (1− δ)||xn −Rxn||+ ||Tzn − xn||+ c′′nM.

Implies together with (2.11), (2.13)and c′′n → 0(n →∞), we know that

lim
n→∞

||Txn − xn|| = 0. (2.14)

Similarly, we have

||Sxn − xn|| = ||Sxn − Syn + Syn − xn||
≤ ||xn − yn||+ ||Syn − xn||
= ||xn − (a′nxn + b′nTzn + c′nvn)||+ ||Syn − xn||
= ||b′n(xn − Tzn) + c′n(xn − vn)||+ ||Syn − xn||
≤ b′n||xn − Tzn||+ c′n||xn − vn||+ ||Syn − xn||
≤ (1− δ)||xn − Tzn||+ ||Syn − xn||+ c′nM.

By (2.9), (2.11) and c′n → 0(n →∞), that

lim
n→∞

||Sxn − xn|| = 0. (2.15)

By (2.13), (2.14) and (2.15), so we know that

lim
n→∞

||Sxn − xn|| = lim
n→∞

||Txn − xn|| = lim
n→∞

||Rxn − xn|| = 0.

This completes the proof of Lemma 4. ¤
Now we give the main results of this paper.
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Theorem 1. Let E be a uniformly convex Banach space satisfying Opial’s
condition and C,S, T, R and {xn} be the same as in Lemma 4. If F (S) ∩
F (T )∩F (R) 6= ∅, then {xn} converges weakly to a common fixed point of the
mappings S, T and R in C.

Proof. Let x∗ ∈ F (S)∩F (T )∩F (R). Then limn→∞ ||xn−x∗|| exists as proved
in Lemma 4 . Now we prove that {xn} has a unique weak subsequential
limit in F (S) ∩ F (T ) ∩ F (R). To prove this, let u and v be weak limits
of the subsequences {xni} and {xnj} of {xn}, respectively. By Lemma 4,
limn→∞ ||xn − Sxn|| = 0 and I − S is demiclosed with respect to zero by
Lemma 3, therefore we obtain Su = u. Similarly, Tu = u and Ru = u. Again
by the same method, we can prove that v ∈ F (S) ∩ F (T ) ∩ F (R). Next, we
prove the uniqueness. For the purpose, we suppose that u 6= v, then by the
Opial’s condition

lim
n→∞

||xn − u|| = lim
i→∞

||xni
− u||

< lim
i→∞

||xni − v||
= lim

n→∞
||xn − v||

= lim
j→∞

||xnj − v||
< lim

j→∞
||xnj − u||

= lim
n→∞

||xn − u||.

This is a contradiction. Hence {xn} converges weakly to a point in F (S) ∩
F (T ) ∩ F (R). This completes the proof of Theorem 1. ¤

Our next goal is to prove a strong convergence theorem.
Recall that a mapping T : C → C (where C is a subset of E), is said to

satisfy condition (A) if there exists a nondecreasing function f : [0,∞) →
[0,∞) with f(0) = 0, f(r) > 0 for all r ∈ (0,∞) such that ||x − Tx|| ≥
f(d(x, F (T ))) for all x ∈ C where d(x, F (T )) = inf{||x− x∗|| : x∗ ∈ F (T )}.

Senter and Dotson [8] approximated fixed points of a nonexpansive mapping
T by Mann iterates. Later on, Tan and Xu [10] and Maiti and Ghosh [5]
studied the approximation of fixed points of a nonexpansive mapping T by
Ishikawa iterates under the same condition (A) which is weaker than the
requirement that T is demicompact. Recently, Khan and Fukhar-ud-din [4]
studied the iterative scheme with errors for weak and strong convergence for
two nonexpansive mappings under similar condition. We modify this condition
for three mappings S, T,R : C → C as follows:
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Three mappings S, T, R : C → C where C is a subset of E, are said to satisfy
condition (A∗) if there exists a nondecreasing function f : [0,∞) → [0,∞)
with f(0) = 0, f(r) > 0 for all r ∈ (0,∞) such that 1

3 (||x−Sx||+ ||x−Tx||+
||x − Rx||) ≥ f(d(x, F )) for all x ∈ C where d(x, F ) = inf{||x − x∗|| : x∗ ∈
F = F (S) ∩ F (T ) ∩ F (R)}.

We shall use condition (A∗) instead of compactness of C to study the
strong convergence of {xn} defined in (1.1). It is worth nothing that in case
of nonexpansive mappings S, T,R : C → C, condition (A∗) is weaker than the
compactness of C.

Theorem 2. Let E be a uniformly convex Banach space and C, {xn} be as
taken in Lemma 4. Let S, T, R : C → C be three nonexpansive mappings
satisfying condition (A∗). If F (S) ∩ F (T ) ∩ F (R) 6= ∅, then {xn} converges
strongly to a common fixed point of S, T and R.

Proof. By Lemma 4. limn→∞ ||xn−x∗|| exists for all x∗ ∈ F = F (S)∩F (T )∩
F (R). Let it be r for some r ≥ 0. If r = 0, the result is obvious. Suppose
r > 0. By Lemma 4,

lim
n→∞

||Sxn − xn|| = lim
n→∞

||Txn − xn|| = lim
n→∞

||Rxn − xn|| = 0.

Moreover, it follows from

||xn+1 − x∗|| ≤ ||xn − x∗||+ M(cn + c′n + c′′n),

that
inf

x∗∈F
||xn+1 − x∗|| ≤ inf

x∗∈F
||xn − x∗||+ M(cn + c′n + c′′n).

That is,
d(xn+1, F ) ≤ d(xn, F ) + M(cn + c′n + c′′n).

By virtue of Lemma 1, this implies that limn→∞ d(xn, F ) exists. Now by
condition (A∗), limn→∞ f(d(xn, F )) = 0. Since f is a nondecreasing function
and f(0) = 0, therefore

lim
n→∞

d(xn, F ) = 0.

Now we can take a subsequence {xnj
} of {xn} and a sequence {yj} ⊂ F

such that ||xnj − yj || < 2−j . Then follow the method of proof of Tan and
Xu [10], we get that {yj} is a Cauchy sequence in F and so it converges.
Let yj → y. Since F is closed, therefore y ∈ F and then xnj → y. As
limn→∞ ||xn−x∗|| exists, xn → y ∈ F = F (S)∩F (T )∩F (R). This completes
the proof of Theorem 2. ¤
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